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Abstract: Let N be a left near ring. A map d:N — N s called a nonzero multiplicative derivation if
d(xy) = xd(y)+d(x)y holds for all X,y e N. In the present paper, we shall extend some well known
results concerning commutativity of prime rings for nonzero multiplicative derivations of a left prime near-ring

N.
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Carpimsal Tiirevli Asal Yakin Halkalar Uzerine Notlar

Ozet: N bir sol yakin halka olsun. d:N — N doniisiimii her X,y € N i¢in d(xy) = xd(y)+d(X)y

kosulunu sagliyorsa d ye bir ¢arpimsal tiirev denir. Bu makalede, asal halkalarda iyi bilinen bazi komiitatiflik
kosullar1, carpimsal tiirevli sol asal yakin halkalar i¢in genellestirilecektir.

Anahtar Kelimeler: Asal halka, yakin halka, tiirev, ¢arpimsal tiirev

1. INTRODUCTION

An additively written group (N,+) equipped with a binary operation .: N — N, (X, y) — Xy, such
that x(yz) =(xy)z and x(y+z)=xy+xz forall x,y,ze N is called a left near-ring. A near-ring
N is called zero symmetric if OX =0 forall xe N (recall that left distributive yields x0 = Q). A near-
ring N is said to be 3-prime if XNy ={0} implies X=0 or y=0. For any X,y e N, as usual
[X, y] = xy—yx and X0y = Xy + yX will denote the well-known Lie and Jordan products respectively.
The set Z={xeN|yx=xy for all ye N} is called multiplicative center of N. A mapping
d:N — N issaid to be a derivation if d(xy) = xd(y)+d(x)y forall x,yeN. N is said to be
2 —torsion free if Xe N and X+ X =0 implies X =0.

Since Posner published his paper [11] in 1957, many authors have investigated properties of derivations
of prime and semiprime rings. The study of derivations of near-rings was initiated by Bell and Mason
in 1987 [1]. There has been a great deal of work concerning commutativity of prime and semiprime
rings and near-rings with derivations satisfying with certain differential identities. (see references for a
partial bibliography).
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In [7], Herstein has proved that if R is a prime ring of characteristic different from 2 and if d is a
nonzero derivation of R such that d(R) < Z, then R is commutative. In [3], Bell and Kappe have
proved that d is a derivation of R which is either a homomorphism or an anti-homomorphism in
semiprime ring R or a nonzero right ideal of R then d =0. In [5], Daif and Bell proved that if R is
semiprime ring, U is a nonzero ideal of R and d is a derivation of R such that d([x, y]) = +[x, y]
forall x,y eU, then U < Z. All of these results were extended to near rings.

In [4], the notion of multiplicative derivation was introduced by Daif motivated by Martindale in [8].
d:R—R is called a multiplicative derivation if d(xy)=xd(y)+d(x)y holds for all x,yeR.

These maps are not additive. In [6], Goldman and Semrl gave the complete description of these maps.
We have R =CJ0,1], the ring of all continuous (real or complex valued) functions and define a map

d:R—R suchas

d(f)(x) = { f()logf(x), f(x)= o}

0, otherwise

It is clear that d is multiplicative derivation, but d is not additive.

Recently, some results concerning commutativity of prime rings with derivations were proved for
multiplicative derivations. It is natural to look for comparable results with multiplicative derivations of
near-rings. In the present paper, we shall extend above mentioned results for multiplicative derivations
of 3-prime near-ring N. Also, we will prove some commutativity conditions.

Chapter 1:

Lemmal[2, Lemma 1.2]Let N be a 3—prime near-ring.

(i) 1f zeZ\{0}, then z is not a zero divisor.
(ii) If Z contains a nonzero element z for which z+z e Z , then (N,+) is abelian.
(iii) 1If ze Z\{0} and x e N suchthat xze Z or zxe Z, then x € Z.

Lemma 2 [2, Lemma 1.5] Let N be a 3— prime near ring. If Z contains a nonzero semigroup ideal
of N, then N is commutative ring.

Lemma 3 [9, Lemma 2.1]A near-ring N admits a multiplicative derivation if and only if it is zero

symmetric.

Lemma4 Let N be anear-ringand d :N — N multiplicative derivation of N. Then
(xd(y)+d(x)y)z = xd(y)z +d(x)yz,forall x,y,z € N.

Proof: By calculating d(xyz) in two different ways, we see that
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d((xy)z) = xyd(z) +d(xy)z

and

d(x(y2)) = xd(yz)+d(x)yz
= xyd(z) + xd(y)z+d(x)yz

Hence we have
d(xy)z = xyd(z) + xd(y)z
and so
(xd(y)+d(x)y)z = xd(y)z+d(x)yz,forall x,y,z € N.

Lemmab5 Let N be a 3-prime near-ring and a € N. If N admits a nonzero multiplicative derivation
d suchthat d(N)a=0 (or ad(N)=0), then a=0.

Proof. By the hypothesis, we get
d(xy)a=0,forall x,y € N.
Expanding this equation with Lemma 4 and using the hypothesis, we have

d(x)Na = (0),forall x e N.
Since N is 3-prime near-ring and d =0, we obtain that a = 0.
ad(N) =0 can be proved by applying the same techniques.

Theorem 1 Let N be a 3-prime near-ring. If N admits a nonzero multiplicative derivation d such

that d(N) < Z, then N is a commutative ring.
Proof. Forany X,y e N, we get d(xy) € Z, and so
d(xy)y = yd(xy).
That is
(xd(y)+d(x)y)y = y(xd(y) +d(x)y).
Using Lemma 4, we get
xd(y)y+d(x)yy = yxd(y) + yd(x)y.
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Since d(N) = Z, we arrive at

d(y)xy+d(x)yy =d(y)yx+d(x)yy
and so

d(y)[x, y]=0.

Using Lemma 1 (i), we have for each fixed y € N either d(y) =0 or yeZ.

Now, we assume d(y) =0. Forany x e N, we have d(xy) € Z by the hypothesis. Since d(y) =0,
we get d(xy)=d(x)y eZ, for all Xe N. By Lemma 1 (iii), we get d(x)=0, forall xe N or
yeZ. Since d =0, we must have y e Z. Hence we arrive at y € Z for any cases. Thatis N < Z,

and so N is commutative near-ring by Lemma 2.

Theorem 2 Let N be a 3-prime near-ring and d a multiplicative derivation of N such that

d(xy) =d(x)d(y), forall x,y e N, then d =0.
Proof. In view of our hypothesis, we have
xd(y)+d(x)y =d(x)d(y),forall X,y € N. (2.1)
Replacing y by yz in (2.1), we get
xd(yz)+d(x)yz = d(x)d(yz).
By our hypothesis, we have
xd(y)d(2) +d(x)yz = d(x)d(y)d(z)
and so
xd(y)d(z) +d(x)yz = d(xy)d(z).
Since d is multiplicative derivation of N, we arrive at
xd(y)d(2) +d(x)yz = (xd(y)+d(x)y)d(2).
By Lemma 4, we get
xd(y)d(z) +d(x)yz = xd(y)d(z) +d(x)yd(z),forall x,y,z € N.
That is
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d(x)yz =d(x)yd(z),forall x,y,z € N.
Since N is left near-ring, we have

d(x)N(d(z)—z) = (0),forall x,z € N.
By the 3-primeness of N, we arrive at

d =0ord(z) =z, forallze N.

If d(z) =2z, forall ze N, then

d(xy) = xd(y)+d(x)y

Xy = Xy + Xy

xy =0, forall x,y € N.

This yields that N = (0), a contradiction. So, we must have d =0. This completes the proof of our

theorem.

Theorem 3 Let N be a 3-prime near-ring and d a multiplicative derivation of N such that
d(xy) =d(y)d(x), forall x,y eN, then d =0.

Proof. By our hypothesis, we have
xd(y)+d(x)y =d(y)d(x),forall x,y € N. (2.2)
Replacing y by xy in (2.2), we get
xd(xy) +d(x)xy =d(xy)d(x).
In view of our hypothesis, we have
xd(y)d(x)+d(x)xy = d(xy)d(x).
Using d is multiplicative derivation of N, we arrive at
xd(y)d(x) +d(x)xy = (xd(y) +d(x)y)d(x).

By Lemma 4, we get

xd(y)d(x)+d(x)xy = xd(y)d(x) +d(x) yd(x)
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and so

d(x)xy = d(x)yd(x), forall x,y € N. (2.3
Taking yz instead of y in (2.3) and using (2.3), we obtain that

d(X)N[z,d(x)]=0,forall X,z € N.
By the 3-primeness of N, we get

d(x) =0 or d(x) e Z.

Now, d(x) =0 impliesthat d(x) € Z. So,we have d(N) < Z for any cases. By Theorem 1, we obtain

that N is commutative ring or d=0. If N is commutative ring, then
d(xy) =d(y)d(x) =d(x)d(y), forall x,y e N. Hence, we get d =0 by Theorem 2. This completes
the proof.

Theorem 4 Let N be a 3-prime near-ring and d a nonzero multiplicative derivation of N such that

d([x,yD =[d(x),y], forall X,y e N, then N is commutative ring.
Proof. Replacing xy instead of y in the hypothesis, we get

d(x[x, y]) =[d(x), xy].
Expanding this equation and using the hypothesis, we have

xd([x, y]) +d(x)[x, y] = [d(x), xy]

x[d(x), y]+d(x)[x, y] = [d(x), xy]

xd(x)y —xyd(x) +d(X)[x, y] = d (x)xy — xyd(x).

On the other hand, replacing y = 0 in the hypothesis, we arrive at d(0) = 0. Again replacing X instead

of y in the hypothesis, we get
[d00.x]=0

and so
d(x)x = xd(x), forall x € N.

Now, using this in the above equation, we find that
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d(x)xy —xyd(x)+d (x)[x, y] = d (x)xy —xyd(x)
d()[x,y]=0

and so
d(x)xy =d(x)yx, forall x,y € N.

Replacing y by yz in this equation and using this, we have
d(X)N[x,z] = (0),forall x,z € N.

This yields that
d(x)=0orxeZ.

If d(x)=0, then d(Xx) e Z. On the otherwise, if X Z then [d(x),y]=0, forall ye N by the
hypothesis. Hence we have d(x) € Z. Thus we arrive at d(x) € Z, for both cases. Thatis d(N) < Z,

and so, we obtain that N is commutative ring by Theorem 1.

Theorem 5 Let N be a 3-prime near-ring and d a nonzero multiplicative derivation of N such that

[d(x),y]=[d(x),d(y)], forall x,y e N, then N is commutative ring.

Proof. If d(x) e Z, then there is nothing to prove. So we assume that d(x) ¢ Z, forany Xe N. In

the view of the hypothesis, we get

[d(x),y]=[d(x).d(y)] forall x,y  N.
Writing d(x)y instead of y in this equation, we get
[d (), d(d()y)]=[d(x),d(x)y]
d(x)d(d(x)y) —d(d(x)y)d(x) = d(x)[d(x), Y]
Using d is multiplicative derivation of N and Lemma 4, we arrive at

d(x)d(x)d(y) +d(x)d*(x)y = (d(x)d(y)d (x) +d*(x)yd(x)) = d (x)[d(x), V]

By the hypothesis, we have

d()d (x)d(y) +d(x)d*(x)y —(d (x)d (y)d (x) +d*(x)yd(x)) = d (x)[d (x),d ()]
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Expanding this term and using —(a+b) =—b—a, we arrive at

d(x)d(x)d(y)+d(x)d*(x)y —d*(x)yd(x) -d (x)d (y)d (x) = d(x)d (x)d (y) —d (x)d (y)d (x)
and so

d(x)d*(x)y = d*(x)yd(x), forall x,y € N.
Replacing yz instead of y in the last equation, we find that
d?(x)N[d(x),z] = (0),forall x,z € N.
By the 3-primeness of N, we get for each xe N
d*(x) =0ord(x) € Z.

Since d(x) & Z, we must have d”(x) =0, forall x e N. Writing d(y) instead of y in the hypothesis

and using d*(y) =0, we arrive at [d(x),d(y)]=0. Again using this in the hypothesis, we have
[d(x),y]=0, and so d(x)eZ, a contradiction. Hence, we must have d(N) < Z, and so, N is

commutative ring by Theorem1. This completes the proof.

Theorem 6 Let N be a 3-prime near-ring, d a multiplicative derivation of N. If [d (x), y]e Z, for

all x,yeN, then N is a commutative ring.
Proof. Replacing y by d(x)y in the hypothesis yields that
d(x)[d(x),y]e Z,forall x,y € N.
By Lemma 1 (iii), we get
d(x) e Z or[d(x),y]=0,forall x,y € N.
For any cases, we obtain that d(N) < Z. By Theorem 1, we obtain that N is a commutative ring.
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