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ABSTRACT

In this work, we handle timelike Aminov surfaces in E4
1 with respect to having pointwise one type

Gauss map. First, we get the Laplacian of the Gauss map of this type of surface. Then, we obtain
that there is no timelike Aminov surface having harmonic Gauss map and also pointwise one type
Gauss map of the first kind in Minkowski 4− space. Further, we yield the conditions of having
pointwise one type Gauss map of the second kind.
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1. Introduction

The Minkowski Space was described by the German mathematician Herman Minkowski (1864-1909) in 1907.
In mathematical physics, the most suitable mathematical model for the relativity theory introduced by Einstein
in 1905 is the Minkowski space-time. The 4−dimensional Minkowski space (Minkowski space-time) model can
be thought of as a 4−dimensional manifold obtained by combining the general 3−dimensions of space and
1−dimension of time. Minkowski 4−space is defined by Lorentzian metric as

g (x, y) = −x1y1 + x2y2 + x3y3 + x4y4.

where x = (x1, .., x4) , y = (y1, .., y4) . In Minkowski space-time, a surface M : F (s, t) : (s, t) ∈ U
(
U ⊂ E2

)
is

known as a timelike surface if the metric g on M (induced metric) has index 1. Thus, four-dimensional
Minkowski space can be decomposed into the tangent space and normal space of timelike surface M, at each
point p as

E4
1 = TpM ⊕ T⊥

p M.

Let F1, F2 be the orthonormal tangent vectors andN be the normal vector ofM. By indicating the Levi-Civita

connections with
∼
∇ and ∇, we give the Gauss and Weingarten formulas as

∼
∇F1

F2 = ∇F1
F2 + h(F1, F2), (1.1)

∼
∇F1

N = −ANF1 +DF1
N,

where D is the normal connection, AN is the shape operator and h is the second fundamental tensor [7, 12].
If the considered surface is a timelike surface, then one of the first fundamental form coefficients (e or g) is

negative definite, where the first fundamental form coefficients are e = g (Fs, Fs) , f = g (Fs, Ft) , g = g (Ft, Ft) .
Hence, the normal frame field {N1, N2} satisfies g (N1, N1) = 1, g (N2, N2) = 1 and g (N1, N2) = 0.
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Provided that the vectors Fs and Ft are orthogonal, the orthonormal tangent vectors can be written as

F1 =
Fs√
|e|
, (1.2)

F2 =
Ft√
g
.

Therefore, we write the second fundamental form with respect to F1 and F2 as;

h (F1, F1) = h111N1 + h211N2,

h (F1, F2) = h112N1 + h212N2, (1.3)
h (F2, F2) = h122N1 + h222N2,

(see, [12]).
Whether a surface has pointwise one type Gauss map is important in categorizing surfaces. In many recent

studies, especially in Euclidean spaces, the Laplacian of the Gauss map has been obtained and some analyzes
have been made on surfaces [3, 4, 5, 13]. Regarding the Gauss map (G) of a surface, if the condition

∆G = α
(
G+

−→
C
)
, (1.4)

is hold, then the surface is said to have a pointwise one type Gauss map. Here, α is a nonzero differentiable
function and

−→
C is a constant vector. In addition, if

−→
C = 0 (or

−→
C ̸= 0), then the surface is said to have pointwise

one type Gauss map of the first kind ( or second kind) [10, 11].
In Euclidean spaces, the Laplacian of any differentiable function ψ defined on the surface M is known as

∆ψ = −
(∼
∇Fi

∼
∇Fi

ψ −
∼
∇∇Fi

Fi
ψ
)
. (1.5)

Also, let {e1, e2} be tangent vector fields on the surface, and {e3, .., en} be normal vector fields, where
{e1, e2, .., en} is orthonormal frame. Then, Gauss map of M is defined by

G (p) = (e1 ∧ e2) (p) .

In Minkowski spaces, with respect to these definitions, the Laplacian of the Gauss map is written by

∆G = −εi
(∼
∇ei

∼
∇eiG−

∼
∇∇ei

eiG
)
, (1.6)

(see, [1, 6]). Here, εi = g (ei, ei) = ±1, where {e1, ..ei, ..en} is the orthonormal frame in En
1 . In the study [6], the

authors investigate Meridian surfaces in E4
1, which are also spacelike surfaces.

A special surface, named Aminov surface, is given by a Monge patch [2, 8]. Recently, the authors have
studied this type of surface in E4

1 with hyperbolic angle. They characterized the flat, minimal and semiumbilical
Aminov surfaces of hyperbolic type [9].

In this present study, we concentrate on timelike Aminov surface in E4
1 with its Gauss map. We obtain the

Laplacian of the Gauss map of this type of surface. Then, we investigate the conditions of having harmonic
and pointwise one type Gauss map of the first kind (second kind).

2. Timelike Aminov Surfaces in Minkowski Space-Time

Definition 2.1. Let M : F (s, t) be a timelike surface in four-dimensional Minkowski space E4
1. If the

parametrization of M is given by the Monge patch

F (s, t) = (r (s) cosh t, r (s) sinh t, s, t) , (2.1)

where r (s) is a differentiable function, then this surface is congruent to a timelike Aminov surface with
hyperbolic angle in E4

1 [9].
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Let M be a timelike Aminov surface in E4
1 . Then, tangent vectors are

Fs = (r′(s) cosh t, r′(s) sinh t, 1, 0) ,

Ft = (r(s) sinh t, r(s) coth t, 0, 1) .

Hence, the coefficients of the first fundamental form are

e = 1− (r′)
2
, (2.2)

f = 0,

g = 1 + r2.

Since our chosen surface is a timelike surface in E4
1, then e = 1− (r′)

2 is negative definite. Thus, we set for the

later use; W =
√
f2 − eg =

√
(−e) g =

√(
(r′)

2 − 1
)
(1 + r2).

The tangent vectors are orthogonal (f = 0). Therefore, the orthonormal tangent vectors are

F1 =
1√
(−e)

Fs =
1√

(r′)
2 − 1

(r′(s) cosh t, r′(s) sinh t, 1, 0) , (2.3)

F2 =
1
√
g
Ft =

1√
1 + r2

(r(s) sinh t, r(s) coth t, 0, 1) .

The normal vector fields yield as

N1 =
1√
A

(1, 0, r′ cosh t, r sinh t) , (2.4)

N2 =
1√

A (−e) g
(−B,A, r′g sinh t, re cosh t) ,

where

A = −1 + r′2 cosh2 t+ r2 sinh2 t,

B = − cosh t sinh t
(
r′2 + r2

)
,

C = 1 + r′2 sinh2 t+ r2 cosh2 t,

D = AC −B2 =W 2 = (−e) g.

Moreover, with the help of Gauss and Weingarten formulas, we have

∼
∇F1

F1 = −λ1N1 − λ2N2,
∼
∇F2F2 = λ3F1 − λ4N1 − λ5N2,
∼
∇F2

F1 = λ3F2 − λ6N1 + λ7N2,
∼
∇F1F2 = −λ6N1 + λ7N2, (2.5)
∼
∇F1

N1 = −λ1F1 + λ6F2 + λ8N2,
∼
∇F1

N2 = −λ2F1 − λ7F2 − λ8N1,
∼
∇F2

N1 = −λ6F1 + λ4F2 + λ9N2,
∼
∇F2

N2 = λ7F1 + λ5F2 − λ9N1.

where the smooth functions λi (i = 1, .., 9) are

λ1 = r′′ cosh t
(−e)

√
A
, λ2 = r′′g sinh t

(−e)
√

A(−e)g
, λ3 = r′r√

−eg
,

λ4 = r cosh t
g
√
A
, λ5 = r sinh t√

A(−e)g
, λ6 = r′ sinh t√

A(−e)g
, (2.6)
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λ7 = r′ cosh t
g
√
A
, λ8 =

r′ cosh t sinh t(r′′g+re)
A(−e)

√
g , λ9 = eg+A

Ag
√
−e
.

Therefore, the tangent and normal components of the equation (2.5) are written as

∇F1F1 = 0, AN1F1 = λ1F1 − λ6F2,
∇F2F2 = λ3F1, AN1F2 = λ6F1 − λ4F2,
∼
∇F1

F2 = 0, AN2
F1 = λ2F1 + λ7F2,

∼
∇F2

F1 = λ3F2, AN2
F2 = −λ7F1 − λ5F2,

(2.7)

and
h (F1, F1) = −λ1N1 − λ2N2, DF1

N1 = λ8N2,
h (F1, F2) = −λ6N1 + λ7N2, DF1N2 = −λ8N1,
h (F1, F2) = −λ4N1 − λ5N1, DF2N1 = λ9N2,

DF2
N2 = −λ9N1.

(2.8)

In addition, by the use of (2.8) and (2.6), we yield the coefficients hkij ;

h111 = −r′′ cosh t
(−e)

√
A
, h211 = −r′′g sinh t

(−e)
√

A(−e)g
,

h112 = −r′ sinh t√
A(−e)g

, h212 = r′ cosh t
g
√
A
, (2.9)

h122 = −r cosh t
g
√
A

, h222 = −r sinh t√
A(−e)g

.

So, we have the following lemma:

Lemma 2.1. Let M be a timelike Aminov surface in E4
1 given by (2.1). Then, the shape operator matrices are given by

AN1
=

 −r′′ cosh t
(−e)

√
A

−r′ sinh t√
A(−e)g

−r′ sinh t√
A(−e)g

−r cosh t
g
√
A

 , (2.10)

AN2 =

 −r′′g sinh t

(−e)
√

A(−e)g

r′ cosh t
g
√
A

r′ cosh t
g
√
A

−r sinh t√
A(−e)g

 .

Theorem 2.1. [9]LetM be a timelike Aminov surface in E4
1 given by the parametrization (2.1). Then, Gaussian curvature

and the mean curvature vector are

K =
r′′rg + (r′)

2
e

W 4
(2.11)

and

H =
cosh t (r′′g + re)

2
√
AW 2

N1 +
sinh t (r′′g + re)

2 (−e)
√
AW

N2, (2.12)

respectively.

3. An Investigation of Timelike Aminov Surface relating to its Gauss map in E4
1

Let M : F (s, t) be a timelike surface in four-dimensional Minkowski space and F1, F2 are orthonormal
tangent vectors, and N1, N2 are normal vector fields. Then, the Gauss map of the surface is

G = F1 ∧ F2.

Since M is timelike, then we rewrite the equation (1.6) as;

∆G =
(∼
∇F1

∼
∇F1

G−
∼
∇∇F1

F1
G
)
−
(∼
∇F2

∼
∇F2

G−
∼
∇∇F2

F2
G
)
. (3.1)
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Theorem 3.1. Let M be a timelike Aminov surface in E4
1 given by (2.1). Then, the Laplacian of the Gauss map of M is

given by

∆G =
(
(λ1)

2
+ (λ2)

2
+ (λ4)

2
+ (λ5)

2 − 2 (λ6)
2 − 2 (λ7)

2
)
F1 ∧ F2

+(−F1 [λ6] + F2 [λ4]− λ7λ8 − λ5λ9 − 2λ3λ6)F1 ∧N1

+(F1 [λ7] + F2 [λ5]− λ6λ8 + λ4λ9 + 2λ3λ7)F1 ∧N2 (3.2)
+(F1 [λ1]− F2 [λ6]− λ2λ8 + λ3λ4 − λ7λ9 + λ1λ3)F2 ∧N1

+(F1 [λ2] + F2 [λ7] + λ1λ8 − λ6λ9 + λ3λ5 + λ2λ3)F2 ∧N2

−2 (λ7 (λ1 + λ4) + λ6 (λ2 + λ5))N1 ∧N2,

where Fi [λj ] are congruent to directional derivatives according to Fi and the functions λj (j = 1, .., 9) are given by (2.6).

Proof. Using the components of Weingarten and Gauss formulas, the derivatives
∼
∇Fi

∼
∇FiG and

∼
∇∇Fi

FiG
(i = 1, 2) are obtained as

∼
∇F1

∼
∇F1

G =
(
(λ1)

2
+ (λ2)

2 − (λ6)
2 − (λ7)

2
)
F1 ∧ F2

+(−F1 [λ6]− λ7λ8)F1 ∧N1 + (F1 [λ7]− λ6λ8)F1 ∧N2

+(F1 [λ1]− λ2λ8)F2 ∧N1 + (F1 [λ2] + λ1λ8)F2 ∧N2

−2 (λ1λ7 + λ2λ6)N1 ∧N2,

∼
∇F2

∼
∇F2

G =
(
(λ6)

2
+ (λ7)

2 − (λ4)
2 − (λ5)

2
)
F1 ∧ F2

+(−F2 [λ4] + λ3λ6 + λ5λ9)F1 ∧N1

+(−F2 [λ5]− λ3λ7 − λ4λ9)F1 ∧N2

+(F2 [λ6]− λ3λ4 + λ7λ9)F2 ∧N1

+(−F2 [λ7]− λ3λ5 + λ6λ9)F2 ∧N2

+2 (λ4λ7 + λ5λ6)N1 ∧N2,

∼
∇∇F1

F1G = 0,

∼
∇∇F2

F2
G = (−λ3λ6)F1 ∧N1 + (λ3λ7)F1 ∧N2 + (λ1λ3)F2 ∧N1 + (λ2λ3)F2 ∧N2.

Then, put these derivatives into the equation (3.1), we get the desired result.

Theorem 3.2. Timelike Aminov surfaces given by the parameterization (2.1) cannot have harmonic Gauss map in
Minkowski space-time.

Proof. Let M be a timelike Aminov surface in E4
1 given by (2.1). We rewrite the Laplacian of the Gauss map as

∆G = a1 (F1 ∧ F2) + a2 (F1 ∧N1) + a3 (F1 ∧N2) + a4 (F2 ∧N1) + a5 (F2 ∧N2) + a6 (N1 ∧N2) .

where ai (i=1,..6) are indicated in (3.2). Suppose M has harmonic Gauss map, then ∆G = 0, i.e ai = 0. By
substituting the functions λi into

a6 = −2 (λ7 (λ1 + λ4) + λ6 (λ2 + λ5)) = 0,

and
a1 =

(
(λ1)

2
+ (λ2)

2
+ (λ4)

2
+ (λ5)

2 − 2 (λ6)
2 − 2 (λ7)

2
)
= 0,

we get
r′ (r′′g − re)

(−e)2 g2
= 0, (3.3)
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(r′′)2g2 +
(
r2 − 2r′2

)
(−e)2

(−e)3 g2
= 0, (3.4)

respectively.
If r′(s) = 0 in (3.3), then equation (3.4) is not satisfied. If r′′g = re, from (3.4) we obtain

r′2 = r2. (3.5)

Then, in (3.3) and (3.4), taking e = 1− r′2, g = 1 + r2 and r′2 = r2, we yield

r(s) = 0.

This contradicts the regularity of the surface and completes the proof.

Theorem 3.3. Let M be a timelike Aminov surface in E4
1 given by the parametrization (2.1). Then, M has pointwise one

type Gauss map of the first kind if and only if

(λ1)
2
+ (λ2)

2
+ (λ4)

2
+ (λ5)

2 − 2 (λ6)
2 − 2 (λ7)

2

α
− 1 = 0,

−F1 [λ6] + F2 [λ4]− λ7λ8 − λ5λ9 − 2λ3λ6
α

= 0,

F1 [λ7] + F2 [λ5]− λ6λ8 + λ4λ9 + 2λ3λ7
α

= 0, (3.6)

F1 [λ1]− F2 [λ6]− λ2λ8 + λ3λ4 − λ7λ9 + λ1λ3
α

= 0,

F1 [λ2] + F2 [λ7] + λ1λ8 − λ6λ9 + λ3λ5 + λ2λ3
α

= 0,

−2λ7
α

(λ1 + λ4) +
−2λ6
α

(λ2 + λ5) = 0,

where α is a non-zero differentiable function.

Proof. Let M be a timelike Aminov surface in E4
1 which has pointwise one type Gauss map. By using (1.4) and

(3.2), we can write

α+ αg
(−→
C ,F1 ∧ F2

)
= (λ1)

2
+ (λ2)

2
+ (λ4)

2
+ (λ5)

2 − 2 (λ6)
2 − 2 (λ7)

2
,

αg
(−→
C ,F1 ∧N1

)
= −F1 [λ6] + F2 [λ4]− λ7λ8 − λ5λ9 − 2λ3λ6,

αg
(−→
C ,F1 ∧N2

)
= F1 [λ7] + F2 [λ5]− λ6λ8 + λ4λ9 + 2λ3λ7,

αg
(−→
C ,F2 ∧N1

)
= F1 [λ1]− F2 [λ6]− λ2λ8 + λ3λ4 − λ7λ9 + λ1λ3,

αg
(−→
C ,F2 ∧N2

)
= F1 [λ2] + F2 [λ7] + λ1λ8 − λ6λ9 + λ3λ5 + λ2λ3,

αg
(−→
C ,N1 ∧N2

)
= −2 (λ7 (λ1 + λ4) + λ6 (λ2 + λ5)) ,

where α is non-zero differentiable function. With the help of the equation (1.4), the vector
−→
C can be written by

−→
C = K1F1 ∧ F2 +K2F1 ∧N1 +K3F1 ∧N2

+K4F2 ∧N1 +K5F2 ∧N2 +K6N1 ∧N2, (3.7)
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where

K1 (s, t) =
(λ1)

2
+ (λ2)

2
+ (λ4)

2
+ (λ5)

2 − 2 (λ6)
2 − 2 (λ7)

2

α
− 1,

K2 (s, t) =
−F1 [λ6] + F2 [λ4]− λ7λ8 − λ5λ9 − 2λ3λ6

α
,

K3 (s, t) =
F1 [λ7] + F2 [λ5]− λ6λ8 + λ4λ9 + 2λ3λ7

α
, (3.8)

K4 (s, t) =
F1 [λ1]− F2 [λ6]− λ2λ8 + λ3λ4 − λ7λ9 + λ1λ3

α
,

K5 (s, t) =
F1 [λ2] + F2 [λ7] + λ1λ8 − λ6λ9 + λ3λ5 + λ2λ3

α
,

K6 (s, t) =
−2λ7
α

(λ1 + λ4) +
−2λ6
α

(λ2 + λ5)

are smooth functions. If M has pointwise one type Gauss map of first kind, then C = 0 in the equation (2.1).
With the help of (3.7) and (3.8), we get the result.

Corollary 3.1. Timelike Aminov surfaces given by (2.1) cannot have pointwise one type Gauss map of the first kind in
E4
1.

Proof. Assume that an Aminov surface M has pointwise one type Gauss map of the first kind in E4
1. Then, the

equation system (3.6) is hold. By the use of the last equation in (3.6), we have

−2r′ (r′′g − re)

α (−e)2 g2
= 0.

Therefore, two cases ensue: r′(s) = 0 or r′′(s)g − r(s)e = 0. By the use of the first case or second case (approving
r′′g = re ) with the second equality of (3.6), we get

−r sinh t
(−e) g

√
Ag

= 0.

It means that r(s) = 0, which contradicts the regularity of the parametrization (2.1). Hence, it completes the
proof.

Theorem 3.4. Let M be a timelike Aminov surface in E4
1 given by the parametrization (2.1). Then, the necessary and

sufficient conditions for M to have pointwise one type Gauss map of the second kind are

F1 [K1] +K2λ6 −K3λ7 +K4λ1 +K5λ2 = 0,

F1 [K2]−K1λ6 −K3λ8 +K6λ2 = 0,

F1 [K3] +K1λ7 +K2λ8 −K6λ1 = 0,

F1 [K4] +K1λ1 −K5λ8 +K6λ7 = 0,

F1 [K5] +K1λ2 +K4λ8 +K6λ6 = 0,

F1 [K6] +K2λ2 −K3λ1 −K4λ7 −K5λ6 = 0,

and

F2 [K1] +K2λ4 +K3λ5 +K4λ6 −K5λ7 = 0,

F2 [K2]−K1λ4 −K3λ9 +K4λ3 −K6λ7 = 0,

F2 [K3]−K1λ5 +K2λ9 +K5λ3 −K6λ6 = 0,

F2 [K4] +K1λ6 +K2λ3 −K5λ9 −K6λ5 = 0,

F2 [K5]−K1λ7 +K3λ3 +K4λ9 +K6λ4 = 0,

F2 [K6]−K2λ7 −K3λ6 +K4λ5 −K5λ4 = 0,

where Fi [Kj ] are congruent to directional derivatives according to Fi.
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Proof. Let M be a timelike Aminov surface in E4
1 which has pointwise 1−type Gauss map of the second kind.

It means that
−→
C is constant in (1.4). With the help of the equation (3.7), the derivatives of the vector

−→
C are

obtained as
∼
∇F1C = (F1 [K1] +K2λ6 −K3λ7 +K4λ1 +K5λ2)F1 ∧ F2

+(F1 [K2]−K1λ6 −K3λ8 +K6λ2)F1 ∧N1

+(F1 [K3] +K1λ7 +K2λ8 −K6λ1)F1 ∧N2

+(F1 [K4] +K1λ1 −K5λ8 +K6λ7)F2 ∧N1

+(F1 [K5] +K1λ2 +K4λ8 +K6λ6)F2 ∧N2

+(F1 [K6] +K2λ2 −K3λ1 −K4λ7 −K5λ6)N1 ∧N2

and
∼
∇F2C = (F2 [K1] +K2λ4 +K3λ5 +K4λ6 −K5λ7)F1 ∧ F2

+(F2 [K2]−K1λ4 −K3λ9 +K4λ3 −K6λ7)F1 ∧N1

+(F2 [K3]−K1λ5 +K2λ9 +K5λ3 −K6λ6)F1 ∧N2

+(F2 [K4] +K1λ6 +K2λ3 −K5λ9 −K6λ5)F2 ∧N1

+(F2 [K5]−K1λ7 +K3λ3 +K4λ9 +K6λ4)F2 ∧N2

+(F2 [K6]−K2λ7 −K3λ6 +K4λ5 −K5λ4)N1 ∧N2

Since
−→
C is constant, the derivatives vanish. It completes the proof.

Example 3.1. Suppose that a surface M is given by the parameterization

M : F (s, t) = (2s cosh t, 2s sinh t, s, t) ,

then it is congruent to a timelike Aminov surface in Minkowski space-time. Having pointwise one type Gauss
map of second kind for this surface means that the condition ∆G = αG+ αC is satisfied, and the Laplacian of
the Gauss map of M is calculated by

∆G =

(
4
(
s2 − 2

)
Ag

(
cosh2 t

g
+

sinh2 t

3

))
F1 ∧ F2

+

(
−
2 sinh t

3

∂

∂s

(
1

√
Ag

)
+

2s

g
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√
3A

+
8s cosh t

(
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(
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)
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)
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√
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+
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√
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)
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+

(
−

2
√
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(
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√
A

)
+

8s2 cosh t
√
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−
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(
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)
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)
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+

(
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g
√
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−
(
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where A = −1 + 4 cosh2 t+ 4s2 sinh2 t and g = 1 + 4s2. In addition, we can plot the 3d-projection of this surface with Mapple command
plot3d([2*s*cosht,2*s*sinht,s+t], s=-2*pi..2*pi, t=-2*pi..2*pi):
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Figure 1. Timelike Aminov Surface
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