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CYCLIC-PARALLEL RICCI TENSOR OF ALMOST
S-MANIFOLDS

YAVUZ SELIM BALKAN, NESIP AKTAN* AND ERDAL OZUSAGLAM

ABSTRACT. In this paper, we consider cyclic-parallel almost S-manifolds and
we obtain some results.

1. INTRODUCTION

An extensive research about contact geometry is done in recent years. We recall
the precise definitions. Let M be a (2n + s)-dimensional manifold. We say that
M is equipped with an f-structure with a parallelizable kernel, more briefly f.pk-
structure, if there are given on M an f-structure ¢, s global vector fields &1, ..., &
and 1-forms 7, ...,ms on M satisfying the following conditions

(1.1) P(&) =0, miop=0 ¢ =-ld+ 3 n;@& (&) =7
J:

foralli,j € {1, ..., s}; we denote by D the bundle Im (¢), and we set & := & +...+&,

7 :=1m + ... + 5. The structure (¢, &;,n;) on M is said to be normal if and only if

N, =0, where N, is the (2, 1)-tensor on M given by N, := [p, ] +2 > dn; ®&;.
i=1

On a manifold equipped with an f.pk-structure there always exists a compatible

Riemannian metric g in the sense that for each X, Y € T' (T M)

(1.2 §eX, oY) = g (X,¥) = Yy (X) s (V).

However such that a metric on M is not unique: we fix one of them; then the
structure obtained is called a metric f.pk-structure. Let ® be the Sasaki form of ¢
defined by @ (X,Y) := ¢g(X,¢Y) for X,Y € I'(TM). It may be observed that D
is the orthogonal complement of the bundle ker (¢) = (&1, ..., &s) -
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The metric f.pk-manifold (M, p,&;,n;,g) is said to be an almost S-manifold if
and only if dn; = ... = dn, = ®. Almost S-manifold which are normal are called
S-manifolds.

The study of f-manifolds was started by Blair, Goldberg, Yano, Vanzura, cf.
[3], [6] [11]. Almost S-structures were studied; without being precisely named, by
Cabrerizo, Fernandez, Fernandez, cf., [7]. Then Duggal, Pastore and Ianus, cf. [§],
also studied such manifolds and gave them the name ”almost S-manifolds”. S-
manifolds were introduced by Blair cf. [3], who proved that the space of a principal
toroidal bundle over a Kaehler manifolds is an S-manifold. S-structures are a
natural generalization of Sasakian structures, but unlike Sasakian manifolds, no
S-structure can be realized on a simply connected, compact manifold cf. [5]. In
[9] there is an example of an even dimensional principal toroidal bundle over a
Kaehler manifold which does not carry any Sasakian structure. On the other hand,
there is constructed an S-structure on the even dimensional manifold U(2). It is
well known that U(2) does not admit a Kaehler structure. We conclude that there
exist manifolds such that the best structure we can hope to obtain on them is an
S-structure.

On an almost S-manifold (M, ¢, &;,n;, g) there are defined the (1, 1)-tensor fields

1
h; == ngiap fori=1,...,scf. ([7] (2.5)). We use extensively the properties of these
tensor fields in the present paper. In particular these operators are self adjoint,

traceless, anti-commute with ¢ and for each i,j € {1, ..., s}

(1.3) hi&; =0, mioh; =0,

cf. [7]. Moreover the following identities hold, cf. [8],
(1.4) Vx&i=—pX —phX, Vep=0, V& =0,

where V is the Levi Civita connection of g, X € T'(T'M) and 4,5 € {1,...,s}. We
shall sometimes use the following curvature identity related to V

(1.5) Re,x& — ¢ (Re,ox&5) = 2 ((hio hj) X + ¢°X)

which can be immediately obtained combining the first equation on ([7] pag. 158)
and (1.4).

In 1995 Blair, Koufogiorgos and Papantonio, cf. [4], studied contact metric man-
ifolds such that the characteristic vector field belongs to the (k, p)-nullity distribu-
tion. This concept is generalized for almost S-manifolds by Cappelletti Montano
and Di Terlizzi in [1].

In the present paper we are concerned cyclic-parallel Ricci tensor of almost S-
manifolds.

2. PRELIMINARIES

Definition 2.1. [1] Let M be an almost S-manifold, , 1 real constant. We say
that M verifies the (k, p)-nullity condition if and only if for each i € {1,...,s},
X,Y € I'(TM) the following identity holds

(2.1) Rxy&=r(M(X)@®Y =7 (Y)*X) + (@ (V) hiX —7(X) hY).
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Lemma 2.1. [1] Let M be an almost S-manifold verifying the (k, p)-nullity condi-
tion. Then we have

i) hjohj =hjoh; foreachi,je{1,..,s},

i) k<1,
i7i) if k < 1 then, for each i € {1, ..., s}, h; has eigenvalues 0, ++/1 — &,
iv) h? = (k — 1) %

Proposition 2.1. [1] Let M be an almost S-manifold verifying the (s, p)-nullity
condition. Then

(2.2) hy=..=h,.

Remark 2.1. [1] Throughout all this paper whenever (2.1) holds we put h := hy =
... = hg. Then (2.1) becomes

(2.3) Rxy& = (1(X) @Y =7 (Y)¢*X) + (@ (V) hX =7 (X)hY).

Furthermore, using (2.3), the symmetries properties of the curvature tensor and
the symmetry of ©? and h, we get

(24)  RexY =r(@(Y)9’X —g(X,¢°Y) &) +u(9(X,hY)E-7(Y)hX).

Proposition 2.2. [1] Let M be an almost S-manifold verifying the (k, p)-nullity
condition. Then M is an S-manifold if and only if k = 1.

3. PROPERTIES OF THE CURVATURE

Let (M2"+5, cp,fi,nj,g) ,i,7 € {1,...,s}, be an almost S-manifold. We consider
the (1,1)-tensor fields defined by

lij (X) = Rxg, &5,

for each i,j € {1,...,s}, X e I'(TM) and put I; = l;;.

Lemma 3.1. [1] Let M be an almost S-manifold. For each i,j € {1,...,s} the
following identities hold

(3.1) polijop—1ly=2(hjohj+¢%),

(3.2) m o lij =0,

(3.3) lij (&) = 0,

(3.4) Vehj =9 —polij—pohjohj+ypo(h;—hs),

(3.5) Vehi=¢—poly —¢poh?.
i J )



4 YAVUZ SELIM BALKAN, NESIP AKTAN* AND ERDAL OZUSAGLAM

Lemma 3.2. [1] Let M be an almost S-manifold verifying the (k, p)-nullity condi-
tion. Then fori,j € {1,...,s} we have

(3.6) Ve,h = pho o,
(3.7) lop—pol=2uhog,
(3.8) lop+pol=2kp,
(3.9) Q& = 2nkE.

Lemma 3.3. [1] Let M be an almost S-manifold verifying the (k, u)-nullity condi-
tion. Then the following identities hold

(3.10) (Vxp)Y =g (Y, hX = ¢*X) € -7 (Y) (hX — ¢°X),

(Vxh)Y = (Vyh) X = (1-k) (20 (X,9Y)E+7(X) oY =7(YV) X

(3.11) (1—p) (7 (X) phY =7 (Y) phX),

(Vxh)Y = ((1-r)g(X,0Y)+g(X, heY))E

(3.12) 7(Y) h (X + ohX) — pij (X) @hY.

Lemma 3.4. [1] Let M be an almost S-manifold verifying the (k, u)-nullity condi-
tion with k < 1 and K, i are smooth function. Then the Ricci operator verifies the
following identities

(3.13) Q=s[(2(1—n)+pun)>+ (2(n—1)+p)h] + 20N &,

(3.14) Qop—po@Q=2s(2(n—1)+p)hoo.

Lemma 3.5. Let M be a (2n+ s) dimensional almost S-manifold verifying the
(K, p)-nullity condition, k < 1. Then
(3.15)

(Vx9) (Y, 2) = s (2(L—=n)+ un){n(Z) (g (¥Y,hX) — g (Y, 0 X))

“N(Y)(g9(phX,Z) +g(¢X, Z))}
+5(2(n—1)+p){0N(2) (1 - k) g(¥Y, X) + g (heY, X))
A (Y) (9 (hpX, Z) + (5 — 1) g (X, Z))
—un(X)g (phY, Z)} — 2nkn(Z) (g (Y, ohX) + g (Y, ¢ X))
—27(Y) (9 (phX, Z) + g(¢X, Z)).
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Proof. We know that the Ricci operator satisfies

(3.16) (VxS)(Y,Z2)=VxS(Y,Z)-S(VxY,Z) - S(Y,VxZ).
Using (3.13) in (3.16) we have
(3.17)

(VxS)(Y,Z) = s(2(1—n)+pun)(9(Vxe) (¢Y),Z) +g(¢(Vx)Y, Z)
s(2(n—1)+p)g(Vxh)Y,Z)
+2n67(2)g (Y, Vx &) + 2071 (Y) g (2, Vx&i) -

By the use of (1.4), (3.10) and (3.12) in (3.17) we get (3.15). O

4. ALMOST S-MANIFOLDS WITH CYCLIC-PARALLEL Ricct TENSOR
The Ricci tensor S of Riemannian manifold M is said to be cyclic-parallel if
CVS =0,
namely
(4.1) (VzS) (X, Y)+ (VxS)(Y,Z2)+ (VyS)(Z,X) =0,

for all vector fields X,Y, Z.
Let M be an n-Einstein manifold whose Ricci tensor S of the form

(4.2) S(X,Y) = Ag (X,Y) + Bn(X)n(Y),

where A, B are non-zero real numbers and X,Y are vector fields on M. So we have;

Theorem 4.1. Let M be a (2n + s) dimensional an n-FEinstein almost S-manifold
of the form (4.2). If the Ricci tensor S of M is cyclic parallel then M is an S-
manifold.

Proof. Let us consider M is an n-Einstein almost S-manifold of the form (4.2). If
the Ricci tensor S of M is cyclic parallel then replacing Z with ; in (4.1) we can
write

(4.3) (Ve.S) (X, Y) + (Vx5) (Y, &) + (Vv S) (&, X) = 0.

Using (4.2) after some computations we get
(Vx8) (Y, Z) = BMm(Z2)g(Y,Vx&) +1(Y)g(Z, Vx&)],

which implies

(4.4) (Ve,9) (X, Y) =0,
(4.5) (VxS) (Y,&) = Blg(Y,Vx&) +1(Y)g(&, Vx&i)l,
(4.6) (VyS) (&, X) = Bg(X,Vy&) +1(X)g(&, V&) -

So substituting (4.4)-(4.6) in (4.3) and using (1.2) and (1.4), the equation (4.3)
(4.7) 9(eX + phX,Y) + g (Y + phY, X) =0,
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which implies

(4.8) g9 (©Y,hX) =0.

Replacing Y by @Y in (4.8), we get
g ((pQY, hX) =0.

So by the use (1.1) and (1.3), we have
(4.9) g (V,hX) =0,

for all vector fields X and Y and hence we have h = 0 which implies M is an
S-manifold. (Il

Theorem 4.2. Let M be a (2n + s) dimensional a non-Sasakian almost S-manifold.
If the Ricci tensor S of M is cyclic parallel then M is either S-manifold or k =
—1 sp? + sdnp

4 n '
Proof. Let M be an almost S-manifold. Then by [7], £ < 1. But if kK = 1 then M
is Sasakian. Since we suppose M is non-Sasakian we have k < 1. So by the use of
(3.15) we have

(4.10) (Ve S) (X, Y) =5 (2(n = 1) 4+ ) ng (hX, 9Y) .

Similarly, using (3.15) we have
(4.11)
(VxS) (V&)= (A —-n)+pun)+s2n—1)+p)(1—k)+2nk)g(X,pY)

+(s(2(1=n)+pun)+s(2(n—1)+p) +2nk) g (X, pY),

and
(4.12)
(VyS) (&, X) = (s@2(1=n)+pn)+s(2(n—1)+np)+2nk) g (X, hY)

+(C2A=n)+pn)+s2n—-1)+pu) (1 —r)+2nk)g(pX,Y).

So substituting (4.10)- (4.12) into (4.3) we obtain
(4.13) [Ansp + dnk + p?] g (WX, 9Y) = 0.

Suppose g (hX,9Y) = 0. Then replacing Y with Y, the last equation becomes
g (hX,?Y) = 0. So using (1.1) we get g (hX,Y) = 0 for all vector fields X and Y
snd hence; we have h = 0 which gives us M is an S-manifold (note that M is non-
—1 su?

—1sp”+ 54nu. 0
4 n
Corollary 4.1. Let M be a (2n+ s) dimensional a non-Sasakian manifold with
&, i€ {1,..,s}, belonging to k-nullity distribution. If M is S-manifold and the
Ricci tensor S of M is cyclic parallel then M 1is locally isometric to the product
Ents x S™ (4).

Sasakian since n # 1). If 4nsp+4nk + p? = 0 then we get k =
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Proof. Since &;, i € {1,...,s}, belongs to x-nullity distribution then p = 0. Hence
from Theorem 2., we get x = 0. So by [2], M is locally isometric to the product
E"Ts x S (4). O
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