http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 72, Number 3, Pages 701-[709] (2023)
DOI:10.31801 /cfsuasmas.1199113

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: November 8, 2022; Accepted: February 14, 2023 SERIES Al

SUBORDINATION THEOREMS FOR A CLASS RELATED TO
Q-FRACTIONAL DIFFERENTIAL OPERATOR

Mohamed Ahmed MOWAFY!, Adela Othman MOSTAFA? and Samer Mohamed MADIANS3

L2Mathematics Department, Faculty of Science, Mansoura University, Mansoura 35516, EGYPT
3Basic Science Department, Higher Institute for Engineering and Technology, New Damietta,
EGYPT

ABSTRACT. By using the definition of g-difference operator, we defined the new
q-Al-Oboudi-Al-Amoudi operator, which generalize modified Al-Oboudi-Al-
Amoudi operator. Using the new operator, we defined a new class of uniformly
functions and obtained subordination result for functions in it. Our results not
only generalize previous results but also modified some previous results.

1. INTRODUCTION

The class of univalent analytic functions

Fz) =2+ apz* (a2 0), € D={2€C:[z|< 1}, (1)
k=2

is denoted by S.
The class of convex functions K satisfies

2F"(2)
Re<1 + m

> 0.

If F, g are analytic in D, then F is subordinate to g, written F < g if there exists
a Schwarz function w(z) analytic in D with w(0) =0 and |w(z)| < 1 for all z € D,
such that F(z) = g(w(2)). (see [14,16])

2020 Mathematics Subject Classification. 30C45.

Keywords. Coefficient estimate, subordination factor sequence, g-difference and fractional
operator.

18 mohamed1976224@gmail.com-Corresponding author; 20000-0002-2308-6826

2 Badelaeg254@yahoo.com; 20000-0002-3911-0990

3Bsamar_math@yahoo.com; ©20000-0001-7490-9901.

(©?2023 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

701



702 M. A. MOWAFY, A. O. MOSTAFA, S. M. MADIAN

For F given by (1) and g given by
(2) =z+ Z brz2", (2)
k=2

the Hadamard product (or convolution) is

(Fxg)(z)=2z+ Zakbkzk = (g% F)(2).
k=2

For F € S, 0 < ¢ < 1, the g—derivative operator V, is given by (Jackson [15]) and
many authors studied it for example see ([1],[4 — 6], [9],[16,17] and [22,23]).

()= F(q2) 220
v = {67 4
that is
VoF(z) =1+ [Klgarz", (3)
k=2
where
1-— qk
[k]q = — [0]g = 0. (4)
1—gq

The fractional g—derivative operator of order « for analytic function F' defined in
a simply connected domain, contains zero is defined by [5],

z

o _ 1 (1)
Dy F(z) = T, —O[)/(Z_t)adqt ,0<a<],
0
QF(z) = T, (2-0a)2*Dy F(z), (5)

k+1 (2—a)
1 < 1
+Z k:—i—l—a) apz” (0<g<1l, 0<a<]),

where multiplicity of (z —¢)™ is removed by requiring log (z — t), to be real when
z—1t >0 (for g — 17 see [19],]20]).

Definition 1. For A >0,0<a<1,0<¢g<1,neNy=NU{0}, N={1,2,...}
and F is given by (1) we defined new q— fractional derivative operator as follows,

DYF () = F(2), (6)
DyOF(2) = (1=MNQ9F (2)+AzDg (U F () = DY, F (2),
DYSF(z) = D3, (DS, F(2),
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n,o _ « n—1,a
DA»q F (Z) - Aq (D/\,q F (Z)) ’

z+ Z Upoomglo, Nag2",
k=2

where

Ly(k+ 1)y (2 — o)
Fyk+1-a)

gl N) = 1+ A(K, - 1) (7)

We note that:
(i) DY')F (z) = D F (2) [8,18].

(#7) limg,,- DY’ F (2) = DY F (z), where this operator modified the operator

of [3,7],
(d47) limg_, - Dg:‘;F (z) = D2 F (z) (see [19,20]),

(iv) lim,_,,- D7) F (2) = D"F (2) (see [21]),

(v) limy_,1- DY) F (2) = DYF (2) (see [2]),

Definition 2. For A, x> 0,v>1,0<a,8<1,0<46 <1,n € Ny, a function F
€ S is in the class SY'7 (3,7, u, B), if

where
G(z) = (1 - §)DIOF(2) + 62 (qu;;;F(z)) . 9)

We note that as ¢ — 17 : S’Z’?(O,l,u,ﬁ) = SP7, (u, ) and S;\l”j(l,l,u,ﬂ) =
UCVy (1, B) [3,7, with Wy, g(cv, A) of the form (1.7)]. For different values of n, a,
A, 0,7, 1 and B, we get the classes defined by [3],[8],[10 — 13], and [17].

2. MAIN RESULTS

Unless indicated, let 0 < o, <1, A, u>0,v>1,0<0<1,neNy,0<¢g<1
and ¥y, 4(o, A) as (7). The following definition and lemma are needed.

Definition 3. [24]. A sequence {by};-, of complex numbers is called a subordinat-
ing factor sequence if, whenever F (z) € K then,

Zakbkzk < F(z) (z€Dj;a1=1).
k=1
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Lemma 1. [24]. The sequence {by},, is a subordinating factor sequence if and

only if
%{1+2Zbkzk} >0 (z2€D).
k=1

Theorem 1. If F € S, satisfies

> (1= 8+ (K, = 1) @+ ] [1+ (18], = 1) 6] Dimalon M) sl <15,

k=2

(10)
then, ' € S\'7'(8,7, i, B).
Proof. Assume that (10) holds. Since for real § and complex number w, O
Re(w) =2 B |w+ (1= pB)[—|w—(1+p5)] =0, (11)
then by Definition 2 it is sufficient to show that
v2V 4G (2) v2V 4G (z)
PEVar )y 1y | <
G02) (=1 —n G M —(1+8) <
72V 4G (2) 72V 4G(%)
VEVGERE) (o gy gy |22V eEE) 1-8)]. 12
G (y—1)—p G Y|+ (1=5) (12)
For the right-hand side of (12)
72V 4G (2) 72V 4G(%)
— | [2YaT oy o, |2 1—
R G (y—1)—n G v+ 1 =5)

= |G I |72V G(2)+ (2 - B —7)G(2) — e’ |y2V,G(z) — fyG(z)||

2|

C Z[Q 941, 1) 1+ 0]

1 (i, - 1) 5} Wpmq(, A) Jag] ).
Similarly, the left

_ 'YZVqG(z)

72V,4G(2)
G(Z) _(7_1)_M7

G(2)

B ﬁ 2VaG(z) — (v~ DO(2) — e’ 12V,G(z) —1G (=) — (1 + B)G(2)|

L

—7’—(1+5)’
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Lo 3 [ (1, = 1) 0= 8] [+ (0, = 1) 8] Wl ) -

G (2)]
Since
R-L > G@N{Q(l—,@)—222 [1—6+7<[k]q—1) (1+u)}
x 1 (18], = 1) ] gl ) fanl}

> 0,

then (12) is satisfied, so F € SY'7(6,7, 1, B).-
Let 5’;:;(5,7,%@ be the class of functions satisfy (10) so S‘Z’é"(&’y,p,ﬁ) -

S (0,7, s B).-

Theorem 2. Let F € S;,’g‘(d,’y,u,ﬂ) and g € K, then

[1—B4+vq (14 @] (1+35q) Vo4 (a,N) o .
(2{[1—6+7q(1+u)](1+6q)\1'2,n,q(a,>\)+1—5}>(F 9)(2) <g(z) (13)

and
{1 =B+7q(1L+ )] (A +q) Vo g, \)+1-5}
(1= B+v¢(1+ @] (143dq) U2, (a,N) '

[1-B+7va(1+p)](A14+69) T2 n,q(a,A)
—B+va(1+1)](1+69) ¥z, p, ¢ (,\)+1-8}

R{F (2)} > — (14)

The constant factor 570 in (13) cannot be replaced

by a larger one.

Proof. Let F ¢ S;’g(é,%u,ﬂ) and g (z) = 2z + Y bpz® € K, then O
' k=2

( (1= B+vq(1+ )] (1+06q) Yon,(a,N)
2{]

1= B+vq(1+ p) (1+5q)\112,n7q(a,)\)+1_5}> (Fxg)(z)

. [1—B+7¢(1+p)](1+40q) Yonq () - = arb 2k
_(2{[1—B+W(1+u)](1+5q)‘112,n,q(a,/\)+1—ﬁ}>( *,;2 O )

(15)
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Thus, by Definition 3, (13) will be true if

{ 1= B+7q(L+ )] (1+59) Yanq (2 A) }°° (16)
2{[1— B+ 14 (1+ @] (1+00) Vo g (@, \) + 15}
is a subordinating factor sequence, with a7 = 1. In view of Lemma 1, this is
equivalent to
S [1—B+yva(1+ ] (1 +8q) Pong (e, N)
RI1+ >0, (17
{ 2 T 57001 W]+ 00) Uy (oo 3 1 BT ()

where
O k) = [1-8+7(#, = 1) 1+ )] [1+ (K], ~1) 8] Cenala ) (k22

is an increasing function of k (k > 2), when |z| = r < 1, we have,

{1+Z@ +1_ﬁazk}

B o) $2,002)
= %{ +®<2>+1ﬂ”@<5>+15““k}

> ek)laxl
> 1 _ @ (2) r— k=2 ¥ ,rk
= e +1-p  e@¥s
O (2) 15
T e@+1-5 e@TiB"

= 1-7r>0 (|]z]=r<1).

By taking the convex function g(z = =2+ Y ores z*. To prove the sharpness

) =17
of %, the function Fy(z) € S"’(‘;(é v, i, B) given by

1-8 2
[1=B+7vq(1+mw](1+0q) ¥ang(a,A)

Fo(z) = 2 — (18)

Thus from (14), we have
[1-B+vq(1+p)] (A +5q) Von,(a,A) z
27— B+ 74 (L+ )] (L+ 00) Vg (0, A) + 1= B}
Moreover, it can easily to verify for Fy(z) given by (18) that
1-—- 1 1490q) Vo g (a0, A 1
i (R e T ) TR} =
This shows that the 5 1—B+yq(4m)I(1409)¥2,n,q () is the best possible .

(1=B+vq(1+w)](1+6q) W2 n q(a,A)+1-B}
Taking lim,_,;-in Theorem 2, we have

(19)
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Corollary 1. Let F € S;L’a(é,v,u,ﬁ) whose coefficients satisfy (10) when ¢ — 1~

and g(z) = z+ Y. bpzk € K, then
k=2

(ST F s T s im s Ty P9 @ <o) 20

and

{(L=B+7A+ (140 V() +1-5}
1=B+71+w(1+0) Vs (aA) '

[1=B+y(1+m)](148)¥s n(a,))
The factor arr—573 A4 ]I 18)Ts , (a0 F1=F]

R{F (2)} > —

in (2.11) cannot be replaced by a larger
one.

Remark 1. Note that for v =1 and 6 = 0,1 respectively in Corollary 1 modified
Theorems 2.4 and 2.8 of [7].

Taking v = 0 in Theorem 2, we have
Corollary 2. Let F ¢ gf”;‘(é,(),u,ﬁ) whose coefficients satisfy (10) when v = 0

and g € K, then

( (1-p) (1+5Q) U g (a,/\)
2[(1 = B) (1 +3q) W24 (a,A) + 1~ f]

) (Frg) () <9(x) (1)
and

[(1—8)(1+dq) Uy g (e, N) +1—f]
(1=8)(1+0q) Vo pn4(a,N)

The factor 2[(151/37)?31)-&-15‘1(2?(7;7(?):\-)1—/3] in (2.12) cannot be replaced by a larger one.

R{F (2)} > —

Taking ¢ = 0 in Theorem 2, we have
Corollary 3. Let F ¢ S,;f”;(é,’y,O,ﬁ) whose coefficients satisfy (10) with yu = 0

and g € K. Then

( (1= B+79) (1+6q) U254 (a,N)
2 [(1 - B + 7‘]) (1 + 5(]) \IIQ,n,q (O" )‘) + 1- 6]

) (Frg)(x)<g(2)  (22)

and
[(1 B ﬂ + ’)/Q) (1 + 5(1) \PQ,n,q (aa )‘) + 1- B]
(1= B+479) (1409) U204 (a,A)

(1=B+v9)(1+69) P2, n,q(a,A)
The factor orgi)itoq)¥s s (o)) FI=F]

R{F (2)} > —

in (22) cannot be replaced by a larger
one.
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3. CONCLUSIONS

Throughout the paper, first by using the definition of g—difference operator we
defined new q- Al-Oboudi - Al-Amoudi operator and which modified Al-Oboudi -
Al-Amoudi operator. After that, we used the new operator to introduce new class

;7’;(5 .7, i, B) which generalized a class of uniformly univalent functions. Finally,
we obtained some subordination factor sequence results for this class and its sub-
classes. Our results modified previous results.
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