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ON SPECTRAL PROPERTIES FOR A REGULAR
STURM-LIOUVILLE PROBLEM

ERDOGAN SEN, AZAD BAYRAMOV, SERKAN ARACI, AND MEHMET ACIKGOZ

ABSTRACT. In this work we study a discontinuous boundary-value problem
with retarded argument which contains a spectral parameter in the trans-
mission conditions. We firstly prove the existence theorem and then obtain
asymptotic representation of eigenvalues and eigenfunctions.

1. Introduction

The theory of differential equations with retarded arguments is one of the actual
branch of the theory of ordinary differential equations. Particularly, there has been
increasing interest in spectral analysis of boundary value problems. There is quite
substantial literature concerning such problems. Here we mention the results of
[1-19].

In this paper we study the eigenvalues and eigenfunctions of a discontinuous
boundary value problem with retarded argument and spectral parameters in the
transmission conditions. Namely we consider the boundary value problem for the
differential equation

(1.1) y'(x) + q(@)y(z — Alx)) + Ay(z) =0
on [0, k1) U (h1, ha) U (he, 7], with boundary conditions

(1.2) y(0) cosa + ¢'(0) sina = 0,
(1.3) y(m) cos B+ y/(m) sin B = 0,
and transmission conditions

(1.4) y(hy = 0) = VAdy(hy +0) = 0,
(1.5) y'(hy — 0) — VA3Y (h1 + 0) = 0,
(1.6) y(ha — 0) —yy(h2 +0) =0,

2000 Mathematics Subject Classification. 34120, 35R10.
Key words and phrases. Differential equation with retarded argument; transmission conditions;
asymptotics of eigenvalues and eigenfunctions.

63



64 ERDOGAN SEN, AZAD BAYRAMOV, SERKAN ARACI, AND MEHMET ACIKGOZ

(1.7) y'(hy —0) —vy'(ha +0) = 0,

where the real-valued function ¢(x) is continuous in [0, k1) U (h1, ha) U (he, 7] and
has finite limits ¢(hy £ 0) = lim,_p, 10 ¢(x), g(he £0) = lim,_p,+0q(z) the real
valued function A(z) > 0 continuous in [0, k1) U (h1, he) U (he, 7] and has finite
limits A(hy £0) = limy_p, 10 A(x), A(he £0) = limy_p, 10 A(x), z — Ax) > 0, if
x €1[0,h1);x—A(x) > hy, if x € (h1,ha), x — A(x) > he, if © € (he,n]; X is areal
spectral parameter; J,~ are arbitrary real numbers and sin asin 3 # 0.

Let wy(xz,A) be a solution of Equation (1.1) on [0, hq], satisfying the initial
conditions

(1.8) wi (0,\) = sina, w} (0,\) = —cos .

The conditions (1.8) define a unique solution of Equation (1.1) on [0, h1] ([2], p.
12).

After defining the above solution we shall define the solution ws (z, A) of Equation
(1.1) on [hy, ho] by means of the solution wy (z, ) using the initial conditions

(1.9) wy (hy, A) = A3 wy (ha, A), wh(hy, A) = AY367 ] (hy, A).

The conditions (1.9) are defined as a unique solution of Equation (1.1) on [hy, hs] .
After defining the above solution we shall define the solution ws (x, A) of Equation
(1.1) on [hg, 7] by means of the solution ws (2, ) using the initial conditions

(1.10) w3 (ho, A) = v wy (ha, N),  wh(ha, ) = v~ twh(ha, N).

The conditions (1.10) are defined as a unique solution of Equation (1.1) on
[hQ, 7T] .
Consequently, the function w (z, ) is defined on [0, k1) U (h1, ha) U (he, 7] by the
equality
wi(z,A), x€[0,h1),
w(z,A) =1 wax,A), x € (hi,ha),
’LUg(Z‘,/\), T < (h27ﬂ']
is a solution of the Equation (1.1) on [0, hy) U (hy, ha) U (he, | ;which satisfies one
of the.boundary conditions and transmission conditions (1.4)-(1.5).

Lemma 1.1. Let w(z,\) be a solution of Equation (1.1) and A > 0. Then the
following integral equations hold:

oS |
Sin s—

wy(x, \) = sin a cos sx —
xr

(1.11) fl/q(T)sins(:rfT)wl (r—A(r),\)dr (5:\[\,)\>0),

s
0
1 1(h1,A) .
wa(z, \) = w35 (h1,M\)coss (z — hy) + %sms(m — hy)
1 xr
(1.12) —;/q(r)sins(m—T)wg(T—A(T),)\)dT (szxf)\,)\>0),

hy
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1 5 (ha, A
wz(x, A) = —ws (ha, A) cos s (z — ha) + w (h2, ) sin s (z — hg)

v sy

1 xr
(1.13) - ;/Q(T)Sins(l‘—T)’LU3(T—A(7'),>\)dT (s= VA > O) .

ha

Proof. To prove this, it is enough to substitute —swy (1, \)—w/ (7, \), —s?wa (7, \) —
wh (1, \) and —s%ws3 (T, \) — w4 (7, \) instead of —q(7)wy (T — A(T), A), —q(T)wa (T —
A(T),A) and —q(T)ws(t — A(7),A) in the integrals in (1.11), (1.12) and (1.13)
respectively and integrate by parts twice. (Il
Theorem 1.1. The problem (1.1) — (1.7) can have only simple eigenvalues.
Proof. Let X be an eigenvalue of the problem (1.1) — (1.7) and

_ ﬂl(x,g), xz € [0,h),
Yz, A) = §2($75), z € (h1,h2),
ys(z,N), x € (ho, ]
be a corresponding eigenfunction. Then from (1.2) and (1.8) it follows that the
determinant

71(0, ) sin

~ = O7
71(0,0) — cos

W [0, 3),wi (0, 3)] =

and by Theorem 2.2 in [2] the functions ; (z, A) and wy (z, A) are linearly dependent
n [0,h1]. We can also prove that the functions ya(x,\), wa(z, A) are linearly
dependent on [h1, ho] and ys(z, A), ws(x, A) are linearly dependent on [ha, 7] . Hence

(1.14) Ui(r,\) = Kawi(z,))  (i=T1,3)

for some K; # 0, Ky # 0 and K3 # 0. We must show that K1 = Ky = Kj.
Suppose that K 7$ K. From the equalities (1.4) and (1.14), we have

y(hy — \[521 hi +0,2) = g1 (h1, A) \[5212 (h1,\)
= Kywi (hy, \) \f5K2w2 (h1,\)
= \/>5K1U)2 hl, \/>5K2”U.)2 hl,)\)

= \[(S Kl KQ ’wg(hl,)\> =0.
Since ¢ (K1 — K3) # 0 it follows that

(1.15) ws (hl,X) = 0.
By the same procedure from equality (1.5), we can derive that
(1.16) w) (hl,X) —0.

From the fact that ws(z, \) is a solution of the differential Equation (1.1) on [hy, ks
and satisfies the initial conditions (1.15) and (1.16) it follows that wa(z, A) = 0
identically on [hq, ho] (cf. [2, p. 12, Theorem 1.2.1]).

By using this, we may also find

wq (hl,X) = w) (hl,x> =0
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From the latter discussions of ws(z, \) it follows that wy(z, A) = 0 identically on
[0, h1]. But this contradicts (1.8), thus completing the proof. Analogically we can
show that Ky = K3. O

2. AN EXISTENCE THEOREM

The function w(z, A) defined in section 1 is a nontrivial solution of Equation
(1.1) satisfying conditions (1.2) and (1.4)-(1.7). Putting w(z, ) into (1.3), we get
the characteristic equation

(2.1) F(\) = w(m,\)cos 3+ w'(m, \) sin 8 = 0.
By Theorem 1.1, the set of eigenvalues of boundary-value problem (1.1)-(1.7)

hl h2
coincides with the set of real roots of Eq. (2.1). Let ¢1 = [ |q(7)|d7, g2 = [ |q(7)|d7
0 ha
and g3 = [ |q(7)| dr.
ha

Lemma 2.1. (1) Let A > 4q%. Then for the solution wy (x,\) of Equation (1.11),
the following inequality holds:

1
(2.2) lwy (z,A)] < ﬁ\/ﬁqu sinfa +cos?a, x€[0,h].
q

(2) Let A > max {4q%, 4q§}. Then for the solution wy (x,A) of Equation (1.12), the
following inequality holds:

2.5198421
vV q70
(3) Let A > max {4q%, 4q3, 4q§}. Then for the solution wy (x, \) of Equation (1.13),
the following inequality holds:

(2.4) s (2, V)] < 10.0793684

- Vaiy
Proof. Let By = maxg,]|wi (z,A)|. Then from (1.11), it follows that, for every
A > 0, the following inequality holds:

\/4q% sina +cos2a, x € [hy,hs).

\/4q% sin? a4 cos?a, € [ha, 7).

2
. cos?a 1
By < {/sina + > + gBl)\QL

If s > 2¢1 we get (2.2). Differentiating (1.11) with respect to x, we have
(2.5)

wi(z,\) = —ssin asin sz — cos a cos sz — /q(T) coss(x—T1)wi(t—A(T),N)dr.
0
From (2.5) and (2.2), it follows that, for s > 2¢;, the following inequality holds:.
!/
wha M| _ 1

(2.6)

\/4qf sin a + cos? a.
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Let Bax = max(, p,) |we (7,A)]. Then from (1.12),(2.2) and (2.6) it follows that,
for s > 2¢g; and s > 2¢s, the following inequalities hold:

2
Bax < 57—
\/4 5
Bay <
23 < \/—5
Hence if A > max {4q%, 4q2} we get (2.3).
Differentiating (1.12) with respect to z, we have

1
\/4q% sin? o 4 cos? o + — Boxqa,
2q2

\/4(]1 sin? a + cos? a

wy(z,\) = *?wl (hi,\)sins (z — hy) + % coss (z — hy)
(2.7) - /q(T) coss(x —T)wa(T — A(T),N)dr.

h1

From (2.7) and (2.3), it follows that, for s > 2¢;, the following inequality holds:.

|wy (, A

: \/
< 4 2
5 \/» q1 sin? a + cos

Let B3y = max{j, - |ws (v, A)[. Then from (1.13), (2.2), (2.3) and (2.8) it follows
that, for s > 2q1, s > 2g9 and s > 2q3, the following inequalities hold:

(2.8)

Bsy) < \/4q sin’ a 4 cos? o + ———o \/4q sin a+cosza+—B>\q,
3 \/75 1 \/7(5 1 3 3
/910
B3y < —= \/4qfsin2a+0032a
v a0y
Hence if A > max {447, 4¢3, 4¢3 } we get (2.4). O

Theorem 2.1. The problem (1.1)-(1.7) has an infinite set of positive eigenvalues.

Proof. Differentiating (1.9) with respect tox, we get

wy(z,\) = —%wz (ho,\)sins (z — hy) + w (h2, ) cos s (z — ha)
(2.9) - /q('r) coss (x — T)ws(T — A (1), N)dr.
ha

From (1.11), (1.12), (1.13), (2.1), (2.5), (2.7) and (2.9), we get

h1
% ﬁ sin acos shy — O Gin shy — %/Q(T) sin s(hy — 7)w1 (7 — A(7), \)dr
0
x cos s (ha — hy)
hy
1

ssin asin shy + cos a.cos shy + /q(T) cos s(hy — T)wi (T — A(7), A)dr
0

 5/35
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ho
x sins(hy — hy) — 1 /q(T) sin s(hg — T)wa (T — A(T), )\)dT} cos s (m— ha)+
s

hy

1] s i

s ) cosa .
- {—5 (smacos shi— S sin shl—g/q(T) sin s(hy — 7)wq (7 — A(T),)\)dT)
0

X sin s (hg — hl)

h1
1
- 75 (3 sin asin sh1+ cos o cos shﬁ—/q(r) coss(hy — T)wi (T — A(7), )\)dT)
s
0

ha
x coss (hy —hy) — /q(T) cos s(hy — T)wa (T — A(T), /\)dT} sin s (m — ha)

h1

™

_é / q(t)sins (m — 1) ws(r — A(7), )\)dT] cos B+
ha

Y
0

x cos s (hg — hq)

h1
1 1
[_S {2/36 (sinacos shy — coza sin shy — 5 /q(T) sins(hy — 7)wy (7 — A(T),)\)dT)
s

hy
1
~ =75 (s sin asin shy + cos a.cos shy + /q(T) cos s(hy — T)wy (1 — A(7), /\)d7>
s

0
7
xsins (hy —hy) — — /q(T) sin s(he — T)wa (T — A(T), )\)dT} sins (m — ha) +
s
h1
1/3 m
1 1
5 {—85 (sinacos shl—coja sin shl—; /q(T)sin s(hy — T)wy (T — A(T),)\)dr)
0

X sin s (hg — hl)

h1
1
- 75 (5 sin «vsin shy+ cos a cos shy+ / q(7) cos s(hy — T)wy (T — A(7), )\)dT)
s

ha '
X cos s (hy —hy) — /q(T) cos s(hy — T)wa (T — A(T), /\)dr} cos s (m — ha)
h1
(2.10) - / q(t)cos s (m— m)ws(r — A7), )\)dT] sin 3 = 0.

ha
Let A be sufficiently large. Then, by (2.2)-(2.4), Equation (2.10) may be rewritten
in the form

(2.11) Vssinsm+ O(1) = 0.
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Obviously, for large s Equation (2.11) has an infinite set of roots. Thus the theorem
is proved. O

3. ASYMPTOTIC FORMULAS FOR EIGENVALUES AND EIGENFUNCTIONS

Now we begin to study asymptotic properties of eigenvalues and eigenfunctions.
In the following we shall assume thatsis sufficiently large. From (1.11) and (2.2),
we get

(3.1) wi(xz,A) =0(1) on [0,h].
From (1.12) and (2.3), we get

(3.2) wa(x,A) =0(1) on [h,hs].
From (1.13) and (2.4), we get

(3.3) ws(z,\) =0(1) on [hg,n].

The existence and continuity of the derivatives wj,(z, ) for 0 < z < hy, |A| < oo,
whe(x, ) for by < @ < ha, || < 0o and wi,(x, A) for he < z < 7, |A| < oo follows
from Theorem 1.4.1 in [2].

(3.4) wi(x,A) =0(1), z€l0,hq],
(3.5) wy(z,\) = O(1), € [hy, hal,
(3.6) whe(z,\) = O0(1), x € [h,n]
hold.

Proof. By differentiating (1.13) with respect to s, we get, by (3.3)
(3.7)

wh(z,\) = —éoq(T) cos s(z — T)wh, (T — A(T),A) +0(z, N), (|6(x,\)| < b)).

Let Dy = max(, » [ws,(z,\)|. Then the existance of Dy follows from continuity
of derivation for = € [ha, 7). From (3.7)

1
D, < EQSD)\ + 6p.

Now let s > 2g3. Then D) < 26y and the validity of the asymptotic formula (3.6)
follows. Formulas (3.4) and (3.5) may be proved analogically. O

Theorem 3.1. Let n be a natural number. For each sufficiently large n there is

ezactly one eigenvalue of the problem (1.1)-(1.7) near n?.

Proof. We consider the expression which is denoted by O(1) in Equation (2.11):

5'7 7SiH(OL — ﬂ) cos n W g

sin o sin 3 $2/35 ST 5735~ insm
1™ [cosf . sin 3

570 [55/351“8(”‘7) + SszOSS(W—T)} g(r)w (1 — A(r), N dr
172 [cosf . sin 3

3 [ et =)+ G coss =) a8 (1) N

+7, [Cojﬂ sin s(m — 7) + sin B cos s (7 — 7)] ¢ (P ws (r— A (7)) dT} .
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If formulas (3.1)-(3.6) are taken into consideration, it can be shown by differen-
tiation with respect to s that for large s this expression has bounded derivative. It
is obvious that for large s the roots of Equation (2.11) are situated close to entire
numbers. We shall show that, for large n, only one root (2.11) lies near to each
n. We consider the function ¢(s) = /ssin st + O(1). Its derivative, which has the
form ¢'(s) = 3} sin sm + /smcosm + O(1), does not vanish for s close to n for
sufficiently large n. Thus our assertion follows by Rolle’s Theorem. O

Let n be sufficiently large. In what follows we shall denote by)\, = s2 the
eigenvalue of the problem (1.1)-(1.7) situated near n?. We set s, = n + . From
(2.11) it follows that &, = O (7).

Consequently

(3.9) —n+0< 11/3)

Formula (3.8) make it possible to obtain asymptotic expressions for eigenfunction
of the problem (1.1)-(1.7). From (1.11), (2.5) and (3.1), we get

1
(3.9) wi(x,\) = sinacos sz + O (s) ,
(3.10) wi(x,\) = —ssinasinsxz + O (1).

From (1.12), 2.6), (3.2), (3.9) and (3.10), we get
sin 1
(3.11) wa(z, \) = 2735 cossx+0<8)
1/8 &

(3.12) why(z, \) = 7% sinsz 4+ O (1).

From (1.13), (2.7), (3.3), (3.11) and (3.12), we get

wz(z,A) = % cosshs cos s (x — hg) — % sinshg sin s (x — hg) + O (i) )
(3.13)
sin 1
ws(z, \) = 2757 cossz+0(s>

By substituting (3.8) into (3.9), (3.11) and (3.12), we find that

. 1
U1y, = w1 (T, Ay) = sinacosnz + O (nl/d> ,

sin 1
Ugp = W (T, Ap) = Sn2/8 cosnx + O (n> ,

sin o 1
U3zn = W3 (f,)\n) = WCOS'RI‘ + o (n> .

Hence the eigenfunctions u, (z) have the following asymptotic representation:
smacosnx—l—O( —=), x€e0,h),
Up(x) = ;:;% cosnx + O (l) , x € (hy,ha),
6?22‘;3 cosnz + O (l) ,  x € (hg,m].
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Under some additional conditions the more exact asymptotic formulas which
depend upon the retardation may be obtained. Let us assume that the following

conditions are fulfilled:

a) The derivatives ¢'(z) and A”(x) exist and are bounded in [0, 1) U (h1, ho) U
(ha2, 7] and have finite limits ¢’ (h;£0) = li}{njEO ¢ (z) and A”(h;£0) = lim A"(x)

(i = 1,2), respectively.
b) A’(z) < 1in [0, h1)U(h1, he)U(he, 7], A(0) = 0 and li’£I_1+OA(x) =0(i=
By using b), we have

(3.14) A(z) 20, €[0,h1),

(3.15) A(z) = hy,x € (hy, ho),

(3.16) A(z) > hi,x € (he, 7).

From Equations (3.9), (3.11) and (3.13)-(3.16) we have
(3.17) wy (T —A(7), ) :SiHOéCOSS(T—A(T))—I—O(i) )
(3.18) ws <T—A(T),A)=%COSS(T—A(T)HO(D,
sin o 1

(3.19) ws (1 —A(1),\) = mcoss (r—A(r)+0 (s> .

Putting these expressions into Equation (2.10), we have

/ . _ . K
_ S;j sin avsin 3sin s + 7811273 &yﬂ) COs §T — 431220/436(;:5
X {cos sy g (2T) [cos SA(T) + cos s (21 — A(7))] dr
(3.20) +sin sm() q(2 7) [sin sA(7) +sin s (27 — A(7))] dT} +0 (;/3) =0.
Let
Az, s,A(r)) = L [ q(r)sin (sA(r)) dr,
(3.21) 0
B(z,s,A(1)) = %fq(T) cos (sA(T)) dr.
0

It is obvious that these functions are bounded for 0 <z < 7,0 < s < +00.
Under the conditions a) and b) the following formulas

(3.22) j9(7> cos s(27—A(7))dr = O (i) : ]q(r) sins(27—A(7))dr = O (i)
0 0

can be proved by the same technique in Lemma 3.3 in [2]. From Equations (3.20),

(3.21) and(3.22),we have

sin st [ssinasin 8+ A (7,8, A (7)) sinasin §] —

cos s [sinavcos B — cosasinf — B (m,s,A (7)) sinasin 5] + O (1> = 0.
s
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Hence
1 1
tan sm = 5 [cot B — cot v — B (m,8,A(7))] + O (32) .

Again if we take s, = n + §,, then

tan (n + 0,) ™ = tan§,m = 1 [cot B8 — cota — B (m,n, A (7)) + O <12) .
n n
Hence for large n,
1 1
dp = — [cot B — cota — B (m,n, A (7)) + O (2)
n

nm

and finally

1 1
(3.23) snnJr[cotﬂcotaB(ﬂ,n,A(T))]+O(2) .
nm n
Thus, we have proven the following theorem.
Theorem 3.2. If conditions a) and b) are satisfied then, the positive eigenvalues

An = s2 of the problem (1.1)-(1.7) have the asymptotic representation of (3.23)
forn — oo.

We now may obtain a more exact asymptotic formula for the eigenfunctions.
From Equations (1.11), (3.17), (3.21) and (3.22)

wy(z,\) =sinacossz [1 + A(z,)s,) A(T)

S

sin sx

(3.24) - cosa +sinaB (z,) s, ) A(T) + O ( ! )

52
Replacing s by s, and using Equation (3.23), we have

uin(z) = wi(z, \y) = sina {cosnx [1 + ‘W}

(3.25)

sinnx

[(cot B —cota — B (m,n,A(7)))x + (Cota+B(x,n,A(7')))7r]}+O <12> .

From (2.5), (3.18), (3.21), (3.22) and (3.24), we have
AW&A(TD}

sin ov 1
way (2, ) = 2735 CO8 5% + S
sin sz

(3.26) ~ —755

(cosa+sinaB (2,5, A1) + 0 5 ).

Now, replacing s by s,, and using Equation (3.23), we have

sin a 1 A(z,n,A (1)) sin nx
2738 cosnx |1+ " T 5B

Uop () =

X [(cotﬁ—cota—B(W,n,A(T)))x—i—(cota—i—B(m,n,A(T)))w]}—l—O( ! )

n2
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From (2.9), (3.19), (3.21), (3.22) and (3.26), we have

sin A(x, s, A(T
w3 (Jf, A) = m COS ST |:1 + (S()):|
sin sz . 1
sy (cosa +sinaB (z,s,A(T))) + O (52> ,

Now, replacing s by s,, and using Equation (3.23)

sin v 1 A(z,n,A(T)) sin nx
P2 S R RC

usp () =

1
X [(cot B —cota — B (m,n, A(7))) z + (cota+ B (z,n,A(1))) 7]} + O (712) .
Thus, we have proven the following theorem.

Theorem 3.3. If conditions a) and b) are satisfied then, the eigenfunctions u, (x)
of the problem (1.1)-(1.7) have the following asymptotic representation for n — 0o:

uln(:v), S [0, hl) y
un(z) = ¢ ugn(z), € (h1,ha),
usn(x), x € (he, ],

where w1y (), uon(x) and us,(x) are defined as in (3.12) and (3.14) respectively.
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