
Hacettepe Journal of
Mathematics & Statistics

Hacet. J. Math. Stat.
Volume XX (x) (XXXX), 1 – 18

DOI : 10.15672/hujms.xx

Research Article

On the boundedness and compactness of
extended Cesàro composition operators between

weighted Bloch-type spaces

Lien Vuong Lam∗1,Thai Thuan Quang2

1Department of Mathematics, Pham Van Dong University, Quang Ngai, Vietnam.
2Department of Mathematics and Statistics, Quy Nhon University, 170 An Duong Vuong, Quy Nhon,

Binh Dinh, Vietnam

Abstract
Let ψ ∈ H(Bn), the space of all holomorphic functions on the unit ball Bn of Cn, φ =
(φ1, . . . , φn) ∈ S(Bn) the set of holomorphic self-maps of Bn. Let Cψ,φ : Bν (and Bν,0)
→ Bµ (and Bµ,0) be weighted extended Cesàro operators induced by products of the
extended Cesàro operator Cφ and integral operator Tψ. In this paper, we characterize the
boundedness and compactness of Cψ,φ via the estimates for either |φ| or |φk| for some
k ∈ {1, . . . , n}. At the same time, we also give the asymptotic estimates of the norms of
these operators.
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1. Introduction
For z = (z1, . . . , zn), w = (w1, . . . , wn) ∈ Cn, we define

〈z, w〉 = z1w1 + · · · + znwn,

where wk is the complex conjugate of wk. We also write

‖z‖ =
√

〈z, z〉 =
√

|z1|2 + · · · + |zn|2.

The space Cn becomes an n-dimensional Hilbert space when endowed with the inner
product above. The standard basis for Cn consists of the following vectors:

e1 = (1, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , en = (0, . . . , 0, 1).

Let Bn be the unit ball in the n-dimensional complex space Cn. Let H(Bn) be the class
of all holomorphic functions on Bn and S(Bn) the collection of all the holomorphic self-
mappings of Bn.
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Let E be space of holomorphic functions on Bn. For a holomorphic self-map φ ∈ S(Bn)
and a holomorphic function ψ ∈ H(Bn), the composition operator Cφ and the extended
Cesàro operato Tψ are defined by

(Cφf)(z) := (f ◦ φ)(z), (Tψf)(z) :=
∫ 1

0
f(tz)Rψ(tz)dt

t
∀f ∈ E, ∀z ∈ Bn.

where

Rψ(z) :=
n∑
j=1

zj
∂ψ

∂zj
(z)

be the radial derivative of ψ.
The study of composition operators consists in the comparison of the properties of the

Cφ with that of the function φ itself, which is called the symbol of Cφ. One can characterize
boundedness and compactness of Cφ and many other properties.

The problem of studying of composition operators on various Banach spaces of holo-
morphic functions on the unit disk or the unit ball, such as Hardy and Bergman spaces,
the space H∞ of all bounded holomorphic functions, the disk algebra and weighted Ba-
nach spaces with sup-norm, etc. received a special attention of many authors during the
past several decades. The weighted composition operators on these spaces appeared in
some works with different applications. There is a great number of topics on operators
of such a type: boundedness and compactness, compact differences, topological structure,
dynamical and ergodic properties.

The extended Cesàro operator Tψ is a natural extension of the Cesàro operator acting
f ∈ H(B1)

C[f ](z) :=
∞∑
j=0

(
1

j + 1

j∑
k=0

ak

)
with f(z) =

∑∞
j=0 ajz

j , the Taylor expansion of f.
It is well know that C[·] acts as a bounded linear operator on various spaces of holo-

morphic functions, including the Hardy and Bergman spaces. But it is not bounded on
the Bloch space (see [16]). A little calculation shows

C[f ](z) = 1
z

∫ z

0
f(t)

(
log 1

1 − t

)′
dt.

Hence, on most holomorphic function spaces, C[·] is bounded if and only if the integral
operator f 7→ 1

z

∫ z
0 f(t)

(
log 1

1−t
)′
dt is bounded. From this point of view it is natural to

consider the extended Cesàro operator with holomorphic symbol ψ,

Tψf(z) :=
∫ z

0
f(t)ψ′(t)dt.

The boundedness and compactness of this operator on Hardy spaces, Bergman spaces,
Bloch- type spaces and Lipschitz spaces have been studied in [1, 2, 15]. The extended
Cesàro operator is a generalization of this operator. It has been well studied in many
papers, see, for example, [3, 5, 7] as well as the related references therein.

It is natural to discuss the product of extended Cesàro operator and composition oper-
ator. For φ ∈ S(Bn) and ψ ∈ H(Bn) the product can be expressed as

Cψ,φ(f) := TψCφf(z) =
∫ 1

0
f(φ(tz))R(ψ(tz))dt

t
f ∈ H(Bn), z ∈ Bn. (1.1)

This operator is called extended Cesàro composition operator. It is interesting to charac-
terize the boundedness and compactness of the product operator on all kinds of function
spaces. Even on the disk of C, some properties are not easily managed; see some recent
papers in [8–10,13,17].
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Building on those foundations, the present paper continues this line of research and
discusses the operator in infinite dimension. The study of extended Cesàro composition
operators Cψ,φ on vector-valued function spaces involves some important basic principles
which hold for large classes of function spaces.

It can be said that, in most of necessary as well as sufficient conditions that have
been given before for the boundedness (or compactness) for compositon operators, the
evaluations depend on the module |φ| of holomorphic self-maps φ but not only on |φk|
of some component function φk of φ. The question arises as to whether, under a certain
condition, the evaluations for bounded as well as compact characterizarion of Wψ,φ depend
only some component function φk of φ?

In this paper, we consider the weighted extended Cesàro operators Cψ,φ between weighted
(little) Bloch-type spaces of holomorphic functions in Bn, where ν, µ are normal weights
on Bn. Besides investigating the estimates of the boundedness and the compactness of
Wψ,φ via the module |φ|, we are interested in finding the answer of the question men-
tioned above. To do this we shall concentrate our attention on the case where the range
φ(Bn) of the holomorphic self-map φ contains all of the unit disks Dj = {λej : |λ| < 1},
j = 1, . . . , n, of coordinate planes.

The paper is organized as follows. We set up review in Section 2 some notations of
holomorphic functions of several variables, the weighted (little) Bloch-type spaces B♢

µ,

B♢
µ,0 of holomorphic functions on Bn and some estimates concerning the radial derivative,

the holomorphic gradient of holomorphic functions pertaining to our work. Several helpful
test functions concerning our computations will be introduced in Section 3. In Section 4
(resp. Section 5), we characterize the boundedness (resp. compactness) of the operators
Wψ,φ between the weighted Bloch-type spaces of introduced in Section 2, as well as the
equivalent relationships between them.

Throughout this paper, we use the notions X ≲ Y and X � Y for non negative
quantities X and Y to mean X ≤ CY and, respectively, Y/C ≤ X ≤ CY for some
inessential constant C > 0.

2. Preliminaries and auxiliary results
2.1. Holomorphic functions

A function f : Bn → C is said to be holomorphic if it is Fréchet differentiable at every
z ∈ Bn, or equivalently, if

f(z) =
∑
m

amz
m, z ∈ Bn.

Here the summation is over all multi-indexes m = (m1, . . . ,mn), where each mk is a
nonnegative integer and zm = zm1

1 . . . zmn
n .

The series above is called the Taylor series of f at the origin; it converges absolutely
and uniformly on each of the sets rBn = {z ∈ Cn : ‖z‖ ≤ r}, 0 < r < 1.

If we let
fk(z) =

∑
|m|=k

amz
m

for each k ≥ 0, where |m| = m1 + · · · +mn then the Taylor series of f can be rewritten as

f(z) =
∞∑
k=0

fk(z).

This is called the homogeneous expansion of f ; each fk is a homogeneous polynomial
of degree k. Both the Taylor series and the homogeneous expansion of f are uniquely
determined by f. The space of all holomorphicfunctions in Bn will be denoted by H(Bn).
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2.2. The radial derivative and the holomorphic gradient
A very important concept of differentiation on the unit ball is that of the radial deriv-

ative, which is based on the usual partial derivatives of a holomorphic function. Thus for
a holomorphic function f in Bn we write

Rf(z) =
n∑
k=1

zk
∂f

∂zk
(z).

A simple verification shows that if

f(z) =
∞∑
k=0

fk(z) =
∞∑
k=0

∑
|m|=k

amz
m (2.1)

is the homogeneous expansion of f, then

Rf(z) =
∞∑
k=0

kfk(z) =
∞∑
k=1

kfk(z).

This is called the radial derivative of f because

Rf(z) = lim
r→0

f(z + rz) − f(z)
r

whenever f is holomorphic. Here r is a real parameter so that z + rz is a radial variation
of the point z. For every holomorphic function f in Bn, it is easy to see that

f(z) − f(0) =
∫ 1

0

Rf(tz)
t

dt (2.2)

for all z ∈ Bn. This formula will come in handy when we need to recover a holomorphic
function from its radial derivative.

We also need the following lemma:

Lemma 2.1. For every f, ψ ∈ H(Bn), and φ ∈ S(Bn) we have

R(Cψ,φf)(z) = f(φ(z))Rψ(z) ∀z ∈ Bn. (2.3)

Indeed, assume that
∑∞
n=1 Pn(z) is the Taylor series of (f ◦ φ)(z)Rψ(z), where Pn is a

homogeneous polynomial of degree n. Then we have

R(Cψ,φf)(z) = R

∫ 1

0

∞∑
n=1

Pn(z)tndt
t

= R
∞∑
n=1

Pn(z)
n

=
∞∑
n=1

Pn(z) = f(φ(z))Rψ(z).

2.3. The weighted spaces of Bloch type
In this subsection we introduce the weighted spaces of Bloch type and some relationships

between them.

Definition 2.2. A positive continuous function ω on the interval [0, 1) is called normal if
there are three constants 0 ≤ δ < 1 and 0 < a < b < ∞ such that

ω(t)
(1 − t)a

is decreasing on [δ, 1), lim
t→1

ω(t)
(1 − t)a

= 0, (W1)

ω(t)
(1 − t)b

is increasing on [δ, 1), lim
t→1

ω(t)
(1 − t)b

= ∞. (W2)

If we say that a function ω : Bn → [0,∞) is normal, we also assume that it is radial, that
is, ω(z) = ω(‖z‖) for every z ∈ Bn.

Strictly positive continuous functions on Bn are called weights.
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Remark 2.3. It follows from (W1) that the weight ω is decreasing on [δ, 1). Indeed, since
[(1 − t)a]−1 is increasing on [0, 1) and (W1), the weight ω must be decreasing on [δ, 1).

Since ω is positive, continuous, we also obtain from (W1) and (W2) that

mω,δ := min
t∈[0,δ]

ω(t) > 0, Mω := max
t∈[0,1)

ω(t) < ∞.

Now, because of the decrease of ω on (δ, 1) it is easy to check that

ω(z)
∫ ‖z‖

0

dt

ω(t)
< Rω := δ

Mω

mω,δ
+ 1 − δ < ∞ for every z ∈ Bn. (2.1)

We need the following lemma whose proof parallels that of Lemma 13 in [11] and will
be omitted.

Lemma 2.4. Let ω be a non-increasing normal weight on Bn. Then there exists Cω > 0
such that

Cω ≤ ω(r)
ω(r2)

≤ 1 ∀r ∈ [0, 1).

We put
Bω =

{
f ∈ H(Bn) : sup

z∈Bn

ω(z)|Rf(z)| < ∞
}

;

Bω,0 =
{
f ∈ Bω : lim

‖z‖→1
ω(z)|Rf(z)| = 0

}
.

It is easy to check that the mapping

f 7→ ‖f‖sBω = sup
z∈Bn

ω(z)|Rf(z)|

is a seminorm on Bω which can be endowed with Banach space structure via the norm

‖f‖Bω = |f(0)| + ‖f‖sBω .

We denote
Bω := (Bω, ‖ · ‖Bω ).

It is easy to see that the little Bloch-type space Bω,0 endowed with the norm induced
by ‖ · ‖Bω is also a Banach space.

We recall the following from [13, Theorem 2.1]

Lemma 2.5 ([13]). Let ω be a normal weight on Bn. There exists C > 0 such that for
every f ∈ Bω and for every z ∈ Bn we have

|f(z)| ≤ C

(
1 +

∫ ‖z‖

0

dt

ω(t)

)
‖f‖Bω .

Remark 2.6. In fact, the estimate in Lemma 2.5 can be written as follows

|f(z)| ≤ |f(0)| +
∫ ‖z‖

0

dt

ω(t)
‖f‖sBω .

3. The test functions
In this section we consider ν is a normal weight on Bn and φ = (φ1, . . . , φn) ∈ S(Bn).
We begin this section by constructing test functions that are usefull for the proofs of

our main results.
First we consider the holomorphic function

g(z) := 1 +
∑
k>k0

2kznk ∀z ∈ B1 (3.1)
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where k0 =
[
log2

1
ν(δ)

]
, nk =

[ 1
1−rk

]
with rk = ν−1(1/2k) for every k ≥ 1. Here the symbol

[x] means the greatest integer not more than x. By [6, Theorem 2.3], g(t) is increasing on
[0, 1) and

|g(z)| ≤ g(‖z‖) ∈ R ∀z ∈ B1, (3.2)

0 < C1 := inf
t∈[0,1)

ν(t)g(t) ≤ sup
t∈[0,1)

ν(t)g(t) ≤ sup
z∈B1

ν(z)|g(z)| =: C2 < ∞. (3.3)

Moreover, Hadama [4, Lemma 2.1(ii)] proved that there exists a positive constant C3 such
that the inequality ∫ r

0
g(t)dt ≤ C3

∫ r2

0
g(t)dt (3.4)

holds for all r ∈ [r1, 1), where r1 ∈ (0, 1) is a constant such that
∫ r1

0 g(t)dt = 1.
Now, for w ∈ Bn and j ∈ {1, . . . , n} fixed put the test function

βw,j(z) :=
∫ 〈z,wjej〉

0
g(t)dt, z ∈ Bn; (3.5)

and in addition assume that |w| > r for some r > 0 put

γw(z) := 1∫ ‖w‖2

0 g(t)dt

(∫ 〈z,w〉

0
g(t)dt

)2

, z ∈ Bn. (3.6)

Proposition 3.1. We have βw,j , γw ∈ Bν,0 and

‖βw,j‖Bν(Bn) ≤ C2, ‖γw‖Bν(Bn) ≤ 2C2.

Proof. It suffices to prove for the function βw,j because the proofs for other ones are very
similar.

(i) Fix j ∈ {1, . . . , n}. Since ν(z) → 0 and from (3.3) we have

ν(z)|Rβw,j(z)| = |〈z, wjej〉|ν(z)||g(〈z, wjej〉)|
≤ |〈z, wjej〉|ν(z)|g(|〈z, wjej〉|) ≤ ν(z)g(wjej) → 0 as ‖z‖ → 1.

This implies that βw,j ∈ Bν,0.
(ii) Obviously, βw,j(0) = 0. On the other hand, since g is increasing on [0; 1) we obtain

‖βw,j‖Bν(Bn) = sup
z∈Bn

ν(z)|Rβw,j(z)| ≤ sup
z∈Bn

ν(z)|〈z, wjej〉||g(〈z, wjej〉)|

≤ sup
z∈Bn

ν(z)g(z) ≤ C2 < ∞.

□

Let r > 0 and {wm}m≥1 be a sequence in Bn such that ‖wm‖ ≥ r for every m ≥ 1 and
limm→∞wm = w0 with ‖w0‖ = 1.

Proposition 3.2. We have
(1) The sequences {βwm,j}m≥1, {γwm}m≥1 are bounded in Bν ;
(2) γwm → 0 uniformly on any compact subset of Bn if

∫ 1
0

dt
ν(t) = ∞.

Proof. (1) It follows from Proposition 3.1.
(2) By (3.3) and the assumption

∫ 1
0

1
ν(t) = ∞, we have

∫ 1
0 g(t)dt = ∞. Then it is easy

to check that γwm,j → 0 uniformly on any compact subset of Bn. And we are done. □
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4. The boundedness of operators
Let S∗(Bn) be the set of holomorphic self-maps φ ∈ S(Bn) which satisfies the following

condition (∗):

φ(Bn) ⊇
n⋃
j=1

{λej : λ ∈ C, |λ| < 1}. (∗)

Obviously, if φ ∈ S(Bn) is surjective then φ ∈ S∗(Bn).
Next we give an example of non-surjective holomorphic self-map which satisfies (∗).
Let n be integer number, n ≥ 2.
Consider the function φ : Bn → Bn given by φ(z1, z2, . . . , zn) = (z1, z2, . . . , zn−1, z

2
n) for

every (z1, z2, . . . , zn) ∈ Bn. Assume the contrary, then there exists (z0
1 , z

0
2 , . . . , z

0
n) such that

φ(z0
1 , z

0
2 , . . . , z

0
n) = ( 1√

n
, . . . , 1√

n
, 1
n) ∈ Bn.However, (z0

1 , z
0
2 , . . . , z

0
n) = ( 1√

n
, 1√

n
, . . . , 1√

n
,± 1√

n
)

does not belong to Bn.

Lemma 4.1. Let φ = (φ1, . . . , φn) ∈ S∗(Bn), φ(0) = 0 and ν be a normal weight and h be
a bounded function defining on Bn satisfying lim‖z‖→1 h(z) > 0. Assume that there exists
k ∈ {1, . . . , n} such that

Mk := sup
w∈Bn

h(w)
∫ |φk(w)|

0

dt

ν(t)
< ∞.

Then there exists constant C4 > 0 such that for every z ∈ Bn we have

h(z)
∫ ‖φ(z)‖

0

dt

ν(t)
≤ C4(1 +Mk). (4.1)

Proof. Obviously, (4.1) holds when ‖φ(z)‖ = 0. It suffices to consider the case |φ(z)| > 0.
Since lim‖z‖→1 h(z) > 0 we can find δ0 (we may assume that δ0 ≥ δ) such that

inf‖z‖≥δ0 h(z) > 0. Then, by the boundedness of h we have C+
δ0

:= sup‖z‖≥δ0 h(z)
inf‖z‖≥δ0 h(z) < ∞.

Denote C−
δ0

:= δ0
mν,δ0

supw∈Bn
h(w) where mν,δ0 = inf‖z‖≤δ0 ν(z) > 0.

Assume that Mk < ∞ and fix z ∈ Bn.
In the case 0 < ‖φ(z)‖ ≤ δ0 we have

h(z)
∫ ‖φ(z)‖

0

dt

ν(t)
≤ h(z)

∫ δ0

0

dt

ν(t)

≤ sup
w∈Bn

h(w)
∫ δ0

0

dt

mν,δ0

≤ δ0
mν,δ0

sup
w∈Bn

h(w) +Mk = C−
δ0

+Mk.

Now we consider the case ‖φ(z)‖ ≥ δ0. By φ ∈ S∗(Bn), there exists z′ ∈ Bn such that
|φk(z′)| = ‖φ(z)‖. Since φ(0) = 0, we have ‖z′‖ ≥ ‖φ(z′)‖ ≥ |φk(z′)| = ‖φ(z)‖ > δ0.
Therefore, h(z′) ≥ inf‖z‖≥ δ0 h(z). Then, since ν is decreasing on [δ, 1) we get the following
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estimate

h(z)
∫ ‖φ(z)‖

0

dt

ν(t)
= h(z)

∫ 1

0

‖φ(z)‖dt
ν(tφ(z))

= h(z)
∫ δ0/‖φ(z)‖

0

‖φ(z)‖dt
ν(tφ(z))

+ h(z)
∫ 1

δ0/‖φ(z)‖

‖φ(z)‖dt
ν(tφ(z))

≤ sup
w∈Bn

h(w)
∫ δ0

0

dt

mν,δ0

+ h(z)
h(z′)

h(z′)
∫ 1

δ0/|φk(z′)|

|φk(z′)|dt
ν(tφk(z′))

≤ C−
δ0

+ C+
δ0
h(z′)

∫ |φk(z′)|

δ0

dt

ν(t)

≤ C−
δ0

+ C+
δ0

sup
w∈Bn

h(w)
∫ |φk(w)|

0

dt

ν(t)
= C4(1 +Mk) < ∞

where C4 = max{C−
δ0
, C+

δ0
}. □

Lemma 4.2. Let ν be a normal weight on Bn, α ∈ Bn \ {0}, γ = (γ1, . . . , γn) ∈ Aut(Bn),
the class of automorphisms consists of symmetries of Bn, defined by

γ(z) = α− Pα(z) − sαQα(z)
1 − 〈z, α〉

, z ∈ Bn (4.2)

where sα =
√

1 − ‖α‖2, Pα(z) = 〈z,α〉
‖α‖2α, Qα(z) = z− 〈z,α〉

‖α‖2α. Then, for every k ∈ {1, . . . , n}
there exists C(α, k) > 0 such that∫ |γk(z)|

0

dt

ν(t)
≤ C(α, k) +

∫ |zk|

0

dt

ν(t)
for all |zk| ≥ ‖α‖.

Proof. First, recall [18] that Pα is the orthogonal projection from Cn onto the one di-
mensional subspace [α] generated by α and Qα is the orthogonal projection from Cn onto
Cn 	 [α]. Then

γk(z) = αk − Pα,k(z) − sαQα,k(z)
1 − 〈z, α〉

, z ∈ Bn

where Pα,k(z) := 〈z,α〉
‖α‖2αk, and Qα,k(z) = zk − 〈z,α〉

‖α‖2αk for every z ∈ Bn. Obviously that
γ(α) = 0 and (γ ◦γ)(z) = z for every z ∈ Bn. Since α−Pα(z) and Qα(z) are perpendicular
in Cn it is easy to see that αk−Pα,k(z) and Qα,k(z) so are. Therefore, for every |zk| ≥ ‖α‖
we have
|αk − Pα,k(z) − sαQα,k(z)|2

= |αk − Pα,k(z)|2 + (1 − ‖α‖2)
∣∣|zk|2 − |Qα,k(z)|2

∣∣
= |αk|2

(
1 − 2Re〈z, α〉

‖α‖2 + |〈z, α〉|2

‖α‖4

)
− |〈z, α〉|2

‖α‖4 |αk|2 + |〈z, α〉|2

‖α‖2 |αk|2 + (1 − ‖α‖2)|zk|2

= |αk|2
(

1 − 2Re〈z, α〉
‖α‖2 + |〈z, α〉|2

‖α‖2

)
+ (1 − ‖α‖2)|zk|2

= |αk|2

‖α‖2

(
‖α‖2 − 2Re〈z, α〉 + |〈z, α〉|2

)
+ (1 − ‖α‖2)|zk|2

= |αk|2

‖α‖2

(
‖α‖2 − 1 + 1 − 2Re〈z, α〉 + |〈z, α〉|2

)
+ (1 − ‖α‖2)|zk|2

= |αk|2

‖α‖2 (‖α‖2 − 1) + |αk|2

‖α‖2 |1 − 〈z, α〉|2 + (1 − ‖α‖2)|zk|2
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This yields that, for |zk| ≥ ‖α‖, hence ‖z‖ ≥ ‖α‖, we have

|γk(z)|2 = |αk|2

‖α‖2 −
(1 − ‖α‖2)

(
|αk|2
‖α‖2 − |zk|2

)
|1 − 〈z, α〉|2

≤ |αk|2

‖α‖2 −
(1 − ‖α‖2)

(
|αk|2
‖α‖2 − |zk|2

)
(1 + |〈z, α〉|)2

≤ |αk|2

‖α‖2 −
(1 − ‖α‖2)

(
|αk|2
‖α‖2 − |zk|2

)
(1 + ‖α‖)2

= |αk|2

‖α‖2 −
(1 − ‖α‖)

(
|αk|2
‖α‖2 − |zk|2

)
1 + ‖α‖

= |αk|2

‖α‖(1 + ‖α‖)
+ 1 − ‖α‖

1 + ‖α‖
|zk|2

= A2
k +A2|zk|2

< (Ak +A|zk|)2

where A2
k := |αk|2

‖α‖(1+‖α‖) and A2 := 1−‖α‖
1+‖α‖ . It is easy to check that Ak+A|zk| < Ak+A < 1.

Thus we have
|γk(z)| ≤ Ak +A|zk| < 1 if |zk| ≥ ‖α‖.

Then, we obtain the following the estimate∫ |γk(z)|

0

dt

ν(t)
≤
∫ A|zk|

0

dt

ν(t)
+
∫ Ak+A|zk|

A|zk|

dt

ν(t)

≤
∫ |zk|

0

dt

ν(t)
+
∫ Ak+A

A‖α‖

dt

ν(t)
= Cα,k +

∫ |zk|

0

dt

ν(t)

where Cα,k =
∫ Ak+A
A‖α‖

dt
ν(t) < ∞. □

Lemma 4.3. Let ν be a normal weight on Bn, α ∈ Bn \ {0} and γ ∈ Aut(Bn) defined by
(4.2). Then, the composition operator Cγ : Bν → Bν , f 7→ f ◦ γ, is an homeomorphism.

Proof. First, since ‖α‖ < 1 and ‖z‖ < 1 it is clear that

‖∇γ(z)‖ = 1 − ‖α‖2

|1 − 〈z, α〉|2
≤ 1 + ‖α‖ (4.3)

for every z ∈ Bn.
Next, we will show that

sup
z∈Bn

ν(z)
ν(γ(z))

< ∞. (4.4)

Indeed, by the continuity of γ the set {γ(z) : ‖z‖ ≤ ‖α‖} is relatively compact in Bn.
Since ν is positive and continuous inf‖z‖≤‖α‖ ν(γ(z)) > 0. It implies that

sup
‖z‖≤‖α‖

ν(z)
ν(γ(z))

< ∞. (4.5)

In the case ‖z‖ ≥ ‖α‖, with a, b are in Definition 2.2 of the weight ν, by an estimate as in
the previous lemma we have

(1 − ‖z‖)a

(1 − ‖γ(z)‖)b
≤ (1 − ‖α‖)a(

1 − 1
1+‖α‖ − 1−‖α‖

1+‖a‖ |‖z‖
)b → (1 − ‖α‖)a(

1 − 1
1+‖α‖ − 1−‖α‖

1+‖a‖ |
)b < ∞
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as ‖z‖ → 1. Then, by (W1) and (W2)

lim
‖z‖→1

ν(z)
ν(γ(z))

= lim
‖z‖→1

ν(z)
(1 − ‖z‖)a

(1 − ‖γ(z))‖)b

ν(γ(z))
(1 − ‖z‖)a

(1 − ‖γ(z)‖)b
= 0. (4.6)

Then, we obtain (4.4) from (4.3), (4.5) and (4.5). Thus,
‖Cγ(f)‖Bν = sup

z∈Bn

ν(z)‖∇(f ◦ γ)(z)‖

= sup
z∈Bn

ν(z)
ν(γ(z))

ν(γ(z))‖∇(f(γ(z))‖‖∇γ(z)‖

≤ (1 + ‖α‖) sup
z∈Bn

ν(z)
ν(γ(z))

‖f‖Bν .

This means Cγ is bounded. Since γ ∈ Aut(Bn) it is easily seen that Cγ−1 = C−1
γ is also

bounded. Hence, the lemma is proved. □

We use the following notation, which will be used in this work:

MRψ,φ∗(y) := µ(y)|Rψ(y)|
∫ ‖φ∗(y)‖

0

dt

ν(t)
where φ∗ denote either φ or φk, k ∈ {1, . . . , n}.

Theorem 4.4. Let ψ ∈ H(Bn), φ = (φ1, . . . , φn) ∈ S(Bn) and µ, ν be normal weights on
Bn. Then the following are equivalent:

(1) Cψ,φ : Bν → Bµ is bounded;
(2) C0

ψ,φ : Bν,0 → Bµ is bounded;
(3) ψ ∈ Bµ and MRψ,φ := sup

y∈Bn

MRψ,φ(y) < ∞;

In this case, the following asymptotic relation holds:

‖Cψ,φ‖ � ‖ψ‖Bµ + 1 +MRψ,φ. (4.7)

Moreover, under the additional conditions that ψ /∈ Bµ,0, φ ∈ S∗(Bn) the assertions (1)-(3)
and the following are equivalent:

(4) ψ ∈ Bµ and there exists k ∈ {1, 2, . . . , n} such that

MRψ,φk
:= sup

y∈Bn

MRψ,φk
(y) < ∞.

Proof. It also suffices to prove for the case where φ ∈ S∗(Bn) because for φ ∈ S(Bn) the
proof is similar but simpler.

It is clear that (3)⇒ (4) and since Bν,0 ⊂ Bν the implication (1) ⇒ (2) is obvious.

(4) ⇒ (1): Assume that there exists k ∈ {1, 2, . . . , n} such that MRψ,φk
< ∞.

• First, we consider the case φ(0) = 0. Applying Lemma 4.1 with h = µ(·)|Rψ(·)| and
Lemmas 2.1, 2.5, for every f ∈ Bν(Bn), we have

‖Cψ,φ(f)‖sBµ = sup
z∈Bn

µ(z)|R(Cψ,φf(z))|

= sup
z∈Bn

µ(z)|(f ◦ φ)(z)||Rψ(z)| = sup
z∈Bn

µ(z)|f(φ(z))||Rψ(z)|

≤ sup
z∈Bn

µ(z)|Rψ(z)|C
(

1 +
∫ ‖φ(z)‖

0

dt

ν(t)

)
‖f‖Bν

≤ C

[
sup
z∈Bn

µ(z)|Rψ(z)| + C4

(
1 + sup

z∈Bn

µ(z)|Rψ(z)|
∫ |φk(z)|

0

dt

ν(t)

)]
‖f‖Bν

≤ C
[
‖ψ‖Bµ + C4(1 +MRψ,φk

)
]
‖f‖Bν < ∞.
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Consequently, by Cψ,φ(0) = 0, we have

‖Cψ,φ(f)‖Bµ ≤ C5
[
‖ψ‖Bµ + 1 +MRψ,φk

]
‖f‖Bν (4.8)

where C5 = C max{1, C4} > 0. Thus, Cψ,φ : Bν → Bµ is bounded.
• Next, we consider the case φ(0) = α ∈ Bn \ {0}. Let γ ∈ Aut(Bn) given by (4.2).

Then η := γ ◦ φ satisfies η(0) = 0.
By the continuity of γ the set {η(z) = γ(φ(z)) : ‖φ(z)‖ ≤ δ0} is relatively compact in

Bn. Then, by ψ ∈ Bµ we have

sup
|φk(z)|≤δ0

µ(z)|Rψ(z)|
∫ |ηk(z)|

0

dt

ν(t)
≤ sup

|φk(z)|≤δ0

µ(z)|Rψ(z)|
∫ ‖η(z)‖

0

dt

ν(t)
< ∞. (4.9)

It remains to consider the case |φk(z)| ≥ δ0 ≥ ‖α‖.
By Lemma 4.2 there exists C(α, k) > 0 such that∫ |ηk(z)|

0

dt

ν(t)
=
∫ |γk(φ(z))|

0

dt

ν(t)
≤ C(α, k) +

∫ |φk(z)|

0

dt

ν(t)
.

Thus

sup
|φk(z)|≥δ0

µ(z)|Rψ(z)|
∫ |ηk(z)|

0

dt

ν(t)

≤ C(α, k)‖ψ‖Bµ + sup
|φk(z)|≥δ0

µ(z)|Rψ(z)|
∫ |φk(z)|

0

dt

ν(t)
< ∞.

(4.10)

It follows from (4.9) and (4.10) that

sup
z∈Bn

µ(z)|Rψ(z)|
∫ |ηk(z)|

0

dt

ν(t)
< ∞.

Then, by the first case, Cψ,η is bounded.
On the other hand, it is easy to check that Cψ,η = Cψ,φ ◦Cγ . Then by Lemma 4.3, Cψ,φ

is bounded, hence, (4) ⇒ (1) is proved.
(2) ⇒ (3): Suppose C0

ψ,φ : Bν,0 → Bµ is bounded.
First, it is obvious that ψ ∈ Bµ because 1 ∈ Bµ,0 and

ψ(z) = ψ(0) +
∫ 1

0
Rψ(tz)dt

t
= ψ(0) + (Cψ,φ1)(z). (4.11)

Now, fix z ∈ Bn, put w = φ(z) and for each k ∈ {1, . . . , n} consider the test function
βw,k ∈ Bν,0 defined by (3.5). Then,

‖Cψ,φβw,k‖Bµ = sup
z∈Bn

µ(z)|R(βw,k(φ(z))| = sup
z∈Bn

µ(z)|βw,k(φ(z))|Rψ(z)|

= sup
z∈Bn

µ(z)|Rψ(z)|
∫ |φk(z)|2

0
g(t)dt ≤ ‖βw,k‖Bν ‖C0

ψ,φ‖

≤ C2‖C0
ψ,φ‖ < ∞.

(4.12)

Let r1 = ν−1(1/2).
If |wk| := |φk(z)| ≥ r1 by (3.3) and (4.12) we have

µ(z)|Rψ(z)|
∫ |wk|

0

dt

ν(t)
≤ µ(z)|Rψ(z)|

∫ |wk|

0

g(t)
C1

dt

≤ C3
C1
µ(z)|Rψ(z)|

∫ |wk|2

0
g(t)dt

≤ C3C2
C1

‖C0
ψ,φ‖ < ∞.
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If |wk| < r1 by (3.3) again we obtain

µ(z)|Rψ(z)|
∫ |wk|

0

dt

ν(t)
≤ µ(z)|Rψ(z)|

∫ |wk|

0

g(t)
C1

dt

≤ 1
C1
µ(z)|Rψ(z)| = 1

C1
‖C0

ψ,φ1‖Bµ

≤ 1
C1

‖C0
ψ,φ‖ < ∞.

Then, combining with ψ ∈ Bµ we get MRψ,φk
< ∞ for every k ∈ {1, . . . , n}, hence,

MRψ,φ < ∞.
Finally, combining the above estimates we get (4.7). The proof of Theorem 4.4 is

completed. □

Next, we will touch the characterizations for the boundedness of the operators from
Bν,0(Bn) to Bµ,0(Bn).

Theorem 4.5. Let ψ ∈ H(Bn) and φ ∈ S(Bn). Let µ, ν be normal weights on Bn. Then
the following are equivalent:

(1) C0,0
ψ,φ : Bν,0 → Bµ,0 is bounded;

(2) ψ ∈ Bµ,0 and MRψ,φ < ∞.

In this case, as in Theorem 4.4, the following asymptotic relation holds

‖C0,0
ψ,φ‖ � ‖ψ‖Bµ + 1 +MRψ,φ. (4.13)

Moreover, under the additional condition that φ ∈ S∗(Bn) the assertions (1)-(3) and the
following are equivalent:

(3) There exists k ∈ {1, 2, . . . , n} such that ψ ∈ Bµ,0 and MRψ,φk
< ∞.

Proof. As in the previous one, it suffices to prove for the case φ ∈ S∗(Bn), φ(0) = 0 and
(3) ⇒ (1) and (1) ⇒ (2).

(3) ⇒ (1): Assume that ψ ∈ Bµ,0 and MRψ,φk
< ∞ for some k ∈ {1, . . . , n}.

First, we show that C0,0
ψ,φf ∈ Bµ,0 for every f ∈ Bν,0.

Let f ∈ Bν,0 be arbitrarily fixed. Let ε > 0 be fixed. Then there exists r0 ∈ (1/2, 1)
such that

ν(z)|Rf(z)| < ε

4MRψ,φk

, ‖z‖ ≥ r0. (4.14)

By the continuity of f we have

K := sup
‖w‖≤r0

|f(w)| < ∞. (4.15)

Since ψ ∈ Bµ,0 we can find θ ∈ (0, 1) such that

µ(z)|Rψ(z)| < ε

2K
whenever θ < ‖z‖ < 1. (4.16)

For θ < ‖z‖ < 1 we consider two cases:
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• The case ‖w‖ := ‖φ(z)‖ > r0 : Let ŵ = r0
w

‖w‖ . We have

|f(φ(z)) − f(ŵ)| = |f(w) − f(ŵ)| ≤
∫ 1

r0/‖w‖

|Rf(tw)|
t

dt

≤ ‖w‖
r0

∫ 1

r0/‖w‖
|Rf(tw)|dt

≤ ε‖w‖
4MRψ,φk

r0

∫ 1

r0/‖w‖

1
ν(t‖w‖)

dt

≤ ε

2MRψ,φk

∫ ‖w‖

r0

1
ν(t)

dt.

Combining (4.14) and (4.16), for θ < ‖z‖ < 1, by (4.1) we obtain

µ(z)‖RC0,0
ψ,φf(z)‖ = µ(z)|f(φ(z))||Rψ(z)|

≤ µ(z)|Rψ(z)||f(w) − f(ŵ)| + µ(z)|Rψ(z)||f(ŵ)|

≤ ε

2MRψ,φk

µ(z)|Rψ(z)|
∫ ‖w‖

r0

1
ν(t)

dt+ µ(z)|Rψ(z)||f(ŵ)|

≤ ε

2MRψ,φk

sup
y∈Bn

µ(y)|Rψ(y)|
∫ |φk(y)|

r0

1
ν(t)

dt+ µ(z)|Rψ(z)||f(ŵ)|

≤ MRψ,φk

ε

2MRψ,φk

+K
ε

2K
= ε.

• The case ‖w‖ := ‖φ(z)‖ ≤ r0 : We have

µ(z)|R(C0,0
ψ,φf(z))| = µ(z)|f(φ(z))||Rψ(z)| < K

ε

2K
< ε.

Thus, C0,0
ψ,φf ∈ Bµ,0.

Next, we prove that there exists C > 0 such that for every z ∈ Bn

µ(z)|Rψ(z)|
∫ ‖φ(z)‖

0

dt

ν(t)
≤ C(1 +MRψ,φk

). (4.17)

Then, by an argument similar to the proof (4) ⇒ (1) for the case φ(0) = 0 of Theorem
4.4, we will get C0,0

ψ,φ : Bν,0 → Bµ,0 is bounded.
In the case 0 < ‖z‖ ≤ δ, where δ is in Definition 2.2 of the weight ν, we have {φ(z) :

‖z‖ ≤ δ} is relatively compact in Bn. Then, it is obvious that

Cδ := sup
‖z‖≤δ

µ(z)|Rψ(z)|
∫ ‖φ(z)‖

0

dt

ν(t)
< ∞.

In the case δ ≤ ‖z‖ < 1, by φ ∈ S∗(Bn), there exists z′ ∈ Bn such that |φk(z′)| = ‖φ(z)‖.
We consider the function βφk(z′) given by

βφk(z′)(w) =
∫ ‖w‖|φk(z′)|

0
g(t)dt

where g is defined by (3.2). As in Lemma 3.1, it is easy to check that βφk(z′) ∈ Bν,0. Then

C0,0
ψ,φβφk(z′) ∈ Bµ,0,

i.e.

µ(w)|Rψ(w)|
∫ ‖φ(w)‖|φk(z′)|

0
g(t)dt → 0 (4.18)
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as ‖w‖ → 1. This implies that for

εz := µ(z′)|Rψ(z′)|
∫ |φk(z′)|

0

dt

ν(t)
there δz ≥ δ such that

µ(w)|Rψ(w)|
∫ ‖φ(w)‖·|φk(z′)|

0
g(t)dt < εz (4.19)

for ‖w‖ > δz. Put
δ′ = inf

‖z‖≥δ
δz ≥ δ.

If ‖z‖ ∈ [δ, δ′] it is obvious that

µ(z)|Rψ(z)|
∫ ‖φ(z)‖

0

dt

ν(t)
≤ sup

‖w‖∈[δ.δ′]
µ(w)|Rψ(w)|

∫ ‖φ(w)‖

0

dt

ν(t)
:= Cδ,δ′ < ∞. (4.20)

If ‖z‖ > δ′ we can find w ∈ Bn with ‖w‖ > δ such that δ′ < δw < ‖z‖. Then, by (4.19)

µ(z)|Rψ(z)|
∫ ‖φ(z)‖·|φk(z′)|

0
g(t)dt < εw = µ(w)|Rψ(w)|

∫ |φk(w)|

0

dt

ν(t)
. (4.21)

It follows from (3.3), (3.4), (4.20) and (4.21) that

µ(z)|Rψ(z)|
∫ ‖φ(z)‖

0

dt

ν(t)
≤ C−1

1 µ(z)|Rψ(z)|
∫ ‖φ(z)‖

0
g(t)dt

≤ C−1
1 C3µ(z)|Rψ(z)|

∫ ‖φ(z)‖2

0

dt

ν(t)

= C−1
1 C3µ(z)|Rψ(z)|

∫ ‖φ(z)‖·|φk(z′)|

0

dt

ν(t)

≤ Cδ,δ′ + C−1
1 C3 sup

‖w‖>δ
µ(w)|Rψ(w)|

∫ |φk(w)|

0

dt

ν(t)
.

And we obtain (4.17) with C = max{Cδ + Cδ,δ′ , C2C3}, hence, the proof of (3) ⇒ (1) is
completed.

(1) ⇒ (2): Assume that C0,0
ψ,φ is bounded. By (4.11), ψ ∈ Bµ,0. And then, we obtain

MRψ,φ < ∞ by the proof of Theorem 4.4. □

5. The compactness of operators
In order to study the compactness of the operators Cψ,φ, as in [14] we can prove the

following.

Lemma 5.1. Let E,F be two Banach spaces of holomorphic functions on Bn. Suppose
that

(1) The point evaluation functionals on E are continuous;
(2) The closed unit ball of E is a compact subset of E in the topology of uniform

convergence on compact sets;
(3) T : E → F is continuous when E and F are given the topology of uniform conver-

gence on compact sets.
Then, T is a compact operator if and only if given a bounded sequence {fm} in E such
that fm → 0 uniformly on compact sets, then the sequence {Tfm} converges to zero in the
norm of F.

We can now combine this result with Montel theorem and Lemma 2.5 to obtain the
following proposition. The details of the proof are omitted here.
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Proposition 5.2. Let ψ ∈ H(Bn) and φ ∈ S(Bn). Then Cψ,φ : Bν → Bµ is compact
if and only if ‖Cψ,φ(fm)‖Bµ → 0 for any bounded sequence {fm} in Bν converging to 0
uniformly on compact sets in Bn.

Now we investigate the compactness of weighted composition operators Cψ,φ.
Theorem 5.3. Let ψ ∈ H(Bn) and φ ∈ S(Bn) and µ, ν be normal weights on Bn such
that

∫ 1
0

dt
ν(t) = ∞. Then the following are equivalent:

(1) Cψ,φ : Bν → Bµ is compact;
(2) C0

ψ,φ : Bν,0 → Bµ is compact;
(3) ψ ∈ Bµ and lim

|φ(y)|→1
MRψ,φ(y) = 0.

Moreover, under the additional conditions that ψ /∈ Bµ,0, φ ∈ S∗(Bn) the assertions (1)-(3)
and the following are equivalent:

(4) ψ ∈ Bµ and there exists k ∈ {1, 2, . . . , n} such that lim
|φk(y)|→1

MRψ,φk
(y) = 0.

Proof. As in Theorem 4.4, it suffices to prove for the case ψ /∈ Bµ,0, φ ∈ S∗(Bn), φ(0) = 0
and (4) ⇒ (1) and (2) ⇒ (3).

(4) ⇒ (1): Since
∫ 1

0
dt
ν(t) = ∞ and lim|φk(y)|→1MRψ,φk

(y) = 0 for some k ∈ {1, . . . , n},
for any ε > 0, there exists r0 ∈ (1/2, 1) such that

µ(z)|Rψ(z)|
∫ |φk(z)|

r0

dt

ν(t)
<

ε

3C+
r0/C2

for r0 < |wk| := |φk(z)| < 1 (5.1)

where C+
r0 := sup‖z‖≥r0 µ(z)|Rψ(z)|

inf‖z‖≥r0 µ(z)|Rψ(z)| < ∞ because ψ /∈ Bµ,0.

Let {fm}m≥1 be a bounded sequence in Bν converging to 0 uniformly on compact
subsets of Bn and fix an ε > 0. We may assume that ‖fm‖Bν ≤ 1 for every m ≥ 1. By the
hypothesis on the sequence {fm}m≥1, there exists a positive integer m0 such that

|fm(w)| ≤ ε

3‖ψ‖Bµ

, m ≥ m0, ‖w‖ ≤ r0.

Therefore, for every m ≥ m0 and ‖w‖ ≤ r0 we have

µ(z)|Rψ(z)||fm(w)| < ε

3
. (5.2)

Now, for every m ≥ m0 and r0 < ‖w‖ = ‖φ(z)‖ < 1, with noting that
∥∥r0

w
‖w‖

∥∥ = r0, by
an argument in the proof of Lemma 4.1, (3.3), (5.1) and (5.2) we have

µ(z)|Rψ(z)||fm(w)|

≤ µ(z)|Rψ(z)|
∣∣∣fm(w) − fm

(
r0

w

‖w‖

)∣∣∣
+ µ(z)|Rψ(z)|

∣∣∣fm(r0
w

‖w‖

)∣∣∣
≤ µ(z)|Rψ(z)|

∫ 1

r0/‖w‖
|Rfm(tw)|dt

t
+ ε

3

≤ 1
C2
µ(z)|Rψ(z)|‖w‖

r0

∫ 1

r0/‖w‖

1
ν(t‖w‖)

dt+ ε

3

≤ 1
C2
µ(z)|Rψ(z)|

∫ ‖w‖

r0

1
ν(t)

dt+ ε

3

≤
C+
r0

C2
sup

|φk(y)|>r0

µ(y)|Rψ(y)|
∫ |φk(y)|

r0

1
ν(t)

dt+ ε

3

≤ ε

3
+ ε

3
= 2ε

3
.

(5.3)
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Consequently, it follows from (5.2) and (5.2) that
µ(z)|Rψ(z)||fm(φ(z))| < ε

for every z ∈ Bn and every m ≥ m0. This means ‖Cψ,φ(fm)‖Bµ → 0 as m → ∞. Hence,
by Proposition 5.2, Cψ,φ is compact.

(2) ⇒ (3): Suppose C0
ψ,φ is compact. Then clearly, C0

ψ,φ is bounded.
Firstly, assume that MRψ,φ(y) 6→ 0 as ‖φ(y)‖ → 1. Then we can take ε0 > 0 and a

sequence {zm}m≥1 ⊂ Bn such that |φ(zm)| → 1 but

µ(zm)|Rψ(zm)|
∫ ‖φ(zm)‖

0

dt

ν(t)
≥ ε0 for every m = 1, 2, . . . (5.4)

We may assume that ‖zm‖ > r1 := ν−1(1/2). Denote wm = φ(zm).
Consider the sequence {γwm}m≥1 defined by (3.6). By Proposition 3.2, this sequence is

bounded in Bν and converges to 0 uniformly on compact subsets of Bn. Then ‖C0
ψ,φγwm‖Bµ →

0 as m → ∞ by Proposition 5.2.
On the other hand, by (3.3) and (5.4) we have

‖C0
ψ,φγwm‖Bµ = sup

z∈Bn

µ(z)|Rψ(z)||γwm(φ(z))|

≥ µ(zm)|Rψ(zm)||γwm(wm)|

= µ(zm)|Rψ(zm)|
∫ ‖wm‖2

0
g(t)dt

≥ C1C
−1
3 µ(zm)|Rψ(zm)|

∫ ‖wm‖

0

dt

ν(t)
≥ C1C

−1
3 ε0.

Thus, we get a contradiction. And the proof is complete. □
Theorem 5.4. Let ψ ∈ H(Bn), φ ∈ S(Bn) and µ, ν be normal weights on Bn such that∫ 1

0
dt
ν(t) < ∞. Then the following are equivalent:
(1) Cψ,φ : Bν → Bµ is compact;
(2) C0

ψ,φ : Bν,0 → Bµ is compact;
(3) ψ ∈ Bµ.

Proof. It suffices to prove (3) ⇒ (1) and (2) ⇒ (3).
(3) ⇒ (1): Let {fm}m≥1 be a bounded sequence in Bν converging to 0 uniformly on

compact subsets of Bn. Since
∫ 1

0
dt
ν(t) < ∞, by [13, Lemma 4.2], limm→∞ supz∈Bn

|fm(z)| =
0. Then, by ψ ∈ Bµ we have

lim
m→∞

sup
z∈Bn

µ(z)‖∇ψ(z)‖|fm(φ(z))| = 0. (5.5)

Thus, by Proposition 5.2, (3) ⇒ (1) is proved.
(2) ⇒ (3): Suppose C0

ψ,φ : Bν,0 → Bµ is compact, it is bounded. As in the proof (2) ⇒
(3) of Theorem 4.4 we get ψ ∈ Bµ.

This concludes the proof of the theorem. □

Next, we discus the compactness of the operator C0,0
ψ,φ : Bν,0 → Bµ,0.

Theorem 5.5. Let ψ ∈ H(Bn) and φ ∈ S(Bn) and µ, ν be normal weights on Bn such
that

∫ 1
0

dt
ν(t) = ∞. Then the following are equivalent:

(1) C0,0
ψ,φ : Bν,0 → Bµ,0 is compact;

(2) ψ ∈ Bµ,0 and lim
‖φ(y)‖→1

MRψ,φ(y) = 0.
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Moreover, under the additional condition that φ ∈ S∗(Bn) the assertions (1)-(2) and the
following are equivalent:

(3) ψ ∈ Bµ,0 and there exists k ∈ {1, . . . , n} such that lim
|φk(y)|→1

MRψ,φk
(y) = 0.

Proof. As in the previous ones, it suffices to prove for the case φ ∈ S∗(Bn) and (3) ⇒ (1)
and (1) ⇒ (2).

(3) ⇒ (1): By Theorems 4.5, 5.3 we obtain (1) from (3).
(1) ⇒ (2): It follows from the hypothesis and Theorem 4.5 that ψ ∈ Bµ,0. In the same

way as in the proof of (2) ⇒ (3) of Theorem 5.3 we also obtain lim
‖φ(y)‖→1

MRψ,φ(y) = 0. □

By an argument similar to the proof of Theorem 5.4 we obtain the following, whose the
proof will be omitted.

Theorem 5.6. Let ψ ∈ H(Bn) and φ ∈ S(Bn) and µ, ν be normal weights on Bn such
that

∫ 1
0

dt
ν(t) < ∞. Then the following are equivalent:

(1) C0,0
ψ,φ : Bν,0 → Bµ,0 is compact;

(2) ψ ∈ Bµ,0.

To finish this paper, we include the following remark:

Remark 5.7. Under the additional conditions that either φ(0) = 0 if φ ∈ S(Bn) or
φk(0) = 0 for some k ∈ {1, . . . , n} if φ ∈ S∗(Bn), the limits in Theorems 5.3, 5.5 are
replaced by similar ones but with ‖z‖ → 1 or |zk| → 1 respectively. Indeed, in a more
general framework, it suffices to show ‖φ(z)‖ ≤ ‖z‖ for every z ∈ Bn. That means we have
to give an n-dimensional version of Schwarz’s lemma.

For each z ∈ Cn, z 6= 0 and w ∈ Bn, applying classical Schwarz’s lemma to the function
ϕz,w : B1 → B1 given by

ϕz,w(t) := 〈φ(tz/‖z‖), w〉 ∀t ∈ B1,

we have
|ϕz,w(t)| ≤ |t|.

Then, choosing t = ‖z‖ and w = φ(z)
‖φ(z)‖ we get the desired inequality.

Remark 5.8. The additional condition φ ∈ S∗(Bn) in the main results can be replaced
φ ∈ S∗

k(Bn) ⊃ S∗(Bn) with

φ ∈ S∗
k(Bn) :=

{
φ ∈ S(Bn) : φ(Bn) ⊇

{
λek : λ ∈ C, |λ| < 1

}}
.
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