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Abstract

Let ¢ € H(B,), the space of all holomorphic functions on the unit ball B, of C", ¢ =
(P1,---,9¢n) € S(B,) the set of holomorphic self-maps of B,,. Let Cy , : B, (and B, )
— B, (and B, ) be weighted extended Cesaro operators induced by products of the
extended Cesaro operator C, and integral operator T’;. In this paper, we characterize the
boundedness and compactness of Cy, , via the estimates for either || or |pk| for some
k€ {1,...,n}. At the same time, we also give the asymptotic estimates of the norms of
these operators.
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1. Introduction
For z = (21,...,2,), w = (w1,...,w,) € C", we define
(z,w) = 2101 + - - + 2, W,

where Wy, is the complex conjugate of wi. We also write

Izl = iz, 2) = \lz1l + -+ |zal2.

The space C" becomes an n-dimensional Hilbert space when endowed with the inner
product above. The standard basis for C™ consists of the following vectors:

e1=(1,0,...,0), ea = (0,1,0,...,0),..., en = (0,...,0,1).

Let B,, be the unit ball in the n-dimensional complex space C". Let H(B,,) be the class
of all holomorphic functions on B,, and S(B,,) the collection of all the holomorphic self-
mappings of B,,.
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Let E be space of holomorphic functions on B,,. For a holomorphic self-map ¢ € S(B,,)
and a holomorphic function ¢ € H(B,,), the composition operator C, and the extended
Cesaro operato T}, are defined by

1 dt
(Cof)(2) == (fop)(z), (Tyf)(z) 22/0 ft2)Ryp(tz)— Vf € B, Vz € By

where

n
Ry(z) =) q%(z)
j=1 %%
be the radial derivative of .

The study of composition operators consists in the comparison of the properties of the
C, with that of the function ¢ itself, which is called the symbol of C,. One can characterize
boundedness and compactness of C, and many other properties.

The problem of studying of composition operators on various Banach spaces of holo-
morphic functions on the unit disk or the unit ball, such as Hardy and Bergman spaces,
the space H* of all bounded holomorphic functions, the disk algebra and weighted Ba-
nach spaces with sup-norm, etc. received a special attention of many authors during the
past several decades. The weighted composition operators on these spaces appeared in
some works with different applications. There is a great number of topics on operators
of such a type: boundedness and compactness, compact differences, topological structure,
dynamical and ergodic properties.

The extended Cesaro operator Ty, is a natural extension of the Cesaro operator acting
f € H(Bl)

0o 1 J
=3 (1 3 w)
el S
with f(z) = 3252, a;z’, the Taylor expansion of f.
It is well know that C]-] acts as a bounded linear operator on various spaces of holo-
morphic functions, including the Hardy and Bergman spaces. But it is not bounded on
the Bloch space (see [16]). A little calculation shows

el =2 [ s (o)

z

Hence, on most holomorphic function spaces, C|-] is bounded if and only if the integral
operator f — 1 [ f(t)(log %_t),dt is bounded. From this point of view it is natural to
consider the extended Cesaro operator with holomorphic symbol 1,

T,() = | T ()t

The boundedness and compactness of this operator on Hardy spaces, Bergman spaces,
Bloch- type spaces and Lipschitz spaces have been studied in [1,2,15]. The extended
Cesaro operator is a generalization of this operator. It has been well studied in many
papers, see, for example, [3,5,7] as well as the related references therein.

It is natural to discuss the product of extended Cesaro operator and composition oper-
ator. For p € S(B,,) and ¢ € H(B,,) the product can be expressed as

Culf) = ToCaf () = [ FPUENROENT e HB,z€Bo (1)

This operator is called extended Cesdaro composition operator. It is interesting to charac-
terize the boundedness and compactness of the product operator on all kinds of function
spaces. Even on the disk of C, some properties are not easily managed; see some recent
papers in [8-10,13,17].
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Building on those foundations, the present paper continues this line of research and
discusses the operator in infinite dimension. The study of extended Cesaro composition
operators Uy , on vector-valued function spaces involves some important basic principles
which hold for large classes of function spaces.

It can be said that, in most of necessary as well as sufficient conditions that have
been given before for the boundedness (or compactness) for compositon operators, the
evaluations depend on the module |p| of holomorphic self-maps ¢ but not only on ||
of some component function ¢ of ¢. The question arises as to whether, under a certain
condition, the evaluations for bounded as well as compact characterizarion of Wy, , depend
only some component function ¢y of 7

In this paper, we consider the weighted extended Cesaro operators Cy, ,, between weighted
(little) Bloch-type spaces of holomorphic functions in B,,, where v, u are normal weights
on B,. Besides investigating the estimates of the boundedness and the compactness of
Wy, via the module ||, we are interested in finding the answer of the question men-
tioned above. To do this we shall concentrate our attention on the case where the range
©(By,) of the holomorphic self-map ¢ contains all of the unit disks D; = {Ae; : [A| < 1},
j=1,...,n, of coordinate planes.

The paper is organized as follows. We set up review in Section 2 some notations of
holomorphic functions of several variables, the weighted (little) Bloch-type spaces ‘B

BY 2.0 of holomorphic functions on B,, and some estimates concerning the radial derlvatlve
the holomorphic gradient of holomorphic functions pertaining to our work. Several helpful
test functions concerning our computations will be introduced in Section 3. In Section 4
(resp. Section 5), we characterize the boundedness (resp. compactness) of the operators
Wy, between the weighted Bloch-type spaces of introduced in Section 2, as well as the
equivalent relationships between them.

Throughout this paper, we use the notions X < Y and X x Y for non negative
quantities X and Y to mean X < CY and, respectlvely, Y/C < X < CY for some
inessential constant C' > 0.

2. Preliminaries and auxiliary results
2.1. Holomorphic functions

A function f : B, — C is said to be holomorphic if it is Fréchet differentiable at every
z € B, or equivalently, if
z) = Zamzm, z € B,.
m

Here the summation is over all multi-indexes m = (mq,...,my), where each my is a
nonnegative integer and 2" = 2{" ...z,
The series above is called the Taylor series of f at the origin; it converges absolutely

and uniformly on each of the sets rB, = {z € C": ||z|| <r},0<7r < 1.

If we let
= Z amz™"
|m|=k

for each k > 0, where |m| = mj + - - - + m,, then the Taylor series of f can be rewritten as

D=3 hil2)
k=0

This is called the homogeneous expansion of f; each fi is a homogeneous polynomial
of degree k. Both the Taylor series and the homogeneous expansion of f are uniquely
determined by f. The space of all holomorphicfunctions in B,, will be denoted by H(B,,).
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2.2. The radial derivative and the holomorphic gradient

A very important concept of differentiation on the unit ball is that of the radial deriv-
ative, which is based on the usual partial derivatives of a holomorphic function. Thus for
a holomorphic function f in B, we write

A simple verification shows that if
[e.e] o0
= Z fr(z) = Z Z amz™ (2.1)
k=0 k=0 |m|=k

is the homogeneous expansion of f, then

k=0 k=1

This is called the radial derivative of f because

RfC) — tim 12472 = 1)

r—0 r

whenever f is holomorphic. Here r is a real parameter so that z + rz is a radial variation
of the point z. For every holomorphic function f in B,, it is easy to see that

) - 00y = [ L)

for all z € B,,. This formula will come in handy when we need to recover a holomorphic
function from its radial derivative.
We also need the following lemma:

dt (2.2)

Lemma 2.1. For every f,¢ € H(B,,), and ¢ € S(B,) we have
R(Cypf)(z) = f(p(2))Ri(z) Vz € Bp. (2.3)

Indeed, assume that Y >°; P,(z) is the Taylor series of (f o ¢)(2)Ry (%), where P, is a
homogeneous polynomial of degree n. Then we have

R(Cyef)(= / ——RZ ZP P()RU(:).

2.3. The weighted spaces of Bloch type

In this subsection we introduce the weighted spaces of Bloch type and some relationships
between them.

Definition 2.2. A positive continuous function w on the interval [0, 1) is called normal if
there are three constants 0 < §d < 1 and 0 < a < b < oo such that

w(t) w(t)

a—te is decreasing on [4, 1), %gri a—1e =0, (W)
w(t) . . : o ow(t)
-1 is increasing on [4, 1), %Eﬁ = 0. (Wa)

If we say that a function w : B,, — [0, 00) is normal, we also assume that it is radial, that
is, w(z) = w(]|#||) for every z € B,,.
Strictly positive continuous functions on B,, are called weights.
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Remark 2.3. It follows from (W;) that the weight w is decreasing on [, 1). Indeed, since
[(1 —¢)?]~! is increasing on [0,1) and (W), the weight w must be decreasing on [J, 1).
Since w is positive, continuous, we also obtain from (W;) and (W3) that

‘= mi t) >0, M, := t) < oo.
et gy > 0 e g et <o

Now, because of the decrease of w on (d, 1) it is easy to check that
Il dt M,
w(z)/ —— <R, =0—>+1-6<oco0 forevery z € B,. (2.1)
0 w(t) My 5

We need the following lemma whose proof parallels that of Lemma 13 in [11] and will
be omitted.

Lemma 2.4. Let w be a non-increasing normal weight on B,. Then there exists C, > 0
such that

C, < ;J((Q) <1 Vrelo).
We put
By ={f € HBu): sup w(=)|Rf(2)| < oo;
zEB,
Buo={f€By: Jim w(z)|Rf(:)| = 0}.

It is easy to check that the mapping
Frrllfllsm, = sup w(z)| B (2)]
zebn

is a seminorm on B, which can be endowed with Banach space structure via the norm

[fll5, = [F O+ Iflls5.,-
We denote
Bo i= (B, || - lI3.,)-
It is easy to see that the little Bloch-type space B, o endowed with the norm induced

by || - ||z, is also a Banach space.
We recall the following from [13, Theorem 2.1]

Lemma 2.5 ([13]). Let w be a normal weight on B,,. There exists C > 0 such that for
every f € By, and for every z € B,, we have
>||f 5., -

izl qt
<C|1 /
1)l < ( [
Remark 2.6. In fact, the estimate in Lemma 2.5 can be written as follows

w(t)
lI=I
sl o+ [T

um )HfHSBw-

3. The test functions

In this section we consider v is a normal weight on B,, and ¢ = (p1,...,¢,) € S(B,).

We begin this section by constructing test functions that are usefull for the proofs of
our main results.

First we consider the holomorphic function

g(z) =1+ Z 2k e Yz € By (3.1)
k>ko
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where ko = [log, ﬁ], ng = [ﬁ} with 7, = v~1(1/2%) for every k > 1. Here the symbol
[z] means the greatest integer not more than . By [6, Theorem 2.3], g(t) is increasing on
[0,1) and

l9() < g(ll=l) eR vz € By, (3.2)
0<Cp:= inf v(t)g(t) < sup v(t)g(t) < sup v(z)|g(z)| =: Ca < 0. (3.3)
t€[0,1) te[0,1) z€B4

Moreover, Hadama [4, Lemma 2.1(ii)] proved that there exists a positive constant C3 such
that the inequality

[owar=cs [ " g(oar (3.4)
0 0

holds for all r € [ry,1), where r; € (0,1) is a constant such that [j' g(t)dt = 1.
Now, for w € B,, and j € {1,...,n} fixed put the test function

(z,wje;)
Bus@)i= [ gyt € By (35)
0

and in addition assume that |w| > r for some r > 0 put

2

1 (zw)
o l2) = W(/O g(t)dt) . z€B,. (3.6)

Proposition 3.1. We have By j, vw € By and

1Buw,illB, @) < Coy Irwlls, @,) < 2C2.

Proof. 1t suffices to prove for the function f3,, ; because the proofs for other ones are very
similar.
(i) Fix j € {1,...,n}. Since v(z) — 0 and from (3.3) we have
v(2)|RBuwj(2)] = (2, wje;)
< Kz, wje;)

lv(2)]lg((z, wje;))|
lv(2)lg([(z, wjej)|) < v(z)g(wje;) =0 as [[z]| — 1.
This implies that 3, ; € B, .

(ii) Obviously, Bu,;(0) = 0. On the other hand, since g is increasing on [0;1) we obtain

1Bw,jllB, @) = sup v(2)|RBuw,;(2)| < sup v(2)[(z,wje;)|[g((z, wie;))|
z€B, z€By

< sup v(z)g(z) < Cy < oo.

ZGBn

O

Let 7 > 0 and {w™},,>1 be a sequence in B,, such that ||w™|| > r for every m > 1 and
lim,, 500 w™ = w® with ||w?|| = 1.

Proposition 3.2. We have

(1) The sequences {Buym j}m>1, {Ywm }m>1 are bounded in B;
L dt_

(2) Ywm — 0 uniformly on any compact subset of B, if [, oy = O°
Proof. (1) It follows from Proposition 3.1.
(2) By (3.3) and the assumption fol ﬁ = 00, we have fol g(t)dt = co. Then it is easy
to check that ~,m ; — 0 uniformly on any compact subset of B,,. And we are done. g
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4. The boundedness of operators

Let S*(By,) be the set of holomorphic self-maps ¢ € S(B,,) which satisfies the following
condition (x):

n

@(Ba) 2 Jrej: A€ TN <1}, (+)

Obviously, if ¢ € S(B,,) is surjective then ¢ € S*(B,,).
Next we give an example of non-surjective holomorphic self-map which satisfies (x).
Let n be integer number, n > 2.

Consider the function ¢ : B, — B,, given by ¢(z1, 22, ..., 2,) = (21, 29, . . zn 1,22) for
every (z1,29,...,2n) € B,. Assume the contrary, then there ex1sts (29,29,...,29) such that
gp(z?,zg,...,zg) (ﬁ,...,f,n)EIB However, (z?,zg,...,zg)—(% T “’f’ f)

does not belong to B,,.

Lemma 4.1. Let o = (¢1,...,¢n) € S*(Bn), ¢(0) =0 and v be a normal weight and h be
a bounded function defining on B,, satisfying lim, 1 h(z) > 0. Assume that there exists
ke{l,...,n} such that

M h(w) ler(w)l - dt
= SsSu w — < 0.
¥ welgn 0 V(t)

Then there exists constant Cy > 0 such that for every z € B,, we have

e
h(z)/o : V‘éi) < Cy(1 + My). (41)

Proof. Obviously, (4.1) holds when ||¢(2)|| = 0. It suffices to consider the case |¢(z)| > 0.
Since limj,j; h(2) > 0 we can find Jp (we may assume that dy > J) such that
SUD| - > 59 7(2)

- 0.
W) 200 F7)

inf|,>5, () > 0. Then, by the boundedness of h we have C’gg =
Denote Cy, : 5 SUpyep, M(w) where m,, s, = inf| <5, v(2) > 0.
% <
Assume that Mk < oo and fix z € B,,.
In the case 0 < |[¢(2)| < dp we have

leN gt S0 dt
ne) [ V@)SW)/O o0

%o dt
< sup h(w)
wEB, 0 My
do

sup h(w) + My = C5 + M.
ml/,50 weB,

Now we consider the case ||¢(2)|| > do. By ¢ € S*(B,,), there exists 2’ € B,, such that

[ox()] = llp(2)l]. Since p(0) = 0, we have ||| > [le(z)[| = |@x(z)] = llp(2)l|l > do-
Therefore, h(2') > inf| > 5, h(2). Then, since v is decreasing on [4, 1) we get the following
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estimate
Ie@I _d ! lpz)lldr
h / e / liptz)llat
@l w0 " e
R il O LUTRY S O
0 v(tp(2)) so/le(=) V(te(2))
o dt h(z) ! ()t
< h + h(z / BRI b
_5311% (w) 0o mys, h(Z) 8o/lon ()| V(twr(2"))
lo (2] gt
< Cs; +Cih(Z —
> 050_'—050]1(2)/50 y(t)
lox (W)l gt
<Co 4+ CF sup h / ar
< Coy G sup hiw) | 0
= Ca(1 + My) < o0
where Cy = max{Cj_, C’gg}. O

Lemma 4.2. Let v be a normal weight on B, o € B, \ {0}, v = (71,...,7) € Aut(B,),
the class of automorphisms consists of symmetries of B,,, defined by
= Pa(z) - SaQa('z)
IY(Z) - 1— <Z Oé>

a, Qu(z) =2 _{ 2>a Then, for every k € {1,...,n}

Tl

, 2€B, (4.2)

where s, = /1 — ||a]]?, P, ||aH
there exists C(a, k) >0 such that

[ve (=) dt lzel ¢
— < R > .
/0 o < Clok)+ /0 S Jor it 12kl = ol

Proof. First, recall [18] that P, is the orthogonal projection from C™ onto the one di-
mensional subspace [a] generated by a and @, is the orthogonal projection from C" onto
C" & [a]. Then
ay — Py k(z) - saQa k(z)
= : ’ , €Bb
e Tz eh

where P, ;(z) := ﬁzﬁgak, and Quk(2) = 21 — %ak for every z € B,. Obviously that

v(a) = 0 and (yo7)(z) = z for every z € B,,. Since o — P, (z) and Q,(z) are perpendicular
in C" it is easy to see that ay — Py 1(2) and Qq x(2) so are. Therefore, for every |z;| > ||o]
we have

|k — Paso(2) = $aQa i (2)[?
= ok — Pas(2)]* + (1= a]®)||2x]* = [Qak(2)]?]

zZ, 2 zZ, 0 2 zZ,Q 2
:|ak|2<1 2Re < >+ |< ) >| >_ |<||7 >| |Oék|2+ |< ’ >| |Oék|2+(1—HC¥H2)|Zk|2

lal e allt lev]|®

Z, 2
= ol (1~ 2Re <\| HQ i Kuéuy )+ (1 falP)

|ag|?
=l la|? = 2Re(z, @) + [(z,a)[* ) + (1 — [|a]|*)|z&
_‘ak‘Q 2_1,.1_9R 2 1 2 2
e [af® =1+ 1—2Re(z,a) + [(z, )" ) + (1 — [la]|)|2x]
|ovg |2 | |?
= —=(lall? = 1) + =51 = (z,a)[* + (1 = [|a|*)] 2]
ted] ted]



On the boundedness and compactness of extended Cesaro composition operators 9

This yields that, for |zx| > ||«||, hence ||z|| > ||«||, we have

o (0l (s~ 1)

\’Yk(z)\Q = -
[er]|? 1= (z,0)[?
2
e O Jal) (2 — P
= lel? (1 +[(z,a))?
2
o (0ol (s~ 1)
= lal? (L4 [lal)?
o (0 laD (e~ k)
le? 1+ [|e]
|| L—lafl,
= + |2
[T+ [[al) 1+ [l
= Ai + A2|2k|2
< (Ag + Alzg)?
where A% = m and A2 := ;Hg” It is easy to check that A+ Alzx| < A+ A < 1.

Thus we have
k()| < A + Alze| <1 if [z 2 la].
Then, we obtain the following the estimate

v (=)l dt Alzkl  (Jt Ap+Alzk| ¢
[
0 v(t) " Jo o v(t)  Jaz v(t)

</|Zk| dt +/Ak+A dt o +/|Zk| dt
>~ TN —~ — Yok N
o v(t)  Jaja v(t) o v(t)
fAk+A dt

Lemma 4.3. Let v be a normal weight on B, a € By, \ {0} and v € Aut(B,,) defined by
(4.2). Then, the composition operator C, : B, — B,, f +— fo~, is an homeomorphism.

Proof. First, since ||a|| < 1 and ||z|| < 1 it is clear that

1y =~y (4.3)
‘1 - <Z,Oé>‘2 -
for every z € B,,.

Next, we will show that
v(2)
sup ———— < 00. (4.4)
zeB, V(7(2))
Indeed, by the continuity of v the set {v(z) : |z|| < |||/} is relatively compact in B,.

Since v is positive and continuous inf) <o ¥(7(2)) > 0. It implies that
v(2)
sup < 00
lel<lal ¥(7(2))

In the case ||z|| > |||, with a,b are in Definition 2.2 of the weight v, by an estimate as in
the previous lemma we have

(- [zl (1~ flo])" (1~ flal)®
I 5 R R 1 O S =

Itflafl  T+]all I+flafl — T+[all

(4.5)

<oo
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as ||z|]| — 1. Then, by (W;) and (WW3)
v(z) _ v(z) (A=l (1= =l)

lim = lim =0. 4.6
=1 v(y(2) el (D= zlDe v(v(z) (=l (R)ID° (10
Then, we obtain (4.4) from (4.3), (4.5) and (4.5). Thus,
1C (N, = Sup v(2)IV(foy) (2
v(2)
= sup v(v(2)||V z VA(z
sup LIV GEDNITAE)
v(2)
1+ ||al|) sup fls,
<1+ H)ZeBn S0 ) il
This means C, is bounded. Since v € Aut(B,) it is easily seen that C,-1 = cy Lis also
bounded. Hence, the lemma is proved. ]

We use the following notation, which will be used in this work:

llox W)l
Moo, ) = u) RO [ j;

where ¢, denote either ¢ or ¢k, k € {1,...,n}

Theorem 4.4. Let ) € H(B,), ¢ = (¢1,...,¢n) € S(By) and p,v be normal weights on
B,,. Then the following are equivalent:

(1) Cy,p : By = By, is bounded;

(2) ng : Buo — By is bounded;

(3) ¥ € By, and Mpy,, := ysgé) Mpy,o(y) < oo;
In this case, the following asymptotic relation holds:

1Cy ol = NI¥ll3,, + 1+ MRy - (4.7)
Moreover, under the additional conditions that ¢ ¢ B, o, ¢ € S*(By) the assertions (1)-(3)
and the following are equivalent:
(4) v € B, and there exists k € {1,2,...,n} such that
MRy o := SUD Mpy,p, (y) < 00
yeB,

Proof. 1t also suffices to prove for the case where ¢ € §*(B,,) because for ¢ € S(B,,) the
proof is similar but simpler.
It is clear that (3)= (4) and since B, o C B, the implication (1) = (2) is obvious.

(4) = (1): Assume that there exists k € {1,2,...,n} such that Mgy ,, < occ.
e First, we consider the case ¢(0) = 0. Applying Lemma 4.1 with h = u(-)|Rey(-)| and
Lemmas 2.1, 2.5, for every f € B,(B,,), we have

1Cy o (N)llsp,, = sup p(2)|R(Cy o f(2))]

= sup u(2)[(f o SO)ZZ)||R¢(Z)| = s 1(2)|f(e(2))[[ R (2)]
le)Il - ¢
< swp RO (14 [ LY,
z)]
< C[fell]]g) w(2)|Ry(2)] + Cy <1 + ZSEUP (z)| Ry (= |/ o ﬂ £ 1|,

< O\ l3, + Ca(l + Mpyp,)| 113, < o0
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Consequently, by Cy ,(0) = 0, we have

1Cyo(Dllz, < C5[l1lls, + 1+ Mryp, ]l fll3, (4.8)

where C5 = Cmax{1,C4} > 0. Thus, Cy , : B, — B, is bounded.

e Next, we consider the case ¢p(0) = o € B, \ {0}. Let v € Aut(B,,) given by (4.2).
Then 7 := 7 o ¢ satisfies n(0) = 0.

By the continuity of 7 the set {n(z) = v(p(2)) : |l¢(2)]| < do} is relatively compact in
B,,. Then, by ¢ € B,, we have

()l gt In(2)Il dt
sup  p(z \/ sup p(z ]/ — < 00. (4.9)
lox (2)1<d0 ( ) ok (2)]| <o

It remains to consider the case |p(z)| > 6o > |||
By Lemma 4.2 there exists C'(a, k) > 0 such that

()| dt vk dt ler (=) dt
— = — < C(a,k) + / —.
/0 v (t) /0 o SC@ht [

Thus

[ (2)] dt
o ot |

|k (2)] =060 (4.10)

lor(2) dt
<ClRls, + o pERVE)] [T G <o
ek (2)|20

It follows from (4.9) and (4.10) that

()| dt
iﬁmamwmA o <

Then, by the first case, Cy , is bounded.
On the other hand, it is easy to check that Cy, , = Cy , 0 C,. Then by Lemma 4.3, Cy, ,
is bounded, hence, (4) = (1) is proved.

(2) = (3): Suppose Cng : B0 — B, is bounded.
First, it is obvious that v € B, because 1 € B, o and

W) =90 + [ RO =60 + (Cop)(2) (a.11)

Now, fix z € B,,, put w = ¢(z) and for each k € {1,...,n} consider the test function
Buwk € By defined by (3.5). Then,

1CyoBuw kB, = sup p(2)[R(Bur(p(2)| = sup u(2)|fuwr(e(2))| R (2)|

z€B, z€By
= swp nRE) [ o0t < sl 1) (412)

< CQHCT/),@” < 00.

Let 1 = v~ 1(1/2).
If |wg| == |pr(2)] > 71 by (3.3) and (4.12) we have

|/ o She \/ ﬁ
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If |wg| < r1 by (3.3) again we obtain

dt
ko) [ < wirva [
1
< —u(2)|Rep(2)] = aHCﬁ,@lHBN

1 0

Then, combining with ¢ € B, we get Mgy, < oo for every k € {1,...,n}, hence,

M Rypp < Q.
Finally, combining the above estimates we get (4.7). The proof of Theorem 4.4 is
completed. O

Next, we will touch the characterizations for the boundedness of the operators from
Buo(Br) to Byuo(Bn).

Theorem 4.5. Let ¢ € H(B,,) and ¢ € S(B,,). Let u,v be normal weights on B,,. Then
the following are equivalent:

(1) 03’7(; :Buo — Buo is bounded;
(2) (VNS ‘BH’O and MRi/hSO < 00.

In this case, as in Theorem 4.4, the following asymptotic relation holds
0,0 |
1Cy ol = 1¥llB, + 1+ Mpye. (4.13)

Moreover, under the additional condition that ¢ € S*(B,,) the assertions (1)-(3) and the
following are equivalent:

(3) There exists k € {1,2,...,n} such that ¢ € B, o and Mgy ,, < 00.

Proof. As in the previous one, it suffices to prove for the case ¢ € S*(B,,), ¢©(0) = 0 and
(3) = (1) and (1) = (2).

(3) = (1): Assume that ¢ € B, o and Mgy o, < oo for some k € {1,...,n}.

First, we show that 03’7?0 f € B, for every f € B,o.

Let f € B, be arbitrarily fixed. Let ¢ > 0 be fixed. Then there exists 1o € (1/2,1)
such that

€
v(2)|IRf(2)| < ——, z|| = ro- 4.14
CIRIGI < g 212 (114)

By the continuity of f we have

K := sup |f(w)] < oo. (4.15)

[wl<ro

Since ¢ € By, o we can find 6 € (0, 1) such that

p(2)[ Ry (2)] < o57=

2K whenever 0 < ||z]| < 1. (4.16)

For § < ||z|| < 1 we consider two cases:
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e The case ||w]| := ||@(2)|| > 70 : Let @ = ronill' We have
1 IR
162 = 1@ = |f(w) ~ f@) < | » Rt
[[w]]
— Rf(tw)|dt
10 )

ellwl| /1 L
AMRyp, 0,70 Jro/llwl v (Ew]])

_ £ /w 1 "
- QMRka ro l/(t)
Combining (4.14) and (4.16), for § < ||z|| < 1, by (4.1) we obtain

W)IRCSF(2)Il = u(2) f(p(2))]| Rep(2)]
< p(2)[RY(2)||f (w) = f(@)] + p(2)[ Ry (2)]| f (@)

[[w]]
< M;%u(zw(z)\ / LdHﬂ(z)er(z)Hf(m\

< sup uy)|Ro()] / dt+u( )[R (2)||f ()]

ZMRw ok yEB,

€

<M K= =
BY2% 0 M by o, + oK

e The case ||w] := ||¢(2)] < ro: We have

u(2)| R(C5F(2))] = w()If (e ()R (2)] < Kﬁ <e.

Thus, Cg’f;f € Bo-

Next, we prove that there exists C' > 0 such that for every z € B,

lle()l
AMRE [ S < CO+ Mayg). (4.17)

Then, by an argument similar to the proof (4) = (1) for the case ¢(0) = 0 of Theorem
4.4, we will get Co?p : Buo — By is bounded.

In the case 0 < ||z|| < §, where ¢ is in Definition 2.2 of the weight v, we have {¢(z) :
lz]| < &} is relatively compact in B,,. Then, it is obvious that

lle()ll dt
Cs = sup u(z)|Ry( \/
12l1<8

In the case < ||z|| < 1, by ¢ € S*(B,,), there exists z’ € B,, such that |pr(z")] = ||¢(2)].
We consider the function '6<Pk ) given by

llwlllek (2]

ﬁg@k(z’)(w) :/0 g(t)dt
where g is defined by (3.2). As in Lemma 3.1, it is easy to check that 3, ;) € B, 0. Then
CooBon() € Buo,
ie.

’/@|m g(t)dt = 0 (4.18)
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as ||w|| — 1. This implies that for

Ik (2]
AR [T

there 6, > § such that

llp(w)l|-lx ()]
plw) Rew)| [ g(t)dt < <. (4.19)
for ||w|| > ¢,. Put
8 = inf §, > 4.
llz)|>6

If ||z|| € [4, '] it is obvious that

leHNl gt le(w)ll gt
pEIReE] [ < swp ()| Ru(w) L =G e 20)

If ||z|| > ¢' we can find w € B,, with ||w| > ¢ such that ¢ < d,, < ||z||. Then, by (4.19)

()l er ()] ler(w)l - dt
IR0 [ o0t < 2 = p(w) Ro)] [T 55 42
It follows from (3.3), (3.4), (4.20) and (4.21) that

e ()l e ()l
uERu)| [ S < ertuEIRe) [ gt

I* at
v(t)
GOl de
v(t)
B len (@)l
< o+ Cr'Cy sup p(w)|Ro(w)] [T
0 v(t)

[[w][>6

lle(2)
<01103u( IRu)| [

le(2) Il
~ ' Con) | Ru(:)| | o

And we obtain (4.17) with C' = max{Cs + Cjs,C2C3}, hence, the proof of (3) = (1) is
completed.

(1) = (2): Assume that C’O?p is bounded. By (4.11), ¢ € B, 0. And then, we obtain
Mpy,, < oo by the proof of Theorem 4.4. O

5. The compactness of operators

In order to study the compactness of the operators Cy ,, as in [14] we can prove the
following.

Lemma 5.1. Let E, F be two Banach spaces of holomorphic functions on B,. Suppose
that

(1) The point evaluation functionals on E are continuous;
(2) The closed unit ball of E is a compact subset of E in the topology of uniform
convergence on compact sets;
(3) T : E — F is continuous when E and F are given the topology of uniform conver-
gence on compact sets.
Then, T is a compact operator if and only if given a bounded sequence {fpn} in E such
that fm — 0 uniformly on compact sets, then the sequence {T f,,} converges to zero in the
norm of F.

We can now combine this result with Montel theorem and Lemma 2.5 to obtain the
following proposition. The details of the proof are omitted here.
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Proposition 5.2. Let ¢ € H(B,) and ¢ € S(B,). Then Cy, : B, — B, is compact
if and only if ||Cy o (fm)|ls, — 0 for any bounded sequence { fi} in B, converging to 0
uniformly on compact sets in B,,.

Now we investigate the compactness of weighted composition operators Cy .

Theorem 5.3. Let v € H(B,,) and ¢ € S(By,) and pu,v be normal weights on B,, such

that 1 At — 0. Then the following are equivalent:
v(t)

(1 ) Cy,p : By — By, is compact;
(2) Cg#} : Byo — B, is compact;

(3) v € By and lim Mgy ,(y) = 0.
lp(y) =1

Moreover, under the additional conditions thaty ¢ B, o, ¢ € S*(By) the assertions (1)-(3)
and the following are equivalent:

(4) ¢ € B, and there exists k € {1,2,...,n} such that | l(lr)Ill 1M Roror (y) = 0.
Pr(Y)|—

Proof. As in Theorem 4.4, it suffices to prove for the case ) ¢ B0, ¢ € S*(B,), ¢(0) =0
and (4) = (1) and (2) = (3).

(4) = (1): Since fl ﬁ = oo and lim,, (y)|>1 MRy,p, (y) = 0 for some k € {1,...,n},
for any € > 0, there ex1sts ro € (1/2,1) such that

R lek () dt 5 ; - ) -
pENRE) [ < s Pr<lnd =laGl<1 )

SUP|| (> z)|Ry(z
where Cf, = Stz ey
Let {fm}m>1 be a bounded sequence in B, converging to 0 uniformly on compact
subsets of B,, and fix an £ > 0. We may assume that || f,,||3, < 1 for every m > 1. By the
hypothesis on the sequence { fy, }m>1, there exists a positive integer mg such that

< 00 because ¢ ¢ B, .

5
[fm(w)] < , m=mo, [w] < ro.
" 3]s,
Therefore, for every m > mg and ||w| < r¢o we have
€
u2)| R ()] fm (w)] < 3 (5:2)
Now, for every m > mg and 9 < ||w|| = [|¢(2)] < 1, with noting that HmmH =19, by

an argument in the proof of Lemma 4.1, (3.3), (5.1) and (5.2) we have
1(2)[RY(2)|] frm ()]

< DRI ) — fn (10|
RO o (ror'er )|
< u(z)|Ry(2)] 1 |Rfm(tw)‘% + %

ro/Jwl
1 IIwH 1 € (5.3)
= zu(z)’R Sl m/nwu V(tllwll)dH 3
w\ 5
- 02 |/
C;E su )| R / E
=0 e >I|)>mﬂ vIRW) "3
<ELE_%

3 3

w
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Consequently, it follows from (5.2) and (5.2) that
p(2)[BY(2)]| fm(p(2))] < e

for every z € B, and every m > mg. This means [|Cy ,(fm)ll, — 0 as m — oo. Hence,
by Proposition 5.2, Uy, is compact.

(2) = (3): Suppose Cng is compact. Then clearly, Cz%,cp is bounded.
Firstly, assume that Mgy »(y) # 0 as [[¢(y)|| — 1. Then we can take gy > 0 and a
sequence {2 };,>1 C By, such that |p(2™)] — 1 but

leG™I de
,u(zm)|Rw(zm)]/ —— >¢9 foreverym=1,2,... (5.4)
0 v(t)

We may assume that ||2™] > r := v~1(1/2). Denote w™ = p(z™).
Consider the sequence {7yym }m>1 defined by (3.6). By Proposition 3.2, this sequence is
bounded in B, and converges to 0 uniformly on compact subsets of B,,. Then || C&@Vwm I, —

0 as m — oo by Proposition 5.2.
On the other hand, by (3.3) and (5.4) we have

1€ sm 3, = s1p ()| BV [ (0(2)

(") Ry (= m)ymm( m)l

™) R (" r/

lw™ gt
> Oy ()| i (" y/ o0
2 016’3 £€0-
Thus, we get a contradiction. And the proof is complete. O

Theorem 5.4. Let ¢p € H(B,,), ¢ € S(B,,) and p,v be normal weights on B,, such that

01 V”(li) < 00. Then the following are equivalent:

(1) Cyp : By, = B, is compact;
(2) C&@ : Buo — B, is compact;
(3) ¥ € B,.
Proof. 1t suffices to prove (3) = (1) and (2) = (3).
(3) = (1): Let {fm}m>1 be a bounded sequence in B, converging to 0 uniformly on

compact subsets of B,,. Since fo ” ) < 00, by [13, Lemma 4.2], limy;, 00 SUpP,cp, |[fm(2)| =
0. Then, by 9 € B, we have

Jim_ sup u(2)[V6(2)||fn(o(2)] = 0. (55)

Thus, by Proposition 5.2, (3) = (1) is proved.

(2) = (3): Suppose C’g#, : Byo — B, is compact, it is bounded. As in the proof (2) =
(3) of Theorem 4.4 we get 1) € B,,.

This concludes the proof of the theorem. O

Next, we discus the compactness of the operator Cg’fp :Buo — Buo-

Theorem 5.5. Let p € H(B,) and ¢ € S(B,) and p,v be normal weights on B,, such
tha tf1 di) = 00. Then the following are equivalent:

(1) Cgfp : Buo — Buo is compact;

(2) Y € Buo and lim Mgy ,(y) = 0.
le)ll—1
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Moreover, under the additional condition that ¢ € S*(B,,) the assertions (1)-(2) and the
following are equivalent:

(3) ¥ € Bo and there exists k € {1,...,n} such that lLm Mpy ,, (y) = 0.
lon(y)|—1

Proof. As in the previous ones, it suffices to prove for the case ¢ € S*(B,,) and (3) = (1)
and (1) = (2).

(3) = (1): By Theorems 4.5, 5.3 we obtain (1) from (3).

(1) = (2): It follows from the hypothesis and Theorem 4.5 that 1) € B, o. In the same
way as in the proof of (2) = (3) of Theorem 5.3 we also obtain | (h§1|r|1 Mpy o(y) =0. O

p)|l—1

By an argument similar to the proof of Theorem 5.4 we obtain the following, whose the

proof will be omitted.

Theorem 5.6. Let ¢ € H(B,,) and ¢ € S(B,) and pu,v be normal weights on B,, such
that fol % < 00. Then the following are equivalent:
(1) Cg’f:o :Buo — Buo is compact;
(2) w S B'u’().
To finish this paper, we include the following remark:

Remark 5.7. Under the additional conditions that either ¢(0) = 0 if ¢ € S(B,) or
¢vr(0) = 0 for some k € {1,...,n} if ¢ € S*(B,,), the limits in Theorems 5.3, 5.5 are
replaced by similar ones but with ||z|| — 1 or |zx| — 1 respectively. Indeed, in a more
general framework, it suffices to show ||¢(z)|| < ||z|| for every z € B,,. That means we have
to give an n-dimensional version of Schwarz’s lemma.

For each z € C", z # 0 and w € B,,, applying classical Schwarz’s lemma to the function
¢zw : B1 — By given by

Gz (t) = (p(tz/||z]), w) Vt € By,
we have
|02 ()] < [¢].
Then, choosing ¢ = ||z|| and w = % we get the desired inequality.

Remark 5.8. The additional condition ¢ € S*(B,,) in the main results can be replaced
¢ € Si(B,) D S*(B,) with

¢ € Si(B,) = {g@ € S(Bn): ¢Bn) 2 {dex: AeC, [ < 1}}.

Acknowledgment. The authors would like be express his gratitude to one of the
referees for pointing out a mistake in Lemma 4.1.
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