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ABSTRACT

In this work, we handle timelike Aminov surfaces in E{ with respect to having pointwise one type
Gauss map. First, we get the Laplacian of the Gauss map of this type of surface. Then, we obtain
that there is no timelike Aminov surface having harmonic Gauss map and also pointwise one type
Gauss map of the first kind in Minkowski 4— space. Further, we yield the conditions of having
pointwise one type Gauss map of the second kind.
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1. Introduction

The Minkowski Space was described by the German mathematician Herman Minkowski (1864-1909) in 1907.
In mathematical physics, the most suitable mathematical model for the relativity theory introduced by Einstein
in 1905 is the Minkowski space-time. The 4—dimensional Minkowski space (Minkowski space-time) model can
be thought of as a 4—dimensional manifold obtained by combining the general 3—dimensions of space and
1—dimension of time. Minkowski 4—space is defined by Lorentzian metric as

g(x,y) = —x1y1 + T2y + T3Yy3 + TaYs.

where z = (z1,..,24), ¥ = (y1,..,y4) . In Minkowski space-time, a surface M : F (s,t): (s,t) € U (U C E?) is
known as a timelike surface if the metric ¢ on M (induced metric) has index 1. Thus, four-dimensional
Minkowski space can be decomposed into the tangent space and normal space of timelike surface M, at each
point p as

El =T,M & T, M.

Let F,, I, be the orthonormal tangent vectors and N be the normal vector of M. By indicating the Levi-Civita

connections with V and V, we give the Gauss and Weingarten formulas as

Ve Fs = Vi F+h(F,F), (1.1)
Ve N = —AyF,+ DpN,

where D is the normal connection, Ay is the shape operator and 4 is the second fundamental tensor [7, 12].

If the considered surface is a timelike surface, then one of the first fundamental form coefficients (e or g) is
negative definite, where the first fundamental form coefficients are e = g (F, Fy), f = g (Fs, F;), 9 = g (Fi, Fy) .
Hence, the normal frame field { Ny, No} satisfies g (N1, N1) = 1, g (N3, N2) = 1 and g (N1, N2) = 0.
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Provided that the vectors F; and F} are orthogonal, the orthonormal tangent vectors can be written as

Fs

= , (1.2)
le]
F
P, = L
N/
Therefore, we write the second fundamental form with respect to F; and F5 as;
h(Fy,F1) = hi Ny +h3N,,
h(F1,F2) = hiyNy +hiyN, (1.3)
h(Fy,Fy) = hjyNi+ hiyNy,

(see, [12]).

Whether a surface has pointwise one type Gauss map is important in categorizing surfaces. In many recent
studies, especially in Euclidean spaces, the Laplacian of the Gauss map has been obtained and some analyzes
have been made on surfaces [3, 4, 5, 13]. Regarding the Gauss map (G) of a surface, if the condition

AG = a (G+?), (1.4)

is hold, then the surface is said to have a pointwise one type Gauss map. Here, « is a nonzero differentiable
function and 8 is a constant vector. In addition, if 8 =0 (or 8 # 0), then the surface is said to have pointwise
one type Gauss map of the first kind ( or second kind) [10, 11].

In Euclidean spaces, the Laplacian of any differentiable function ¢ defined on the surface M is known as

Ay = — <%FZ%F1¢ - %vpi FJ/)) . (1.5)

Also, let {ei,es} be tangent vector fields on the surface, and {es,..,e,} be normal vector fields, where
{e1, s, .., e, } is orthonormal frame. Then, Gauss map of M is defined by

G (p) = (e1 Nez2) (p).

In Minkowski spaces, with respect to these definitions, the Laplacian of the Gauss map is written by
AG = —¢; (%ei%eic: ~ Ve, G) , (1.6)

(see, [1, 6]). Here, €; = g (e;,€;) = £1, where {ey, ..€;, ..e, } is the orthonormal frame in E7. In the study [6], the
authors investigate Meridian surfaces in E{, which are also spacelike surfaces.

A special surface, named Aminov surface, is given by a Monge patch [2, 8]. Recently, the authors have
studied this type of surface in E} with hyperbolic angle. They characterized the flat, minimal and semiumbilical
Aminov surfaces of hyperbolic type [9].

In this present study, we concentrate on timelike Aminov surface in E{ with its Gauss map. We obtain the
Laplacian of the Gauss map of this type of surface. Then, we investigate the conditions of having harmonic
and pointwise one type Gauss map of the first kind (second kind).

2. Timelike Aminov Surfaces in Minkowski Space-Time

Definition 2.1. Let M : F (s,t) be a timelike surface in four-dimensional Minkowski space Ef. If the
parametrization of M is given by the Monge patch

F (s,t) = (r (s)cosht,r (s)sinht,s,t), (2.1)

where 7 (s) is a differentiable function, then this surface is congruent to a timelike Aminov surface with
hyperbolic angle in E} [9].
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Let M be a timelike Aminov surface in E{. Then, tangent vectors are

F, = (r'(s)cosht,r’(s)sinht, 1,0),
F, = (r(s)sinht,r(s)cotht,0,1).

Hence, the coefficients of the first fundamental form are

e = 1-— (7’/)2 5 (22)
f = Oa
g = 1+r%

Since our chosen surface is a timelike surface in E4, then e = 1 — (+/)? is negative definite. Thus, we set for the

later use; W = \/f2 —eg = \/(—€) g = \/<(r’)2 - 1) (T+7r2).

The tangent vectors are orthogonal (f = 0). Therefore, the orthonormal tangent vectors are

P = F, = (r'(s) cosht,r'(s)sinht,1,0), (2.3)
(—¢) ()2 =1
F: 1F ! (r(s)sinht,r(s) cotht,0,1)
= —F = r(s)sinht, r(s ,0,1).
Ve Vit
The normal vector fields yield as
1
Ni = ——(1,0,7"cosht,rsinht), 2.4
1
Ny = ————(-B,A,r'gsinht,recosht),
A(=e)g

where

= —1+4r"%cosh®t+ r?sinh?¢,
—coshtsinht (1" 4 r?),

= 1+ 72sinh?t + r?cosh?t,
= AC-B*=W?=(-e)g.

S Qwe
|

Moreover, with the help of Gauss and Weingarten formulas, we have

%plFl = =AM N1— A2No,

%Fng = A3F1 — ANy — A5 No,

%F2F1 = A3Fy — A¢Ny + A7 No,

Ve Fy = —A¢Ni+ AN, 2.5)
Ve N = —AFi+ AeFs + AsNa,

%F1N2 = —XoF| — A Fy — ANy,

%Fle = —X¢F1 + A Fo + AgNo,

Ve, Na = ArFi 4+ AsFy — ANy

where the smooth functions \; (i = 1,..,9) are

— r’’ cosh t _ T”gsinht — r'r
Al (76)\/2’ AQ (—e) A(fe)g’ )\3 V—eg’
M = rcosht e = rsinht e = 7’ sinh t
4 gVA 5 A(—e)g’ 6 A(—e)g’ (26)
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7-’coshtsirlht(’l'”g"!‘re) Ag = —c9tA
A=)/ v T Ag e

Therefore, the tangent and normal components of the equation (2.5) are written as

__ r’cosht _
M= resbt 3=

Vp L =0, AN F1 = M Fy — XeFo,
Ve Fo=XF1, An Fo=AF1 — A\ Fs, 07
Vg Fe =0, ANy Fy = M Fy + A Fy, @7)
Ve Fi = XsFy, An,Fo = —A7Fy — AsE%,
and
h(Fi,F1) = —=X\Ni — A2Na,  Dp N1 = AgNo,
h(Fi,Fy) = =X¢N1+ A7Na, Dp, Ny = —AgNy, 2.8)
h(Fi,Fy) = =A4N1 — AsNi, Dp,Ni = AgNo, )
Dp, Ny = —AgNy.
In addition, by the use of (2.8) and (2.6), we yield the coefficients hfj;
hl — —r'' cosht h2 _ —r''gsinht
W (—gva U (o) /A(—e)g’
1 _ —r’sinht 2 __ r’cosht
h12 - \/ma h12 - gc\/z ’ (29)
hl _ =r cosh t h2 _ =r sinh ¢
27 " /4 2= i oe

So, we have the following lemma:
Lemma 2.1. Let M be a timelike Aminov surface in E} given by (2.1). Then, the shape operator matrices are given by

—r'" cosht —r’sinh ¢

(*6)\/2 A(—e
ANl = —r’sinh t \ZT (Sosh)tg ’ (210)
VA(=e)g gvVA
—r''gsinht 7’ c\(}iht
—e A(—e A
AN? = ( PZ’\c/osﬁlte)g 7fsinht
gvVA VA(=e)g

Theorem 2.1. [9]Let M be a timelike Aminov surface in E{ given by the parametrization (2.1). Then, Gaussian curvature
and the mean curvature vector are
'rg+ (r) e

K= 2.11)
and
cosht (g + re) sinht (r"g + re)
H= Ny + Ny, 212
2/ AW? P e vaw @12)
respectively.

3. An Investigation of Timelike Aminov Surface relating to its Gauss map in E{

Let M : F (s,t) be a timelike surface in four-dimensional Minkowski space and Fi, F> are orthonormal
tangent vectors, and N;, N, are normal vector fields. Then, the Gauss map of the surface is

G:Fl/\FQ.

Since M is timelike, then we rewrite the equation (1.6) as;

AG = (%FﬁFIG —Vynn G) . (%FQ%FQG . %%FQG) . (3.1)
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Theorem 3.1. Let M be a timelike Aminov surface in Ef given by (2.1). Then, the Laplacian of the Gauss map of M is
given by

AG A+ (A2)? + ()7 4 (As)% = 2(0)? — 2 ()\7)2) Fi AP
Fi [)‘6] + Iy [)\4] — )‘7>\8 - )\5)\9 - 2>\3)‘6) Fi A N1
Iy )\7} + F [>\5} AeAg + Agdg + 2/\3/\7) Fi NNy (32)

- (&
+ (=

+ (F1 ]

+ (F1 [M] — Fa[Ae] — AaAs + Ashg — A7 dg + M A3) Fo A Ny
+ (F [

=2 (A7

Fi[Aa] + Fa [M7] + Aids — AgAg + AsAs + AaA3) Fo A Ny
()\ ()\1 + /\4) + X¢ ()\2 + )\5)) Ny A No,

where F; [\;] are congruent to directional derivatives according to F; and the functions A; (j = 1, ..,9) are given by (2.6).

Proof. Using the components of Weingarten and Gauss formulas, the derivatives Vy, Vy G and Vv rG
(i = 1,2) are obtained as

VEVRG = ((0)+ () = (6) = ) FLA By
+ (—Fl [)\6] — )\7/\8) Fy NNy + (Fl [)\7] — )\6)\8) Fi N Ny

+ (F1 [M] — A2As) Fa A N1+ (F1 [A2] + A1 As) Fo A N
—2 (M A7+ A2dg) N1 A No,

VeVeG = (06)7+00) = ()’ = A)) FLAFy
+ (=F2 [Ad] + A6 + Ashg) F1 A Ny
+ (= Fy [Ns] = Ashr — Ado) Fir A N
+ (Fy [A6] — AsAa + A7 Ag) Fo A Ny
4 (=Fs [M] = Ashs + Agho) Fa A N
+2 (AaA7 + As6) N1 A Na,

VoG =0,

vszFzG = (7)\3/\6) Fi NNy + ()\3/\7) Fi NNy + ()\1/\3) Fy NNy + ()\2/\3) Fy N Ns.

Then, put these derivatives into the equation (3.1), we get the desired result.

Theorem 3.2. Timelike Aminov surfaces given by the parameterization (2.1) cannot have harmonic Gauss map in
Minkowski space-time.

O
Proof. Let M be a timelike Aminov surface in E{ given by (2.1). We rewrite the Laplacian of the Gauss map as
AG = ai (Fl /\FQ) —|—a2 (Fl A Nl) —|—a3 (Fl A NQ) —|—a4 (F2 /\Nl) —|—a5 (FQ /\Nz) —|—a6 (Nl A\ NQ) .

where a; (i=1,..6) are indicated in (3.2). Suppose M has harmonic Gauss map, then AG =0, i.e a; = 0. By
substituting the functions ); into

ag = —2 (A7 (A1 4+ A1) + A6 (A2 + A5)) =

and

= (0 + 02)” + )+ (4)° = 206)” =2 (1)) =0,

we get
' (r"g —re)
(—e)’ g?
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(T”)292 + (1"2 _ 21"'2) (76)2

=i =0, (3.4)

respectively.
If '(s) = 0 in (3.3), then equation (3.4) is not satisfied. If 7"’ g = re, from (3.4) we obtain

r'? =72, (3.5)
Then, in (3.3) and (3.4), takinge = 1 — "2, g = 1 + 72 and 72 = r?, we yield
r(s) =0.

This contradicts the regularity of the surface and completes the proof. O

Theorem 3.3. Let M be a timelike Aminov surface in E{ given by the parametrization (2.1). Then, M has pointwise one
type Gauss map of the first kind if and only if

A2+ ()" + )+ (As)2 —2(Ne)* —2(M)°

-1 = 0,
(0%
—F [)\6] + Iy [)\4} — A7Ag8 — Ashg — 2A3)¢ - 0
a b
Fi [)\7] + Fy [)\5] — XgAg + Agdg + 2A3 A7 Y (3.6)

(6
Fy[M] = Fa[X6] — Aadg + Ashs — Ardg + A3 - 0
a )
Fy [A2] + Fo [A7] + A As — A Ag + Ashs + Aas — 0
a b

—2A —2A

T+ M)+ —2 o+ A5) = 0,

where « is a non-zero differentiable function.
Proof. Let M be a timelike Aminov surface in E{ which has pointwise one type Gauss map. By using (1.4) and
(3.2), we can write

CRAR) = 02+ 0+ 0>+ ()2 —2() —2(Ar)°,

VS

o+ ag
C.FAN

)
)
aEAM)
)
)

ag = —F1 [)\6] + F2 [)\4] - )\7)\8 — )\5)\9 — 2)\3)\6,

ag Fi [)\7] + Fy [)\5} — AgAs + Agdg + 2A3)7,

T RAN, Fi M) — Fa [A] — Aods + AsAs — Ardo + As s,

ag

e N N

ag B,Fg A No

ag (8, Ni A Ng)

Fy [)\2] + Iy [)\7] 4+ AAs — AgAg + A5 + A2 A3,

—2(A7 (A1 + A1) + A6 (A2 + As)) s

where a is non-zero differentiable function. With the help of the equation (1.4), the vector C' can be written by

C = K\F)AFy+ KyFy ANy + KsFy AN,
+K 4 F5 AN Ny + KsFo AN Ny + KgN1 A No, (3.7)
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where
Koy = Q7O+ 007+ 00 = 206)° —200)°
Ky(s,t) = —Fy [Ag] + Fa [Ad] ;\7/\0;)\5)\92)\3)\6’
Ky (s,t) = Fy [A7] 4+ F> [As] _/;6)\8“?)\4/\9—1—2)\3)\7’ o8
Ky (s,t) = Fy (M) — Fa[Xe] — )\2)\2—&- Asda — Ardg + )\1)\3’
Ks(s,) = Fi [A] 4+ Fo [M7] + /\1)\27 A6 Ao + Ashs + A2A37
Ks(s,t) = *im (M + ) + %Aﬁ O+ M)

are smooth functions. If M has pointwise one type Gauss map of first kind, then C' = 0 in the equation (2.1).
With the help of (3.7) and (3.8), we get the result. O

Corollary 3.1. Timelike Aminov surfaces given by (2.1) cannot have pointwise one type Gauss map of the first kind in
Ef.

Proof. Assume that an Aminov surface M has pointwise one type Gauss map of the first kind in E{. Then, the
equation system (3.6) is hold. By the use of the last equation in (3.6), we have

=2r' (r"g — re)

=0.
a(—e)’ g2

Therefore, two cases ensue: r’(s) = 0 or 7”’(s)g — r(s)e = 0. By the use of the first case or second case (approving
r"'g = re ) with the second equality of (3.6), we get

—rsinht 0

(—e)gvAg
It means that 7(s) = 0, which contradicts the regularity of the parametrization (2.1). Hence, it completes the
proof. O

Theorem 3.4. Let M be a timelike Aminov surface in B} given by the parametrization (2.1). Then, the necessary and
sufficient conditions for M to have pointwise one type Gauss map of the second kind are

Fy [Kq] 4+ Ko — K37 + Kuhi + Kshe = 0,
Fi[Ka] — Kide — Kshs + Kgha = 0,
Fi [K3] + KiA7 4+ Kodg — KgA1 = 0,
Fy (K] + Kih — Kshg + Kghr = 0,
Fy [Ks5] + Kido + Kydg + Kgh¢ = 0,
Fy [Kg] + KoXy — K3\ — KyA7 — Kshg = 0,
and
Fy [Kq]) + Koy + K3hs + Kyde — KsAy = 0,
Fy [Kp] — KiAy — K3)g + Kyh3 — KgAy = 0,
Fy [Ks] — Kids + Koo + Kshs — Kghg = 0,
Fy [Ky] + KiXg + K A3 — K59 — KgAs = 0,
Fy [Ks) — Kihr + Kshg + Kudg + Kol = 0,
Fy [Kg] — Ko7 — K3)e + KyAs — KsAy = 0,

where F; [K;] are congruent to directional derivatives according to F;.
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Proof. Let M be a timelike Aminov surface in E{ which has pointwise 1—type Gauss map of the second kind.

It means that 8 is constant in (1.4). With the help of the equation (3.7), the derivatives of the vector 3 are
obtained as

%FIC = (F1[Kq] 4 Kahe — K3hr + Ky + Ks)ho) Fi A Fy
Ko] — KiX — Kshs + Koho) Fy ANy

K3+ Kihr + Kodg — KgA1) Fi A No

i) + K\ — Kshs + Kohr) Fo A Ny

Ks] + KXy + Kyds + KgAg) Fa AN

Ko] + Kado — Kshi — Kahy — KsAg) Ni A N

o — — —

and

VeC = (F3[Ki]+ Koh + Kshs + Kahg — Kshr) Fi A F

o] — Kida — K3hg + K4d3 — KgA7) Fi A Ny

3] = K15 + KoXg + KsA3 — KgAg) F1 A No

4] + K1Xg + Kads — Kshg — Kghs) Fo A Ny

5] — Kid7r + K3)g + K)o + KgAy) Fo A Na
] — Kohr — Kadg + Kads — Ksha) N1 A Na

SR AR XA

[
[
[
[
(K6
Since C' is constant, the derivatives vanish. It completes the proof. O
Example 3.1. Suppose that a surface M is given by the parameterization

M : F (s,t) = (2scosht,2ssinht, s,t),

then it is congruent to a timelike Aminov surface in Minkowski space-time. Having pointwise one type Gauss
map of second kind for this surface means that the condition AG = aG + aC is satisfied, and the Laplacian of
the Gauss map of M is calculated by

4(s? -2 h? inh2
AG = ((s )(cos t+sm t))Fl/\Fg

g 3

2sinht O ( 1 ) 2s 0O (cosht) 8scosh?tsinh¢ 8ssinht (sinh2 t (1 + 52) — 352) 16ssinht
VAg

4 I F1 NNy
9v/9 0t \ VA Ag\/Ag 3Ag\/Ag 3gv/Ag >

3
2cosht 0 ( 1 ) n 2s 0 (sinht) 8s cosh t sinh? t n 8scosht (sinh?t (1 +s2) —3s%)  16scosht
V3 0s \gVA V3g ot \ VA AgV3A Ag?V3A V392

2 O (sinht 8s2cosht 8cosht (sinh2 t(1+ s%) — 3s?)
+——= + - P AN
3g 0t \ VA V3Ag? Ag2V3A
2 0 (cosht) 8s2sinht  8sinht (sinh?¢ (1 4 s2) — 3s2)
39V Ag 3Ag\/Ag

>F1/\N2

\/Z >F2/\N2

8s
—(—= ) N1 AN:
(392) e

where A = —1+ 4cosh?t + 4s2sinh?¢ and g = 1 + 4s2. In addition, we can plot the 3d-projection of this surface with Mapple command
plot3d([2*s*cosht,2*s*sinht,s+t], s=-2*pi..2*pi, t=-2*pi..2*pi):
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Figure 1. Timelike Aminov Surface
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