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SIMILAR RULED SURFACES WITH VARIABLE
TRANSFORMATIONS IN THE EUCLIDEAN 3-SPACE E3

MEHMET ONDER

ABSTRACT. In this study, we define a family of ruled surfaces in the Euclidean
3-space E3 and called similar ruled surfaces. We obtain some properties of
these special surfaces and we show that developable ruled surfaces form a
family of similar ruled surfaces if and only if the striction curves of the surfaces
are similar curves with variable transformation.

1. INTRODUCTION

In local differential geometry, associated curves, the curves for which at the
corresponding points of the curves one of the Frenet vectors of a curve coincides
with one of the Frenet vectors of other curve, are very interesting and an impor-
tant problem of the fundamental theory and the characterizations of space curves.
The well-known pairs of such curves are Bertrand curves, Mannheim curves and
involute-evolute curves [4,9,10]. Recently, a new definition of the associated curves
was given by El-Sabbagh and Ali [1]. They have called these new curves as similar
curves with variable transformation and defined as follows: Let 94 (sq) and ¥5(sg)
be two regular curves in E® parametrized by arc lengths s, and sg with curvatures

Ko, kg and torsions 7., 7g and Frenet frames {fa, Na,éa} and {fg, ]\75, gg}, re-

spectively. 1, (so) and ¥g(sg) are called similar curves with variable transformation
Aj if there exists a variable transformation

a = /Ag(sB)dS,g,

of the arc lengths such that the tangent vectors are the same for two curves i.e.,
Ta = T,B for all corresponding values of parameters under the transformation )\0‘
All curves satisfying this condition is called a family of similar curves. Moreover
they have obtained some properties of the family of similar curves.

Analogue to the special curve pairs, the surface pairs, especially ruled surface
pairs (called offset surfaces), have an important positions and applications in the
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study of design problems in spatial mechanisms and physics, kinematics and com-
puter aided design (CAD) [6,7]. So, these surfaces are one of the most important
topics of surface theory. In fact, ruled surface offsets are the generalization of the
notion of Bertrand curves and Mannheim curves to line geometry and these surface
pairs are called Bertrand offsets and Mannheim offsets [3,5,8]. In this work, we
consider the notion of similar curves for ruled surfaces. We introduce a family of
ruled surfaces in the Euclidean 3-space E3 and called similar ruled surfaces with
variable transformation. We give some theorems characterizing these special sur-
faces and we show that developable ruled surfaces form a family of similar ruled
surfaces if and only if the striction curves of the surfaces are similar curves with
variable transformation.

2. RULED SURFACES IN E?

In this section, we give a brief summary of the theory of ruled surface in E3. A
more detailed information can be obtained in ref. [2].

Let I be an open interval in the real line IR, f: f(u) be a curve in E? defined
on I and ¢ = ¢(u) be a unit direction vector of an oriented line in E3. Then we
have the following parametrization for a ruled surface IV,

(2.1) (u,v) = f(u) + vqlu).

The curve f = f (u) is called base curve or generating curve of the surface and
various positions of the generating lines ¢ = ¢(u) are called rulings. In particular,
if the direction of ¢ is constant, then the ruled surface is said to be cylindrical, and
non-cylindrical otherwise.

The distribution parameter of N is given by

f4.d
(2.2) d= <;; ,
117(]>
where f = 3—5, (j’ = Z—Z. If f;(j',q“ = 0, then normal vectors are collinear at

all points of same ruling and at nonsingular points of the surface N, the tangent
planes are identical. We then say that tangent plane contacts the surface along

a ruling. Such a ruling is called a torsal ruling. If ‘ﬁtj’,q" # 0, then the tangent
planes of the surface N are distinct at all points of same ruling which is called
nontorsal.

Definition 2.1. (]2]) A ruled surface whose all rulings are torsal is called a devel-
opable ruled surface. The remaining ruled surfaces are called skew ruled surfaces.
From (2.2) it is clear that a ruled surface is developable if and only if at all its
points the distribution parameter is zero.

For the unit normal vector m of a ruled surface N we have

Py X 7 (f+vd) x 7

Fux ol [0 . & . BTl
<f+vq, +vq>—<f7q>

(2.3) M =
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The unit normal of the surface along a ruling u = w; approaches a limiting
direction as v infinitely decreases. This direction is called the asymptotic normal
(central tangent) direction and from (2.3) defined by

L _axq
a= lim m(u,v) = ——.
v—Eo0
]

The point at which the unit normal of N is perpendicular to @ is called the
striction point (or central point) C' and the set of striction points on all rulings
is called striction curve of the surface. The parametrization of the striction curve
¢ = ¢(u) on a ruled surface is given by

(2.4) &) = flu) +vog(u) = f - iq:’{;(ﬁ

(i)

where vg = — 6z is called strictional distance.

The vector h defined by h =@ x {is called central normal which is the surface
normal along the striction curve. Then the orthonormal system {C’; q",l_i, c‘i} is

called Frenet frame of the ruled surface N where C' is the central point of ruling of
ruled surface N and ¢, h=ax @, @ are unit vectors of ruling, central normal and
central tangent, respectively.

For the derivatives of the vectors of Frenet frame {C; q, fz, d’} of ruled surface

N with respect to the arc length s of striction curve we have

dq/ds 0 k0 q
(2.5) dhj/ds | = | —k1 0 ko h
di/ds 0 —ky 0 a

where k1 = dd%, ko = ‘%3 and s1, s3 are the arc lengths of the spherical curves cir-
cumscribed by the bound vectors ¢ and @, respectively. The ruled surfaces satisfying
k1 # 0, ko = 0 are called conoids (For details see [2]).

Now, we can represent and prove the following theorems which are necessary for

the following section.

Theorem 2.1. Let the striction curve ¢ = &(s) of ruled surface N be unit speed
i.e., s is arc length parameter of &(s) and let &(s) be the base curve of the surface.
Then N is developable if and only if the unit tangent of the striction curve is the
same with the ruling along the curve.

Proof. Let s be arc length parameter of the striction curve. Then the unit tangent
of the striction curve is given by

—

T(s) = % = (cos0)q(s) + (sinB)d(s),

where 6 = 6(s) is the angle between unit vectors T'(s) and (s). Since the striction
curve is base curve, then from (2.2) and (2.5) the distribution parameter of the
surface N is obtained as
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d sin9.
k1
Thus we have that N is developable if and only if sinf = 0, i.e., T(s) = ¢(s)
satisfies. ]

Theorem 2.2. Let the striction curve ¢ = &(s) of ruled surface N be unit speed i.e.,
s is arc length parameter of ¢(s). Suppose that ¢ = &(p) is another parametrization
of striction curve by the parameter p(s) = [ ki(s)ds. Then the ruling q satisfies a
vector differential equation of third order given by

4 (L @7\, (PO (1 G,
(2:6) de (f(w) d<P2) +( f(e) )dw (f2(<p) de )q "
where f(p) = ng:ﬁg

Proof. If we write derivatives given in (2.5) according to ¢, we have

dg _ dg ds L _7
dp  dsdy (s )kl ’
dh  dh ds | - 2
%_E@_(—qu—l—kza)kj——Q‘f’f@P)av
di  dad ds =01 >
s (—k‘gh)a = —f(p)h,

respectively, where f(p) = ngg; Then corresponding matrix form of (2.5) can be

given

dgq/de 0 1 0 q
(2.7) dhjdp | = | -1 0 f(e) h
da/dp 0  —flp) 0 a
From the first and second equations of new Frenet derivatives (2.7) we have
1 d*q
(2.8) &'z(—i—(f).
fle) \dp?
Substituting the above equation in the last equation of (2.7) we have desired
equation (2.6). O

3. SIMILAR RULED SURFACES WITH VARIABLE TRANSFORMATIONS

In this section we introduce the definition and characterizations of similar ruled
surfaces with variable transformation in E3. First, we give the following definition.

Definition 3.1. Let N, and Nz be two ruled surfaces in E? given by the parametriza-
tions

A(sa) +vdalsa),  lGalsa)ll =1,
. F; -

3.1) (sp) +vds(sp), lds(sp)ll =1,
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respectively, where @(s,) and 5(55) are striction curves of N, and Ng and s,, $3
are arc length parameters of @(s,) and 5(85)7 respectively. Let the Frenet frames
and invariants of N, and Ng be {(j’a, Ha,c_ia}, kS, kS and {cj’g,ﬁg,&’@}, k:lﬁ, kg,
respectively. Then, N, and Ng are called similar ruled surfaces with variable trans-
formation A§ if there exists a variable transformation

(3.2) S = /A%(Sﬁ)d%

of the arc lengths of striction curves such that the rulings are the same for two
ruled surfaces i.e.,

(33) (ja(sa) = Jﬁ(sﬁ)v
for all corresponding values of parameters under the transformation Ag. All ruled

surfaces satisfying equation (3.3) are called a family of similar ruled surfaces with
variable transformation.

Then we can give the following theorems characterizing similar ruled surfaces.
Whenever we talk about N, and Ng we mean that these surfaces have the parametriza-
tions as given in (3.1).

Theorem 3.1. Let N, and Ng be two ruled surfaces in E*. Then N, and Ng are
similar ruled surfaces with variable transformation if and only if the central normal
vectors of the surfaces are the same, i.e.,

(3.4) ha(sa) = ha(sp),

under the particular variable transformation

dse K
3.5 Ay =—=-"1
(8:5) P dsg kY
of the arc lengths.

Proof. Let N, and Ng be two similar ruled surfaces in E3 with variable transfor-
mation. Then differentiating (3.3) with respect to sg it follows

(3.6) K¢S ha = ki hg.
From (3.6) we obtain (3.4) and (3.5) immediately.
Conversely, let N, and Ng be two ruled surfaces in E? satisfying (3.4) and (3.5).

By multiplying (3.4) with kz’f and differentiating the result equality with respect to
s3 we have

- - ds
(3.7) [ adasaydss = [ ) 59) G2 s
From (3.4) and (3.5) we obtain

(3.8)  dalsp) = / kY (sp)hs(sp)dss = / K (50)hia(sa)dsa = Galsa),
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which means that N, and Ng are similar ruled surfaces with variable transforma-
tion. O

Theorem 3.2. Let N, and Ng be two ruled surfaces in E3. Then N, and Ng
are similar ruled surfaces with variable transformation if and only if the asymptotic
normal vectors of the surfaces are the same, i.e.,

(3.9) a:a(sa) = 65(5,3)’

under the particular variable transformation

dse Ky

3.10 Ae = 2 2
( ) s d85 k‘g‘,

of the arc lengths.
Proof. Let N, and Ng be two similar ruled surfaces in E® with variable trans-
formation. Then from Definition 3.1 and Theorem 3.1, there exists a variable

transformation of the arc lengths such that the rulings and central normal vectors
are the same. Then from (3.3) and (3.4) we have

(3.11) Go(50) = Ga(5a) X halsa) = @3(55) X hp(s5) = Ga(sp)-
Conversely, let N, and N be two ruled surfaces in E? satisfying (3.9) and (3.10).
By differentiating (3.9) with respect to sz we obtain

@ - dSa T
(3.12) k3 (sa)ha(sa) = = K5 (s5)ha(sp),
B
which gives us
ky - -
(3.13) A5 =150 ha(sa) = ha(sp).
2

Then from (3.9) and (3.13) we have

(3.14) Jo(8a) = ha(sa) X Ga(Sa) = hﬁ(sﬁ) X 55(85) = ‘TB(SB)a
which completes the proof. ([
Theorem 3.3. Let N, and Ng be two ruled surfaces in E3. Then N, and Ng

are similar ruled surfaces with variable transformation if and only if the ratio of
curvatures are the same i.e.,

kg(sﬁ) _ kg(sa)
ky(sg) K9 (sa)’

under the particular variable transformation keeping equal total curvatures, i.e.,

(3.15)

(3.16) o5(55) = / K (s5)dss = / K (50)d50 = alsa)

of the arc lengths.
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Proof. Let N, and Nj be two similar ruled surfaces in E* with variable transforma-
tion. Then from (3.10) and (3.13), we have (3.15) under the variable transformation
(3.16), and this transformation is also leads from (3.10) by integration.

Conversely, let N, and Ng be two ruled surfaces in E? satisfying (3.15) and
(3.16). From Theorem 2.2, the rulings ¢, and ¢ of the surfaces N, and Ng satisfy
the following vector differential equations of third order

4 (1 dqua) <1+f§(%)>d%_( 1 dfa(%)>ﬂ
B0 o (fa(soa) 022 ) P\ ) ) don  \P2(pw) dpa )™

(3.18) d( ! dqﬁ>+<1+fa<m>dqa_< ! dfﬁ<wﬁ>>iﬁ:0,

0,

des \ fs(p) def foles) ) deg  \ f3(vs) dos
[e% B
where fo(pa) = he foles) = 525, Palsa) = [k (sa)dsa, slss) =

fkf(55)dsﬁ. From (3.15) we have fo(va) = fs(ps) under the variable trans-
formation ¢, = ¢g. Thus under the equation (3.15) and transformation (3.16),
the equations (3.17) and (3.18) are the same, i.e., they have the same solutions. It
means that the rulings ¢, and ¢ are the same. Then N, and Ng are two similar
ruled surfaces in E3 with variable transformation. O

Theorem 3.4. Let the ruled surfaces N, and Ng be developable. Then N, and Ng
are similar ruled surfaces with variable transformation if and only if the striction
curves of the surfaces are similar curves with variable transformation.

Proof. Let developable ruled surfaces N, and Ng be two similar ruled surfaces in
E3 with variable transformation. Since the surfaces are developable, from Theorem
2.1 we have

. di -
= Ty (50) = G (50), di = T (s5) = ds(s5).

da

(3.19) e

where Th(sq) and T’:g (sp) are unit tangents of the curves d(s,) and 5(55), respec-
tively. From (3.3) and (3.19) we have

da ., . . . df
(3.20) P Ga(Sa) = qa(sp) = s,

which shows that striction curves @(s,) and 5(35) are similar curves.

Conversely, if the striction curves @(s,) and 3(s3) are similar curves, then there
exists a variable transformation between arc lengths such that

dd = . dg
3.21 — =T (sq) =1, = —.
(3.21) as. (sa) = Tp(sp) d5
Since the ruled surfaces are developable, from Theorem 2.1 we have Ta(sa) =
Jo(sq) and Tg(sg) = @s(sg). Then from (3.21) we have that ¢, (sa) = @3(sg), i.e.,
N, and Npg are similar ruled surfaces with variable transformation.
O
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Let now consider some special cases. From (3.5) and (3.10) we have

(3.22) kY = XSkY, Ky = ASkS,

respectively. From (3.22) it is clear that if N, is a cylindrical surface i.e., k{ = 0,
then under the variable transformation the curvature does not change. So we have
the following corollary.

Corollary 3.1. The family of cylindrical surfaces forms a family of similar ruled
surfaces with variable transformation.

If N, is a conoid surface i.e., k§ = 0, then under the variable transformation the
curvature does not change. So we have the following corollary.

Corollary 3.2. The family of conoid surfaces forms a family of similar ruled
surfaces with variable transformation.
Example 3.1. Let consider the ruled surface Ng given by the parametrization

3(sp,v) = B(sg) + v s(sp)
= (0,0, s3) + v (cossg, sinsg, 0)
which is plotted in Fig. 1. The Frenet vectors of Ng are

gs = (cos sg, sinsg, 0),
hg = (—sinsg, cossg, 0),

and curvatures are obtained as kf =1, kg = 0. A similar ruled surfaces of Ng is
the surface N, given by the parametrization
7o (Sa, V) = @(Sa) + v da(Sa)

= (— sin 57“5, cos 37"5, %) +v (cos 37“2, sin ‘97“2, O)
which is plotted in Fig. 2. The Frenet vectors of N, are

Qo = (cos 5—\/‘3, sin S—\/”i, 0) ,
he = (—sin 87“5, cos 57%, 0),
dq, = (0,0,1),
and curvatures are obtained as k¥ = %7 kS = 0. From Theorem 3.1 we have the
particular variable transformation
dso K}
e i

which means that s, = v/2s3.
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Figure 1. Helicoid surface Ng

Figure 2. Similar surface N, of Ng

4. CONCLUSIONS

A family of ruled surfaces in the Euclidean 3-space E® are defined and called
similar ruled surfaces. Some properties of these special surfaces are obtained and
it is showed that developable ruled surfaces form a family of similar ruled surfaces
if and only if the striction curves of the surfaces are similar curves with variable
transformation. By considering the importance of the offset surfaces we hope this
paper leads new characterizations of ruled surfaces in different spaces.
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