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The goal of this paper is to investigate the certain properties of bipolar fuzzy supra
preopen sets (BF supra preopen set). We introduce and study the concepts of bipolar
fuzzy supra pre-interior (BF supra pre-interior) and bipolar fuzzy supra pre-closure

(BF supra pre-closure) operators. Furthermore, we define new type of bipolar fuzzy
supra continuous mapping based on the BF preopen sets.

1. Introduction

Fuzzy set theory was introduced by Zadeh [1] in
1965 and it has been developed by many
researchers. This theory is one of the most efficient
decision methods providing the ability to deal with
uncertainty. Several papers are published with
various fuzzy set applications in the fields of pure
and applied mathematics and also several kinds of
fuzzy set extensions were defined such as
intuitionistic fuzzy sets [2], interval-valued fuzzy
sets [3], vague sets [4], etc. Bipolar-valued fuzzy
set [5] is another an extension of fuzzy set and its
membership degree range is different from the
above sets. Membership degree range is [-1, 1] for
bipolar valued fuzzy set. Lee [6] initiated an
extension of fuzzy set named bipolar fuzzy set in
2000. In recent years a series of works was
published related to bipolar fuzzy sets. Anitha et.
al. [7] investigated the notion of bipolar valued
fuzzy subgroup. Pazar Varol [8] defined bipolar
fuzzy submodule and studied some certain
properties. Azhagappan and Kamaraj [9]
introduced the concept of bipolar fuzzy topology.
Kim et. al. [10] introduced bipolar fuzzy points and
examined the topological structures of bipolar
fuzzy set, such as neighborhood, continuity, base,
subbase.

Supra topology was defined by dropping a
finite intersection condition of topological spaces

“Corresponding author: banupazar@kocaeli.edu.tr

1152

by Mashhour et al. [11] in 1983. Although supra
topological space is the weaker type of classical
topological space, supra topology can be more
convenient to solve some practical problems. The
fuzzy supra topology were introduced by El
Monsef and Ramadan [12]. They also investigated
fuzzy supra continuous mappings and obtained
some basic characterizations. Using the notion of
intuitionistic fuzzy sets, Turanli [13] defined
intuitionistic fuzzy supra topology in 2003. Malkog
and Pazar Varol [14] discussed BF supra
topological spaces as a generalization of supra
topologies to bipolar fuzzy topologies.

The concept of preopen sets in topological
spaces was defined by Mashhour et. al. [15] in
1982. Then, the concept of fuzzy preopen sets in
fuzzy topological spaces was given by Singal et.al.
[16] in 1991. Sayed [17] defined supra preopen set
in 2010 and fuzzy version of this concept was
studied by Srikirutika et. al. [18] as “fuzzy supra
preopen sets” in 2018.

In this work, we introduce and investigate bipolar
fuzzy supra preopen sets using bipolar fuzzy supra
open sets. Then, we define new type of bipolar
continuous mapping based on the bipolar fuzzy
preopen sets.
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2. Preliminaries
We recall the following definitions and results
which will be needed in this work.

Definition 2.1: [19] Let U # @ be universal set.
Q={<vuiW),ug(v) > veU} denotes a
bipolar fuzzy set (BF set) in U where ug: Uu—
[0,1] and pg: U — [-1,0] are two mappings.
Here, ,ué'(v) denotes the positive memberships
ranges over [0,1] and ug(v) denotes the negative
memberships ranges over [—1,0].

We will use the notation BPF (U) for the family of
all bipolar fuzzy set in U.

For each bipolar fuzzy set @ and v e U, if 0 <
py(w) — pg(v) < 1 then Q is an intuitionistic
fuzzy set [2]. ug(v) (resp. pg(v) ) denotes the
membership  degree  (resp. non-membership
degree) of v e U.

Example 2.2: 0={<a0.5-0.3><
b,0.7,—0.2 >, <c,0.4,—0.4 >} isa BF setin
U={a,b,c}.

Definition 2.3: [9] 1. Q € BPF(U) is called
universal BF set if uj (v) = 13p(v) = 1and

pg () = 1gp(v) = —1, for each v € U and we
write 15p = (15p, 15p).

2. Q € BPF(U) is called empty BF set if u (v) =
0%p(v) = 0gp = 05p(v) = ug (v), for each v € U
and we write 0gp = (0%p, 05p).

Definition 2.4: [19] Let Q,R € BPF(U). Then;

1L.9CESR o uyw) <spzp() and py(v) =

ur(), vveUu.

20=R & () =uxr(v) and pg(v) =

ur(),vveu.

3. The complement of Q is defined by, Q¢ ={<

v,1—pg(), -1 —pug(v) >: veuU}

4. ONR = {<v,uinzr (W), ugnr(v) >: v € U},

where p3nz () = min{ug (v), uk (v)} and
ugny () = max{ug (v), uz (v)}.

5 QUY = {<v,uyr(), ugyr(v) >: v € U},

where p3 e (v) = max{u$ (v), us (v)} and
uguy @) = minfug (v), uz (v)}.

Proposition 2.5: [10] LetQ, R, Z € BPF(U). Then
the following statements are satisfied:

1.9UQ =9 and 9 NQ=9.

20UR =QUR and QNR=RNQ.

3 QURUZ2)=(QURY)UZandQ N(RNZ)
=QNR)NZ.
490URNZ)=QUR)YN(QUZ)and 9 N
@RUZ2Y=@QNR)U@QN22).
50U@NR)=Q andQ N(QUR)=Q.
6.9NRcQ and QNRCR.

7.QcQUR and YcQ UR.

8.(Q9)° =0Q.

9. QUR) =9°NRand (Q N R)°=Q ¢ U R€.
10. If QcR and Rc Z, then Q c Z.

11.1f QcR,then QNZcRNZ and QU Z
cRUZ.

Definition 2.6: [19] Let U = @ and ( Q;)
BPF(U).

1. The intersection of (Q;)
Nje; Q;, and defined as

(N Q)@ = (Ajejih, @), Ve g, @),
vveU.

2. The union of (Q;)

and defined as

(Uje]Qj)(v)
Vv elU.

. C
JEJ

jer represented by

jey represented by Uje; Q

(Vje] .U-'éj ), Ajey #_Qj (v)),

Definition 2.7: [10] Let ¢: U; — U, be a mapping
and Q € BPF(U;), R € BPF(U,).

1. The image of Q under ¢ is represented by
9(Q)(w) (ko)W tigoyW)) =

((p(,u"é Yw), (kg )(w)), and it is a bipolar fuzzy
setin U, defined as

o )o0) = {\/#E ®.  veeTw),
0, other
§0(M_Q )(W) = {/\M_Q @), vEpTiw), )
0, other

Vwe U,.
2. The preimage of R under ¢ is represented by
ot (R) = (¢7" (uk), ¢ " (ux)), is a bipolar
fuzzy setin U; defined by
o7 (wR)(W) = wupe @)  and
[o™ ' (R)I(W) = ug o 9(v) , Vv € Uy

Corollary 2.8: [10] Let ¢: U; — U, be a mapping
and Q! Ql! QZE BPF(Ul)l (QJ)]E]C BPF (U1)1 :Ry
R, R, € BPF(U,) and (Rj)jejc BPF(U,). Then

the followings are satisfied,;
1.1f 9, € Q,, then ¢(Q;) € ¢(Q3),
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2. p(Q:UQ2) =9(Q1) U 0(Q2), <P(Ujeij) =
Ujes #(2).

3. 9(Q:1N Q22) € 9(Q1) N 9(Q2), ¢(Njes Q)) ©
Njes #(2)),

4.1f @ is1-1,then ¢(Q,NQ;) = ¢(Q1) N ¢(Q2),
¢(Nje; Q) = Njes #(9)),

5.1f Ry € R,, then ¢~ 1(R,) € o 1 (R,),

6. (Q) = 0gp & Q = Opp,

7. oM (RIURY) = o ' (R) U ¢ (Ry),
97 (Ujes R;) = Ujes 07 (Ry),

8. P HRINRy) = P~ 1Ry N
P R, 0 (NjeyRy) = Njey o™ (R)),

9. ¢7H(R) = 0gp & RN @(15p) = Opp,

10. 9c (¢~ ltop)(Q), in particular Q=
(e~ Yop)(Q) if ¢ isinjective,
11. (pop™H)(R) <R, in particular R

= (pop~H(R) if ¢ is surjective,
12. 971(R) = (971 (R)) .

Definition 2.9: [9] Let U # @ and = < BPF(U).
Then ¢ is called a BF topology on U if it satisfies
the followings;

(BFT1) Ogp, 1gp € =

(BFT2) QNR e, for Q,RE

(BFT3) (Uje;Q;) € cforevery (9;), ez

(U,7) is named to be BF topological space and
members of 7 are called to be BF open sets. Q €
BPF(U) is called BF closed sets in (U,7), if Q¢ is
BF open set.

Definition 2.10: [14] Let U # @ and z € BPF (U).
Then z is called a BF supra topology on U if it
satisfies the followings;

(BFST1) Ogp, 1pp € 7.

(BFST2) (Uje;Q;) €t for every (Qj)jej cr.
(U,t) is named to be BF supra topological space
and members of 7 are called BF supra open sets.
Q € BPF(U) is called BF supra closed sets in (U,z),
if Q¢ is BF supra open set. We denote the family of
all bipolar fuzzy supra topologies on U as
BPFST(U).

Let 7* be a BF topology and t be a BF supra
topology on U. Then, T* is named to be associated
BF topology with the T if and only if 7* c 7.

Examples 2.11: [14]. Let T € BPFST(U). Then,
the families 7+ = {u} €1V|Q et} and 7~ =
{—ug €1V | 9 € v} are two fuzzy supra topologies
in the sense of [12].
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Theorem 2.12: [14] Let (U,t) be a BF supra
topological space and K be the family of all BF
supra closed sets in U. Then the followings are true;
i. 0gp, 1p € K.

i (Nie; Q) € K forevery (Q))je; € K.

Definition 2.13: [14] Let T € BPFST(U) and Q €
BPF(U). Then;
i. Bipolar fuzzy supra interior of Q, denoted by
int,(Q), is defined as
int,(Q)=U{0:0< QandO € t}.

ii. Bipolar fuzzy supra closure of Q, denoted by
cl;(Q), is defined as

cl,(@=N{K:Q S KandKF* € 1}.
(1) The BF supra closure of @ is the smallest BF
supra closed set containing Q.
(2) The BF supra interior of Q is the largest BF
supra open set contained in Q.
(3) Let (U, 7) be an associated BF supra topological
space with the BF topological space (U,t*) and
Q € BPF(U). Then int-(Q) S int,(Q) S QC
ClT(Q) < Cl‘r*(Q)-

Theorem 2.14: [14] LetQ,R € BPF(U) and t €
BPFST (U). Following statements are true;

1. Q isa BF supra open (closed) set & Q = int,(Q)
Q=cl:(9)

2. 1f 9 € R, then int,(Q) < int,(R) and cl,(Q)
C cl,(R).

3.cl;(Q Ucl,(R) ccl,(QURR).

cint,(Q) U int,(R) < int.(Q UR).
.int,(QNR) Sint,(Q) N int,(R).
cl;(QNR) Sl (Q) N cl (R).

int;(1gp — Q) = 1pp — cl(Q).

8. cl;(1gp) = 1pp = int;(1p) and cl;(Opp) =
0pp = int;(0Opp).

9. int;(int;(Q)) = int(Q),
clz(Q).

Definition 2.15: [14] Let t € BPFST(U;), 0 €
BPFST(U,) and ¢: (U, t) — (U,,0) be a
mapping. Then, ¢ is called a BF supra continuous
mapping if ¢~1(Q) € T forevery Q € o.

~N o O b~

Cl‘r (Cl‘r (Q)) =

3. Bipolar Fuzzy Supra Preopen Sets

In this chapter, we initiate and study a new type of
supra open sets named to be bipolar fuzzy supra
preopen sets.

Definition 3.1: Lett € BPFST(U). ABFsetQ is
called
(i) a bipolar fuzzy supra preopen set (BF supra

preopen set) if Q@ < int, (cl(Q)).
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(ii) a bipolar fuzzy supra preclosed set (BF supra
preclosed set) if cl,(int;(Q)) < Q.

It is obvious that the complement of a bipolar fuzzy
supra preopen set is a bipolar fuzzy supra preclosed
set.

Definition 3.2: Lett € BPFST(U). ABFsetQ is
called

(i) a bipolar fuzzy supra a —open set if Q <
int;(cly (int;(Q))).

(if) a bipolar fuzzy supra b —open set if 9 €
int,(cl;(Q)) U cl(int,(Q)).

(iii) a bipolar fuzzy supra S —open set if Q <
cly(int(clz(Q))).

(iv) a bipolar fuzzy supra semi-open set if 9 €
cly(int-(Q)).

(v) a bipolar fuzzy supra R —open set if

int;(cl;(Q)) # Ogp Or Q = Opp .

The following diagram gives the relations between
the bipolar fuzzy open sets. In this work, we only
focus on bipolar fuzzy supra pre-open set.

BF supra
b-open

BF supra
[-open

BF supra
R-open

BF supra
semi-open
BF supra -, BF supra
open a-open
BF supra
pre-open
Theorem 3.3: Let T € BPFST(U). If Qis BF

supra open set, then Q is BF supra preopen set.
Proof: Let Q € 7. Thenint,(Q) = Q. Since Q ©
cl,(Q) and properties of BF supra interior,
int(Q) S int.(cl(Q)).

Hence, Q € int.(cl;(Q) ).

We show that the implication in above theorem is
not reversible;

Example 3.4: Let U = {uq,u,},

0 ={<u;,0.5,—-0.3 >,< u,,0.3,-0.4 >}

R = {<u;,0.3,—0.6 >, < u,,0.6,—0.5 >}

Z ={<1u;,0.5,-0.8 >,< u,,04,-0.5 >}

and t = {O0gp, 15p,Q,R,QUR}. Then T is a
BF supra topology on U and Z is a BF supra
preopen set (we obtain int,(cl,(Z)) = 1gp , SO
Z < int.(cl(Z))) but not BF supra open set.

Theorem 3.4: Let T € BPFST(U). If Q is BF
supra closed set, then Q is BF supra preclosed set.
Proof: Let Q be a BF supra closed set in (U, 7).
Then @ = cl,(Q). Since int,(Q) € Q, we get
cle(int(Q)) € () = Q.

Theorem 3.5: Let Q be a BF set in BF supra
topological space (U,t), then Q is a BF supra
preopen set if and only if Q¢ is a BF supra
preclosed set.
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Proof: (=) Let Q be a BF preopen setin U. Then
we have Q <€ int.(cl;(Q)).

= 02 (int(cl, (1)) = cleleli(@)) =

cly(int-(Q)).
= Q€ is a BF supra preclosed set.
(<) Let Q€ be a BF supra preclosed set. Hence,

we have cl,(int,(Q%)) € Q°.
= (Q9)° € (cl(int:(09)))
= Q € int,(int,(Q%))" = int,(cl,(Q°)°)

= int,(clT(Q)).
Hence, Q is a BF preopen set.

Theorem 3.6: Let T € BPFST(U).

(i) If {9;:i€J} is a collection of BF supra
preopen sets, then U;¢; Q; is a BF supra preopen
set.

(i) If {R;:i €]} is a collection of BF supra
preclosed sets, then N;¢; R; is a BF supra preclosed
set.

Proof: (i) Let {Q;:i €]} be a collection of BF
supra preopen sets.

Then foreachi € J, Q; < int,(cl.(Q))).

= Uies Qi € Uiy inte(clz(21))
int;(Usejclp(Q)) € inte(cly(Uies Qi)

(i) By (i), we get U;e; Q; S into(cly(Uieg;Q:)).

= (Uiey 00)° 2 (int (cte(Uic ,Qi)))c.
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= Nig(2)°  2c((cl(Ui)00)°) =

cl, (intr(ﬂiE]Qic)) :

Definition 3.7: Let 7 € BPFST(U) and Q €
BPF(U).

(i) The bipolar fuzzy supra preinterior of a bipolar
fuzzy set Q is defined by

pint.(Q) =U{ 0 : 0 < Q and O isabipolar fuzzy
supra preopen set in U}.

(i) The bipolar fuzzy supra preclosure of a bipolar
fuzzy set Q is defined by

pcl.(@)=N{ K:Q € K and X is a bipolar fuzzy
supra preclosed set in U}.

Remark 3.8: We see that pint,(Q) is a BF supra
preopen set and pcl,(Q) is a BF supra preclosed
set.

Theorem 3.9: Let Q be a BF setin (U, 7).

(i) pint,(Q) < Q and pint,(Q) = Q if and only if
Q is a BF supra preopen set.

(iQ <€ pcl,(Q) and @ = pcl,(Q) if and only if Q
is a BF supra preclosed set.

(iii) (pint;(Q))° = pcl (Q°).

(iv) (pcl(Q))° = pint (Q°).

Proof: Straightforward.

Theorem 3.10: Let Q@ and R be two BF sets in
(U,7). If @ € R, then pint.(Q) € pint.(R) and
pcl(Q) € pcl(R).

Proof: Since pint,(Q) is the largest BF supra
preopen set contained in Q, pint,(Q) < Q. Then,
pint;(Q) € Q € R. pint.(Q) is the BF supra
preopen set contained in R, but pint,(R) is the
largest BF supra preopen set contained in Q. So,
pint.(Q) € pint,(R). For the other part, Q <
R & R¢ € Q¢ Then pint(R®) € pint,.(Q°)
and we obtain (pcl,(R))¢ < (pcl,(Q))€ and hence
(pel(Q))° = pint(Q°).

Theorem 3.11: Let Q@ and R be two BF sets in
(U, 7). Then:

() pint(Q) VU pint;(R) S pint(QUR).

(i) pint,(QNR) < pint.(Q) N pint (R).
(iii) pcl:(QNR) S pcl(Q) N pel(R).

(iv) pcl(Q) VU pcl(R) € pcl(QUR).

Proof: (i) Wehave Q € QUR and R S QU R,
then pint,(Q) <€ pint,(Q UR) and

pint,(R) € pint,(Q UR). Hence, pint,(Q)U
pint;(R) € pint,(Q UR).

The other statements are obtained by similar way.

1156

4. Bipolar
Mappings

Fuzzy Supra Pre-continuous

Here, we define a new type of continuous
mappings called a bipolar fuzzy supra pre-
continuous mapping and also discussed their basic
properties.

Definition 4.1: Let (U, 1) and (U,, o) be two BF
supra topological spaces, t* and o* be two
associated BF topologies with t and o,
respectively. A mapping ¢: (U;,7*) — (U,,0%) is
called bipolar fuzzy supra pre-continuous mapping
if 9~1(B) <€ U, is BF supra preopen set for every
B eo”.

Theorem 4.2: Every BF supra continuous mapping
is a BF supra pre-continuous mapping.

Proof: Let ¢:(U;,7*) — (U,,0*) be a BF
continuous mapping and Q € o*. Then ¢~1(Q) €
t*. Since 7 is associated with ¥, then 7" C 1.
Hence, ¢~ 1(Q) € 7. By the Theorem 3.3, ¢~1(Q)
is a BF supra preopen set and ¢ is a BF supra pre-
continuous mapping.

The implication in above theorem is not reversible;

Example 4.3: Let U; = {a, b}, U, = {u,v} and

9 ={<a05,-03><b,02,-04 >}

R ={<a0.3,-0.6 >,< b,0.4,—0.5 >}

Z ={<u,0.5,-0.3><v,04,—0.4 >}

Y ={<u0.5-06><v,04,—-0.5 >}

Then 7 = {0gp, 15p,Q ,R,Q UR} is a BF supra
topology on U; and o = {0gp, 15p,2,Y,Z U Y} is
a BF supra topology on U,.

Define a mapping ¢: (U, ) — (U, 0) by ¢(a) =
uand ¢(b) = v. For Z € g, we obtain ¢~ 1(2) =
{<a05,-03><b04,-04>}¢1 and
™ 1(2) € int (cl.(¢™1(2))),50 ¢~ 1(2) isa BF
supra preopen set. Therefore, ¢ is a BF supra pre-
continuous mapping but not be a BF supra
continuous mapping.

Theorem 4.4: Let t € BPFST(U;) and o €
BPFST(U,), " and ¢* be two associated with BF
topologies with t and o, respectively. Let
@: (U, ") — (Uy,0%) be a function. Then the
following statements are equivalent:

(1) ¢ is BF supra pre-continuous mapping.

(2) The inverse image of a closed set in U,, is a BF
supra pre-closed set in U;.

(3) pcl(p™(R)) < ¢ (cd(®R)),VRE
BPF(U,).
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@ @(pcl(Q)) < cl(9(Q)),V Q € BPF(Uy).

() ¢ ' (int(R)) < pint(p (R)),VRE
BPF(U,).

Proof: (1 =2) Let R be a BF supra closed in U,.
Then R€is BF supra open set. By hypothesis
P (RS = (¢~ 1(R))C is BF supra preopen set in
U;. So, ¢~ 1(R) is BF supra pre-closed set in U;.
(2 =3) Let R € BPF(U,). Since cl(R) is BF
supraclosed setin U,, ¢ ~1(cl(R)) is BF supra pre-
closed set in U;. Then, pcl(p~*(R)) €
o~ H(cl(R)).

(3 =4) Let Q€ BPF(U;). By hypothesis
@~ (cl(p(Q))) 2 pel(p~' (9(Q))) 2 pcl(Q)
and then (p(pcl(Q)) c cl((p(.‘R)).

(4 =5) Let R € BPF(U,). By hypothesis we get
(pel((p™2(R))®)) € cl(p((p~ (R))%)) and
o ((pint(9~ (R))°) € cl(R) = (int(R))".
Hence, ~we  obtain  (pinte~1(R))"
o~ ((int(R))?) and then @ 1(int(R))
pint(p~1(R)).

(5=1) Let R be a BF supra open set in U, and
¢~ 1(int(R)) € pint(p~1(R)). Then,
@ Y(R) S pint(p~1(R). Hence, ¢ 1(R)C
pint(p~'(R)), but pint(p™*(R)) € ¢~ (R).
Then, @ 1(R) = pint(p~1(R)). Therefore,
@~ 1(R) is a BF supra preopen set in Uj.

N 1N

Theorem 4.5: Let ¢: (U;,7) — (U,,0) be a BF
supra pre-continuous and g: (U,, o) — (U3, §) be
a BF supra continuous. Then gog: (Uj,7) —
(Us, &) is a BF supra pre-continuous mapping.
Proof: Straightforward.

Theorem 4.6: ¢: (U;,t) — (U,, 0) is a BF supra

pre-continuous mapping if one of the followings
holds:
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4. Conclusion and Suggestions

We have established a new extension of bipolar
fuzzy open sets named bipolar fuzzy supra preopen
set. We hope that the finding in this manuscript will
be helpful for the researchers concerned with kind
of supra open sets.
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