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FIXED POINT THEOREMS IN CONVEX PARTIAL METRIC

SPACES

OUSSAEIF TAKI-EDDINE AND ABDELKRIM ALIOUCHE

Abstract. Partial metric spaces were introduced by S. G. Matthews [1] as a

part of the study of denotational semantics of dataflow networks, the author
introduced and studied the concept of partial metric space, and obtained a

Banach type fixed point theorem on complete partial metric spaces. In this

paper, we study some fixed point theorems for self-mappings satisfying certain
contraction principles on a convex complete partial metric space, these theorem

generalize previously obtained results in convex metric space.

1. Introduction

In 1970, Takahashi [2] introduced the notion of convexity in metric spaces and
studied some fixed point theorems for nonexpansive mappings in such spaces. A
convex metric space is a generalized space. For example, every normed space and
cone Banach space is a convex metric space and convex complete metric space,
Subsequently, Beg [3], Beg and Abbas [4, 5], Chang, Kim and Jin [6], Ciric [7],
Shimizu and Takahashi [8], Tian [9], Ding [10], and many others studied fixed
point theorems in convex metric spaces.

There exist many generalizations of the concept of metric spaces in the literature.
In particular, Matthews [1] introduced the notion of a partial metric space as a
part of the study of denotational semantics of dataflow networks, showing that
the Banach contraction mapping theorem can be generalized to the partial metric
context for applications in program verification.

After that, fixed point results in partial metric spaces were studied by many
other authors. Refs. [11,12] are some works in this line of research. The existence
of several connections between partial metrics and topological aspects of domain
theory have been pointed out in, e.g., [13–18].

The purpose of this paper is to study the existence of a fixed point for self-
mappings defined on a nonempty closed convex subset of a convex complete partial
metric space that satisfies certain conditions, and knowing that ”the partial metric
space is a generalization of a metric space” from [13], our result improves and

Key words and phrases. Partial metric spaces; convex metric spaces; fixed point theorems.

96



FIXED POINT IN CONVEX PARTIAL METRIC SPACE 97

extends M. Moosaei result in [19] from a convex complete metric space to a convex
complete partial metric space.

2. Preliminaries

Definition 2.1. Let X be a nonempty set and let p: X ×X → R+ satisfy
(A1) 0 ≤ p (x, x) ≤ p (x, y) (nonnegativity and small self-distances),
(A2) x = y ⇐⇒ p (x, x) = p (y, y) = p (x, y) (indistancy implies equality),
(A3) p (x, y) = p (y, x) (symmetry), and
(A4) p (x, y) ≤ p (x, z) + p (y, z)− p (z, z) (triangularity).
for all x,y and z ∈ X. then tha pair (X, p) is called a partial matric space and p

is called a partial metric on X.

Remark 2.1. It is clear that, if p(x, y) = 0, then from (A1) and (A2), x = y. But
if x = y, p(x, y) may not be 0.

Each partial metric p on X generates a T0 topology τp on X which has as a base
the family of open p-balls
{Bp(x, ε), x ∈ X, ε > 0}, where Bp(x, ε) = {y ∈ X : p(x, y) < p(x, x) +Bp(x, ε)}

for all x ∈ X and ε > 0.
For a partial metric p on X, the function dp : X ×X → R+ defined as

dp (x, y) = 2p (x, y)− p (x, x)− p (y, y)

satisfies the conditions of a metric on X; therefore it is a (usual) metric on X.

Example 2.1. Let max(a, b) be the maximum of any two nonnegative real numbers
a and b; then max is a partial metric over R+ = [0,∞).

Example 2.2. If X := {[a, b] / a, b ∈ R, a ≤ b} then

p ([a, b] , [c, d]) = max {b, d} −min {a, c}

defines a partial metric p on X.

Example 2.3. If (X, d) is a metric space and c ≥ 0 is arbitrary, then

p(x, y) = d(x, y) + c

defines a partial metric on X and the corresponding metric is dp(x, y) = 2d(x, y).

Definition 2.2. Let (X, p) be a partial metric space and {xn} be a sequence in
X. Then

(i) {xn} converges to a point x ∈ X if and only if p(x, x) = limn→+∞p(x, xn),
(ii) {xn} is called a Cauchy sequence if there exists (and is finite) limn,m→+∞p(xn, xm).

Definition 2.3. A partial metric space (X, p) is said to be complete if every Cauchy
sequence {xn} in X converges, with respect to τp, to a point x ∈ X, such that
p(x, x) = limn,m→+∞p(xn, xm).

Remark 2.2. It is easy to see that every closed subset of a complete partial metric
space is complete.



98 OUSSAEIF TAKI-EDDINE AND ABDELKRIM ALIOUCHE

Theorem 2.1. [1]. Let f be a mapping of a complete partial metric space (X, p) into
itself such that there is a real number c with 0 ≤ c < 1, satisfying for all x, y ∈ X:

p(fx, fy) < cp(x, y).

Then f has a unique fixed point.

Definition 2.4. Let (X, p) be a partial metric space and I = [0, 1]. A mapping
W : X ×X × I → X is said to be a convex structure on X if for each

(x, y, λ) ∈ X ×X × I and u ∈ X,

p(u,W (x, y, λ)) ≤ λp(u, x) + (1− λ)p(u, y)

A metric space (X, p) together with a convex structure W is called a convex partial
metric space, which is denoted by (X, p,W ).

Example 2.4. Let (X, |.|) is a metric space, then

p (x, y) =
|x− y|+ x+ y

2

defines a partial metric p on X and it can shown that (X, p) is a convex partial
metric space.

Definition 2.5. Let (X, p,W ) be a convex partial metric space. A nonempty
subset C of X is said to be convex if W (x, y, λ) ∈ C whenever (x, y, λ) ∈ C×C×I.

Definition 2.6. Let f : X → X. A point x ∈ X is called a fixed point of f if
f(x) = x.

F(f), C(f, g), and F(f, g) denote the set of all fixed points of f, coincidence points
of the pair (f, g), and common fixed points of the pair (f, g), respectively.

Theorem 2.2. [19] . Let C be a nonempty closed convex subset of a convex complete
metric space (X, d,W ) and f be a self-mapping of C. If there exist a, b, c, k such
that

2b− |c| ≤ k < 2(a+ b+ c)− |c|,

ad(x, f(x)) + bd(y, f(y)) + cd(f(x), f(y)) ≤ kd(x, y)

for all x, y ∈ C, then f has at least one fixed point.

3. Main result

The following theorem improves and extends Theorem 3.2 in [19].

Theorem 3.1. Let C be a nonempty closed convex subset of a convex complete
partial metric space (X, p,W ) and f be a self-mapping of C. If there exist k
such that

0 ≤ k < 1

4
,

(3.1) p(x, f(y)) + p(f(x), f(y)) ≤ kp(y, f(x))

for all x, y ∈ C, then f has at least one fixed point.
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Proof. From definition 4 and by using (A1) and (A3) ,we have

p(x,W (x, y,
1

2
)) ≤ 1

2
p(x, x) +

1

2
p(x, y),(3.2)

p(y,W (x, y,
1

2
)) ≤ 1

2
p(y, y) +

1

2
p(x, y).(3.3)

so, we find

(3.4) p(x,W (x, y,
1

2
)) + p(y,W (x, y,

1

2
)) ≤ 2p(x, y).

Suppose x0 ∈ C is arbitrary. We define a sequence {xn}∞n=1 in the following way:

(3.5) xn = W (xn−1, f(xn−1,
1

2
), n = 1, ...

As C is convex, xn ∈ C for all n ∈ N. From (3.5) and (3.6) , we have

(3.6) p(xn, xn+1) + p(xn+1, f (xn)) ≤ 2p(xn, f (xn)).

By using (A4) and (A1) ,we have

p (xn, f (xn)) ≤ p (xn, f (xn−1)) + p (f (xn) , f (xn−1))− p (f (xn−1) , f (xn−1))

≤ p (xn, f (xn−1)) + p (f (xn) , f (xn−1))

then, we get

(3.7) 2p (xn, f (xn))− 2p (xn, f (xn−1)) ≤ 2p (f (xn) , f (xn−1)) ,

from (3.7) and (3.8) , we obtain

(3.8) p(xn, xn+1) + p(xn+1, f (xn))− 2p (xn, f (xn−1)) ≤ 2p (f (xn) , f (xn−1)) .

For all n ∈ N. Now by substituting x with xn and y with xn−1 in (3.2) , we get

p(xn, f(xn−1)) + p(f(xn), f(xn−1) ≤ kp(xn−1, f(xn)),

for all n ∈ N. Therefore, from (3.9) , it follows that

(3.9) p(xn, xn+1) + p(xn+1, f (xn)) ≤ 2kp(xn−1, f(xn)),

from (A4) and (A1) , we have

p(xn−1, f(xn) ≤ p(xn, f(xn)) + p(xn−1, xn),

by this inequality and (3.10) , we get

p(xn, f (xn)) ≤ p(xn, xn+1) + p(xn+1, f (xn)) ≤ 2kp(xn, f(xn)) + 2kp(xn−1, xn),

so, we obtain

(3.10) (1− 2k) p(xn, f (xn)) ≤ 2kp(xn−1, xn).

Now, from (3.3) and (3.6) , we have

p(xn, f (xn)) ≥ 2p(xn, xn+1)− p(xn, xn)

for all n ∈ N. from (3.11) , it follows that

(2− 4k) p(xn, xn+1) ≤ 2kp(xn−1, xn) + (1− 2k) p(xn, xn)

by using (A1) , we obtain

(3.11) p(xn, xn+1) ≤ 1

2− 4k
p(xn−1, xn).
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for all n ∈ N. from (3.11) , 1
2−4k ∈ [0, 1), and hence, {xn}∞n=1 is a contraction

sequence in C. Therefore, it is a cauchy sequence. Since C is a closed subset of a
complete space, there exists v ∈ C such that limn→+∞xn = v.

Therefore, by using (3.4) and (3.6) , we have

p (xn, f (xn−1)) ≤ 1

2
p (f (xn−1) , f (xn−1)) +

1

2
p (xn−1, f (xn−1)) ,

we put limn→+∞f (xn−1) = α, letting n → +∞ in the above inequality, it
follows that

(3.12) p (v, α) ≤ 1

2
p (α, α) +

1

2
p (v, α) =⇒ p (v, α) ≤ p (α, α)

and from (A1) , we have

(3.13) p (α, α) ≤ p (v, α) .

Then from (3.13) and (3.14) , we obtain (v, α) = p (α, α) , so limn→+∞f (xn) = v.
Now by substituting x with v and y with xn in (3.2) , we obtain

p(v, f(xn)) + p(f(v), f(xn) ≤ kp(xn, f(v))

for all n ∈ N. Letting n→ +∞ in the above inequality, it follows that

p(v, v) + (1− k) p(v, f (v)) ≤ 0.

Since (1− k) is positive from (3.1) and from (A2), we get

p(v, v) = p(v, f (v)) = 0,

then from (A2), this implies f (v) = v, and the proof of the theorem is complete. �

Corollary 3.1. From theorem 3, we deduce that for all x, y ∈ C, then F(f) is a
nonempty set.

Corollary 3.2. Let (X, d,W) be a convex complete partial metric space and C be
a nonempty subset of X. Suppose that f, g are self-mappings of C, and there exist
a, b, c, k such that

(3.14) 0 ≤ k < 1

4
,

(3.15) p(g (x) , f(y)) + p(f(x), f(y)) ≤ kp(g (y) , f(x))

for all x, y ∈ C. If g has the property

g(W (x, y, λ)) = W (g(x), g(y), λ) for each x, y ∈ C and λ ∈ I = [0, 1].

and F(g) is a nonempty closed subset of C, then F(f,g) is nonempty.
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