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GROWTH PROPERTIES OF GENERALIZED ITERATED
ENTIRE AND COMPOSITE ENTIRE AND MEROMORPHIC
FUNCTIONS

DIBYENDU BANERJEE AND NILKANTA MONDAL

ABSTRACT. In this paper we consider generalized iteration of entire functions
and prove some growth properties of generalized iterated entire functions and
composition of entire and meromorphic functions under certain restrictions on
(p,q) orders of functions.

1. INTRODUCTION AND DEFINITIONS

It is well known that for any two transcendental entire functions f(z) and g(z),

lim MN(IT(’Tf ;f) = 00. In a paper [10] Clunie proved that the same is also true when
T—00 ’

maximum modulus functions are replaced by their characteristic functions. Singh
[15] proved some results dealing with the ratios of log T'(r, f o g) and T'(r, f) under
some restrictions on the order of f and g. After this several authors {see [9], [13]
} made close investigation on comparative growth of log T'(r, f o g) and T'(r,g) by
imposing certain restrictions on order of f and g.

If f(2) and g(z) be entire functions then following the iteration process of Lahiri
and Banerjee [12], we write

fi(z) = f(z)

f2(2) = f(9(2)) = f(g1(2))

f3(2) = f(g(f(2))) = f(g2(2))

fa(2) = f(g(f(9(2)))) = f(g3(2))

anf) :.f g(f(g(...(f(2) or g(2)) a.C(.:o.rding as n is odd or even)))
g1(2) = g(2)

92(2) = g(f(2)) = g(f1(2))

93(2) = 9(f(9(2))) = g(f2(2))

94(2) = g(f(9(f(2)))) = 9(f3(2))
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gn(2) = g(f(g(f(....(g(2) or f(z)) according as n is odd or even))).

Clearly all f,(z) and g,(z) are entire functions.

Following this iteration process several papers {see [1], [2], [3], [4] } on growth
properties of entire functions have appeared in the literature where growing interest
of researchers on this topic has been noticed.

Recently Banerjee and Mondal [5] introduced another type of iteration called
generalised iteration to study {see [5], [6] } some growth properties of entire func-
tions.

Let f and g be two non-constant entire functions and « be any real number sat-
isfying 0 < a < 1. Then the generalized iteration of f with respect to g is defined
as follows:

fra(2) = (1 - @)z +af(2)
Forg(2) = (1= a)gu,s(2) + af(g1.4(2))
Foag(2) = (1= a)ga s (2) + af (92,5 (2))

) Frg(2) = (1= @)gn_1,4(2) + af(gn_1.4(2))
g15(2) = (1— )z + ag(2)
92.¢(2) = (1 — ) f1,4(2) + ag(fi,4(2))
05.1(2) = (1= ) fora(2) + ag(frg (=)

Gn(2) = (1= ) fa1 9(2) + 0g(fa_14(2)).

Following Sato [14], we write log[o] z =z, expl® 2z = z and for positive integer

2 = log(log!™ 1 @), expl™l 2 = exp(expl™ =1 z).

m, log

Let f(z) = > anz™ be an entire function.Then the (p, ¢)-order and lower (p, q)-

n=0
order of f(z) are denoted by p,.q)(f) and Ag, 4)(f) respectively and defined by/[7]
. ogl?! T(r, .. og!? T(r,
P (f) = lim sup PEEFED and Ay, (f) = lim inf REZEED p > g > 1,

— 00

Definition 1.1. A real valued function ¢(r) is said to have the property P; if

i) p(r) is non negative ;

ii) o(r) is strictly increasing and ¢(r) — oo as r — o0;

iii) log ¢(r) < dp() holds for every 6 > 0 and for all sufficiently large values of
T

Remark 1.1. If ¢(r) satisfies the property P; then it is clear that loglPlp(r) < §p(%)
holds for every p > 1.

The purpose of this paper is to compare the growth of generalized iterated en-
tire functions with composition of a meromorphic function and an entire function
imposing certain restrictions on (p,q)-order and lower (p,q)-order. Throughout the
paper we assume that f is a meromorphic function and g, h and k are non-constant
entire functions such that the maximum modulus functions of h, k and all of their
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generalized functions satisfy property P,. We do not explain the standard nota-
tions and definitions of the theory of meromorphic functions as those are available
n [11].

2. LEMMAS

In this section we state some known results in the form of lemma which will be
needed in the sequel.

Lemma 2.1. ([11]) If f(z) be regular in |z| < R, then for 0 <r < R
T(r, f) <log" M(r, f) < FET(R, f).
In particular if f be entire, then for all large values of r
T(r, f) <log® M(r, f) < 3T(2r, f).

Lemma 2.2. ([8]) If f is meromorphic and g is entire then for all large values of
r
T(r, fog) < (14 0(1)) arissy T(M (1, 9), ).
Since g is entire so using Lemma 2.1, we have
T(r,fog)<(1+01)T(M(r,g),[)
Lemma 2.3. ([10]) Let f(z) and g(z) be entire functions with g(0) = 0. Let
2
satisfy 0 < B < 1 and let C(B) = 4[3) . Then forr >0
M(r, fog) = M(C(B)M(Br,g), f).
Further if g(z) is any entire function, then with 8 = 1/2, for sufficiently large
values of r
M(r, fog) = M(gM(5,9) —|g9(0)], f).
Clearly M(r, f o g) > M({5M(5,9), f)-

3. MAIN THEOREMS

In this section, we present the main results of this paper.

Theorem 3.1. Let g, h and k be three entire functions and f be a meromorphic
function with p(, q)(f) < 00, pp.q)(9) < 00 and Ay q)(g) < min{A, g)(R), Ap,q) (k) }-
Then

. loglP+(n=2)(p+1-a)] p o
hmsup 08 Trshn.k)

10g" T(r, f2.4)
tion off with respect to g.

= 00, where fr 4(2) is the generalized composi-

Proof. Since A, q)(9) < min{A, 4)(h), A\(p,q)(k)} we can choose € > 0 in such a
way that A, q)(g) +€ < min{A¢, oy (h) —€,A(p,q)(k) —€}. Using Lemma 2.1 and 2.3,
we have for all large values of r

T(r,hni) = 5 log M (%, hn i)
1 log{M (% ah(kn Lh) = M(5, (1 —a)k,_1)}
i 10g{aM( cM (5, kn1,n),h) — (1 =a)M (5, kn_1,n)} +O(1) [for a # 1]
log M(25 M(Z, k1), B) — log M(%, kn 1] + O(1).

So for all sufﬁciently large values of r, we get

log” T'(r, hy i) > logP+!] M(%M(i, kn—11),h) —logP ™ M (L k1) +O(1)
> (Ao, )<h>fe)log”< 5 M (5 K1) —log" M (g, k1) +O(1)
> Aoy (h) — €) log! M (%, k1)~

2( pa)(R) — €) logl? M (%, kn—1,n) + O(1),using property Py
(31 =30a(h) = )log” M(%, k1) +O(1)

H I\/ \\/
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or, log "+ =N T (o, 1) > log? {log M (%, kn—1,1)} + O(1)
> log[p] T3 kno1,n) +0(1)
> L\ (p.gy (B) =€) logl? M (%, hy—21)+0(1),using(3.1)
or, 1og[p+2(p+1—q)] T(r, hng) > log[p] T(4’;,hn 2x) +0(1)
> L\pgy () — €) 10gl®) M (25, kn—s) + O(1).
Proceeding similarly after some steps we get for even n
loglP (=2 @H1=a)l (. hn,k) > L\ () — €)logld M (55, k1 ) + O(1)

T gy (h) — ) logl? M{ 5, (1 — a)z + ak} + O(1)
Z%M(pq)( h) — €){log!¥ M (5=, k) —logl) M (5, 2)} + O(1)
(3.2) > (A (h) —O)fexplP~ I {loglt ™1 (r )P0 =€ —ogll(120)] + O(1).

On the other hand using Lemma 2.2 for a sequence of values of r tending to
infinity
T(r, fa,g) = T{r, (1 — a)g1,5 + of (g1,7)}
<T(r,g1s) +T(r, fg1,4)) + OQ1)
S T(T, gl,f) + (1 + 0(1))T(M( agl,f)7 f) + 0(1)
or, log”! T(r, f5,9) <1og" T(r, g1,7) +10g"” T(M(r, 91 1), f) + O(1)
<1og” T(r,g1.5) + (p(p.q) (F) + €) 10g" M(r,g1,7) +O(1)
<10g" T(r, 2) +10g" T(r, ) + (p(p.q) () + ) llog!? M (r, 2)

(3.3) +1log!® M(r, g)]+0(1)
<1081 + (p(.0)(9) + P(p.g) (f) + 2€) log!D 1+
(3.4) explP=4 (loglt =1 )X 9+ 1 O(1).
From (3.2) and (3.4) we get for a sequence of values of r tending to inﬁnity
(3.5) logP+ (1 =D+l T(r p, 1) L.y (W) =€) fexpl?~ W {loglt =1 (1)} 0.0) ™ _jogldl (2 )] +0(1)
' log?! (7. f2.0) g () () gy (1) +20) g -4 oxpl7—] (o= )*<v T o

When n is odd as in (3.2) we get
(3.6) loglPt(»=2H1=al (). P k) > %(A(p o (k )—€)[explP~9 {logli~ 1]( )P (h)—e
- log[q](M T )] +0(1 )

From (3.4) and (3.6) we get for a sequence of values of r tending to inﬁnity

3.7 leg"tTHCHT DI (k) 3 O\p,) (k) =) [exp!P~ T {loglt~1) ()} ) ™ —logld) (e 1)]+0(1)

( : ) log®l T'(r,fa,4) loglPt U r+-(pep. 0y (9)+0(p,q) (F)+26€) 1Og[<I] r+explr—d (logla—1 r) (p q)(g>+€+o(1)
From (3.5) and (3.7) we get

pH(n=2+t1-)l p(rp, 1)
loglPl T'(r, f2,4)

log[

lim sup = 00.

T—00

Remark 3.1. In the above theorem if we take p(, q)(9) < min{Ag, q)(h), Ap,q)(k)}
instead of A¢p ¢)(9) < min{X, q)(h), Apq)(k)} then limit superior is replaced by
limit inferior.

Theorem 3.2. Let g, h and k be three entire functions and f be a meromorphic
function such that p, q)(f) < 00, pip.g)(9) < 00, Ap,q)(h) > 0 and A gy (k) > 0.
Then

log?P 1= T(r, f5 ) P(p.0)(9) P
lim su 229 < Tkt if n is even.
s 00 Ploght D F =0T T(r,hp 1) = Apgy (F) f

< P.0)(9) if n is odd.

= A, (h)’
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Proof. We may suppose that p, q)(g) is finite. Otherwise the result is obvious.
First suppose that n is even. Then by (3.3) we get for large values of r
log) T(r, fo,5) < log T(r, 2) + 10g T(r, g) + (p(yg)(f) + €)logl® M(r, 2)
+1og!® M(r, g)] + O(1)
<1081 + (p(p.0)(9) + Pp.a) (f) + 2€) log!! 1+
explP—d (1Og[qfl] r)Pra 9t O(1),
So,
(3.8) log[2p+1_q] T(r, fa,q) < log[2p+2_q] r+10g[p+1] T+ (P(p,q)(9) +€) log[‘I] r+
O(1).
From (3.2) we get for large values of r
loglP+ (=D pH1=al (. hak) > 2(A\p.g) (h)—€)[explP~ 4 {logl?~ 1]( r )P eok)—e
log?(2=5)] + O(1).
So
(3.9)  loglPt =Dl P py ) > (A g (B) —€) logl¥ r —logP T (52 ) +
o(1).
Now from (3.8) and (3.9) we get for all large values of r

log2p+1-dl T(r,f2,4) < log[2Pt2=dl p4]oglpt1] (0 (p.q) (9)+€) logld r+0(1)
loglP+(n=D+1=aT T (7 h,, 1) (A(p,q) (k) —€) logld r—logPt1( T )+0(1)

[2p+2— tJ] log[P+1] o(1
logld] p[14 log r+log r+0(1)
(/’(pvq)(g)‘f'e) og!? r[1+ . q)(g)_‘_‘)lng[ al ]

loglPHH (7o) +o(1)
A (p, q)(k) ) logld]

1Og[2p+1—q] T(r,fa.q) o )(q)
Therefore, lim su /2.9 < Pe.ol9)
7”—>oop1 (=D p+1=a)] T(r,hn,k) — Ap,q) (k)

When n is odd we get as in (3.9)

(3.10)  loglPt(=D@H=Dl e p ) > (Ap,q)(R) =€) logld) r — log[p+1](4f,1) +
O(1).

Now from (3.8) and (3.10) the remaining part of the theorem easily follows.

(Ap,q)(K)— €) logldl r[1—

Theorem 3.3. Let f be a meromorphic function and g, h and k be three entire
functions such that p, q)(f) < 00, pp.q)(9) < 00, A(p,q)(R) > 0 and A, (k) > 0.

Then
log?P+2=dl 7(r £y ) <1

hmsupl P+ D =] T(rhn ) =
T—00 T

Proof. From (3.8) we get for all large values of r
log T (r, ) < 1og® 2 1+ 10g7 1+ (g (9) + ) logl"  + O(1)

o [q] 1Og[2p+27r1] r+log[”+1] r+0(1)
= (p(P,q) (9) +€)log r[1 + (P(p.ay (9)+€) Togldl 7 ].

Therefore,

(3.11) log?P 2= 1 (r, f5 ) < loglt™r1+0(1).

Again from (3.9) we get for all large values of r and for even n

loglPHn= DAL=l P h 1) > (Mg (k) — €) logl? 7 — 1o [P“]( =) +O0(1)

_ [a] log P (71)+0(1)
— () — ) logll 11 — ‘g O

Therefore,
(3.12) loglPH1H(=D@H=Dlp(r b 1) > logltt e + O(1).

When n is odd we get from (3.10)
loglPHn=DEH=l P h 1) > (Mg (h) — €) logl? r — logP T () + 0(1)
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log#+ (e )+O(1)

gqn—1

(A(p,q)(R)—€) logldl r }

= (Ap,gy(h) — €) logl 7[1 —
So,
(3.13) logPHH=DEHL=Dl () > ogltt r+O(1).
Therefore from (3.11), (3.12) and (3.13) we get

logl®P+2 =4 T(r. f5 4) <1
p+1+(n—1)(p+1—q)] T(ryhn,k) —

lim sup
|
T—>00 lOg

Remark 3.2. In the above theorems if we take relative iteration instead of general-
ized iteration and take ¢ = 1 then the results coincide with the results of Banerjee
and Jana [3].
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