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WEIGHTED OSTROWSKI AND CEBYSEV TYPE
INEQUALITIES WITH APPLICATIONS

S. HUSSAIN! AND M.W. ALOMARI?

ABSTRACT. Weighted Ostrowski and Cebysev type inequalities on time scales
for single and double integrals have been derived which unify the corresponding
continuous and discrete versions and some applications for quantum calculus
are also given.

1. INTRODUCTION

In 1937, Ostrowski gave a useful formula to estimate the absolute value of deriva-
tion of a differentiable function by its integral mean, the so called Ostrowski’s in-
equality [11]

< sup |f'(t)|(b—a)

a<t<b

b
(1) Pm—bia/f@ds

1=
4 (b—a)? |’
by means of the Montgomery’s identity [9, p.565].

In 1980, Pecari¢ [13] gave the weighted generalization of the Montgomery identity
as:

b b
(12) f@) = [ wle) £0) dt+ [ Quist) £'0) at
where the weighted Peano kernel @, is defined by:

W (t), t € [a,z]
Qu(z,t) =
W) -1, te(x,b],

with W (t) = f; w(zx) dz for t € [a,b].
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K. Boukerrioua et. al [2], further generalized (1.2), while on the other hand
in 1882, P. L. Cebysev [5] proved the following inequality, the so called Cebysev
inequality, for two absolutely continuous functions f, g : [a,b] — R

b—
(1.3) 7 < C= P lcgony 1 oo

where

0= [ s an- (1 [ an) (51 [ oo )

During the past few years, many researchers have given considerable attention
to the inequalities (1.1) and (1.3) and various generalizations, extensions, variants
of these have appeared in literature [3, 4, 6, 7, 12, 14, 15, 16, 17, 18], and the
references therein. The main aim of this paper is to prove some new results in
general time scales, generalizing some results in literature, which unify discrete,
continuous and many other cases. As a consequence some new Ostrowski and
Cebysev type inequalities have been proved with some new applications. In the
whole paper T;, 1 <14 < 2, is considered as a time scale.

2. OSTROWSKI TYPE INEQUALITIES FOR SINGLE INTEGRAL
We may begin with the following lemma:
Lemma 2.1. Let a,b € Ty; ¢,d € RL U{0} and let f : [a,b] — R be a differentiable
function. If f2 is an integrable on [a,b] and w : [a,b] — R is a weight function

such that f; w(t) At =d. Let ¢ : [c,d] — R be a continuously differentiable function
such that $(0) = 0 and ¢(d) # 0, then

e @)= [ wem O rwars [ Ko
‘ () Ja o) Jo
where, K, ¢ is the generalized weighted Peano kernel defined by:
p(W (1)), t € [a, 2]
Kw@(l',t) =

( (1) —¢(d), te(xb],
with W : [a,b] — [c,d] defined by W (t ftw(gc Az fort € [a,b].

a

Proof. By integration
b T b
/ Kol )f2 ()M = / Koo, £) A (1) AL + / Koo, ) f2 () AL

b
= [Cowerrwacs [o0vo) - s war

/ SV (D) F2 (DAL — S(d)[F () — f()].

b
P(W(0))f(b) = ¢(W(a))f(a) - / (60 W)(®)™ f7 (1) A

+/(x)¢(d) — o(d) f (D),
which is equivalent to (2.1) O
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Remark 2.1. For Ty =R and d = 1, Lemma 2.1 coincides [2, Theorem 2.1]

Corollary 2.1. (Discrete case) Let Ty = Z, a = 0,b =n,c=0,d = m,z = i,t =
k,s =1 and f(x) = x;, then (2.1) reduces to

¢ (i w), 1<k <i
¢ (TiZbw®) —o(m), i+1<k<n,

Corollat_‘y 2.2. (Quantum calculus case) Let T = q?o with ¢ > 1. Suppose a =
qi,b=gq],d=qb for somei < j,i<r;l,r €Ny and g2 > 1, then (2.1) reduces to

I=L F(gh) Mg (X0 w(al)
iy = L § 1 20w

o (@) &= @ = 1)
1 & m o Af(g)
¢ (b) ;Kw’¢ @’ 4) =g

where A is the forward difference operator defined by:

r—1 T r—1
Ad (Zw (Qi‘)> =¢ (Zw ((ﬁ)) — ¢ (Zw (Qi‘)> :
Remark 2.2. By setting ¢(x) = x; d = 1 and W(t) = £=2, Lemma 2.1 reduces to

b—a’
[8, Lemma A].

A generalization of Ostrowski’s inequality on time scale may be considered as
follows:

Theorem 2.1. Let f : [a,b] — R be a differentiable function on (a,b) such that
f2 is bounded on (a,b), that is, fAH:)O'[a p = Sup |fA (t)‘ < oo and ||po W| =
Y te(a,b)

f; |p (W (t))| At. If f2 is integrable on [a,b], then for x € [a,b]

1

b A
e / (6o W) (1] 7 (1) At

< ||fA||oo;[a,b]
~ ()

(2:3) ’f (z) -

¢ o Wi +l¢ (d)] (b — )],
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Proof. By properties of modulus and Lemma 2.1

1 b A o
f(:c)—M/a (6o W) (1) £ () At

b
- |¢(1d) / Ko (1) /2 (1) At

1
<

b
< iy /| e 0l 0] At

(

1 A ’
< @ {tesipb)ﬁ }Va o (W IAt+/ ¢ (W d)| At
fA
H || [ab] V o (W |At+/ \¢(W(t))|At+/ |6 (d)| At

fA
B G P ” [‘”’] [/ 6 (W |At+|¢<>|<b—x>]

HfAHoo;[a b]

= W [lgo W+ l¢(d)] (b—2)],

which is as required. O

Corollary 2.3. (Continuous case) Let Ty = R, then (2.3) becomes

t

w (z) dw) f(t)dt

qS(/abw(t)dt)

(2.4 |f<x>—¢ (fbul)(t)dt> /abw(tm’ (/
<M V” ¢([ltw(x)dm>

For instance, let w (t) = ;= and ¢ (t) =t, we have

dt +

(b—x)] .

b
(2.5) |f<x> S el RACL

b—a
< oot |5+ 0]

Corollary 2.4. (Discrete case) Let Ty =Z, a =0,b=n,c=0,d =m,x = i,t =
k,s =1 and f(x) = x;, then (2.3) reduces to

(2.6)

[qu(z >+|¢< )|(n—i)]1<r{1<ag<llﬁxz-

Theorem 2.2. Let f : [a,b] — R be a differentiable function on (a,b) such that f*
1/q
is integrable on la,b]. If ¢ = % forp>1 and HfAHq‘[a N = (f(f ‘fA (t)‘th) ,
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then for x € [a,b]

(2.7) f(x)—l/b [(po W) ()™ £7 (1) At| < M
¢(d) Ja = e (@)

x [”¢ © W”P;[a,z] + ||¢O WHp;[%b} + M)(d)l (b - x)l/p} :

Proof. By Holder’s inequality and Lemma 2.1

1 b A o
‘f(x)—M/a (6o W) (1] 7 (1) A

b
¢<1d>/ i 00 00
1

K A ()] At

b
§|¢<1d>\ (/ 'KW“'W> (/ 2@ 'At>

/q

( [ 1o o At) "
(/ v ars [low )V’At)l/p
<([wovora)” (/ oW >|pAt>1/p
<([wwors)” (/ o (W |”At+/:|¢<d>|”m>w
<([wovora)” (/ o (W |”At> /p+<[¢><d>w>l/p

=llgo Wllp;[a,x] +loo W”p;[z,b} + ¢ (d)| (b — x)l/p

Combining the above obtained inequalities we get the required result.

Theorem 2.3. Let f,g: [a,b] — R be differentiable functions such that f*,g> are
integrable functions on [a,b]. If ¢, w are as in Lemma 2.1, then
H?(2)
¢*(d)

IS(f,9:0,W)| <

1 F2 Nocitatill 9% Nocstanll @' aeigans
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where

b
(2.8) S(f,9:0, W) = fa)g(x) — —— {f(x)/ (60 W)()% ¢ (1) At

' WD o (1) At 1 ' WD o (1) At
+guql[wo )62 7 (1) +$%5‘A[wo Je)A 7 (1)

b
x L/‘K¢ovv>unﬁg”@»34,

and H(@) = 0 o) (b~ )(1 - @) +1d](b o).
Proof. By Lemma 2.1 for functions f and g

b b
1)/’K¢oﬂduﬂAf”@vu::$%5/“K@¢0uwfﬁuﬂv

(2.9) f(z) - M

et g at— - [ R
1) gle) = 5o [ oW at= S [ Kuglang* 0,

Multiplying equations (2.9) and (2.10) simultaneously and using properties of mod-

ulus:
{/ Kooz, t) f2(t) At}{/ Koy oz, t)g ()At}

2

1S(f,9:0,W)| =

< ¢2( ) te[gb] |fA(t)| trél[aa?é] |gA(t)| [/ |Kw,¢(£€,t)| At

A A
f|@wumwww[/|¢ \m+/ﬁ¢ d)| At

By Mean Value Theorem, there exist n;, & € [c,d] such that
P(W(t)) = ¢'(§)W(t) and (W (1)) — ¢(d) = ¢'(n))(W(t) — d).

1S(f, 950, W)

¢/2a onoa ngca
| H[MH¢L[ﬂ oo /|W|N+/HV\N+M/At

¢l 2 la, fA oojla oosla
_|| I0:a, ¢l( )[ )l 9% llseifay {/ (/ w(z |Ax>At+d|( —w)}

1 o) £ el 9 oo
¢*(d)
This completes the proof of the theorem. O

[l @ llsosfagy (b —a)(1 —a) +|d|(b— )]

Applications of theorem 2.3 to discrete and continuous cases give the following
results.




OSTROWSKI AND CEBYSEV TYPE INEQUALITIES 7

Corollary 2.5. (continuous case) Let Ty = R. In this case delta integral is the
usual Riemann integral from calculus, then

1 b
‘f(w)g(w)—(b(d){f(fﬂ)/a g(t) w(t) ¢’ (Wi(t)) dt+g(z / f@t) w(t)e' (Wit ))dt}

b
[ / £(0) o) dt] [ / olt) w(t) & (Wi (1) dt]

1 f" Noosanill 9" Nocsianll " 115
= >
¢*(d)

;la,b] H2 (x)’

where
(2.11) W () = /u w(l) dl.

Corollary 2.6. (Discrete case) Let Ty =7Z, a = 0,b =n,d = m,x =1, f(z) =
and g(x) = y;, then

L

n k—1 k—1
Ty — 2y yr Ag [ Y w(p) +yzzxk A¢ w(p)
o(m) | = =

=1
1 n k-1 z 1
g [ s B[S (50
1 2
< pET  Jnax | A  Jnax | |Ay;| Lgrlnsagc_l |¢’(i)|}

2
X [n o lw(@)] + |m|(n — Z):| .

Corollary 2.7. (Quantum calculus case) Let Ty = q?" with g1 > 1. Suppose a =
¢,b=ql,c=q5,d=qb for somei < j;i<r;k<l;l,r €Ny and qo > 1, then

7j—1

! 2 9 6 40 ) 1 (657)

‘f(fh )9 (di )—m

xA(b(;th q1>_ - 1 lzg ) A¢<§w(6ﬁ)>1
s M(DU )]

Af(q7) Ag (q7)
qr q1

1
<——— sup
¢% (d4) (1 — 1)2 i<r<j

j—1
X max 1 — ! p
[i<7-<] (Z ql) ql + 43 p;n Q1‘|

G <q5>|r

k<s<l—1

i<r<j—1
2
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3. OSTROWSKI TYPE INEQUALITY FOR DOUBLE INTEGRALS

Lemma 3.1. Let a,b € Ty; ¢,d € Ty and let [ : [a,b] X [¢,d] — R be such

that the partial derivatives afA(f’ts), afA(;’:) nd 2 f(tAs)t exist and are continuous on
[a,b] x [c,d], then
(3.1)

f(x,y)

[ st SIS s [ [t

<[00 W)(s)® af(tA‘f sasaitt [ [ 100 W01 Kool L5 0)

X AgsArt+ / / [(¢°W)(t)]A[(¢°W)(S)]Af(Ul(t)aaz(S))AzsAlt]

Proof. By Lemma 2.1 for partial delta map f(.,y) we have

(3.2) f(z,v) / Ky o(z )Aﬁ

I A

— W)(t t Aqt
5 | MO fe0.am,
for all (z,y) € [a,b] X [c,d]. Also application of the same lemma for the partial delta

map f(o1(t),.) yields:

(33) f(Ul / Kw b y, (A(t) )AZS
o | "6 0 WY F(o1 (1), 7a() Aas
o) Je R
Similarly for the partial delta map ag(t;'), Lemma 2.1 provides:
5f f(t,s)
(3.9 / Kooy, s A T s

1 d A af(ta 02(8))
+ o | o myen DA

From equations (3.2)-(3.4) we obtain (3.1). O

Application of Lemma 3.1 to different time scales gives some new results.

Corollary 3.1. (Continuous case) Let Ty = Ty = R. In this case delta integral is
the Riemann integral from calculus, then

1 b pd 32
@ |/, / Koottty ) Sl vt [ [ st

X 'LU(S)(ZS/ (Wl(s)) 8f d dt +/ / K, 5 y’ )¢/ (Wl(t)) 8féi, S)

[z, y)

ds dt

/ / & (WA()) ¢ (Wi(5)) f(t,5) ds dt}
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Corollary 3.2. (Discrete case) Let Ty = To =Z, a =0,b=n,d =m,x = i,y =
J,t=k,s=1and f(p,q) = xpy,, then

f(Z ‘7 m ZZKUMﬁ i, k w¢(jvl) Axy Ayl +ZZK“’7¢ 1 k?) (l)
k=1 1=1 k=1 1=1
-1 n o m k—1
x Ag w(q)) Arg+ Y Ku (i, )Ad ( w(p)> Ay,

q=1 k=11=1 p=1

n m -1 k—1

F3 )t a0 (3 wto)) a0 (3 w0 |
=1 q=1 p=1

k=1
where, K, ¢ is given by (2.2).

Corollary 3.3. (Quantum calculus case) Let T = q?o and Ty = qQNO with q1 > 1
and ga > 1. Suppose a = i, b= q],c = q5,d = ¢} for some i < j; k <1, then

r=1i s=k

J—11-1
f(q a3) ql [ZZKW 0" 7)) Kus (@5.63) [Arf (a5, a571) — Adf (a7, 3)]
2

—-11-1 —17-1
fd e
PSS K (a0 A0 (zw & ) ’ q2(1q1(_11 ;_1 S5 Ko (68269

r=1t s=k r=1t s=k

r—1 -117-1 r—1
xAg (Zwm@) = ("1 "b +ZZA¢ (Zw @ ) Ad (Zw«ff))

q1q2(q1 r=1t s=k
Fla et
q7q5(q1 — 1)(q2 — 1)

where, Ay is the forward difference operator with respect to first component and Ao
is with respect to second component.

Theorem 3.1. Let the conditions of Lemma 3.1 be satisfied, then

(35) |f / / B¢ o W) F(o1(8), 02(s)) AgsAst
b d
< (My + My + Ms)| / U(t)Aqt / U(s)Ags
b
+ (My + M) ()] (d — )|l ooy / WA | + (M + M) 6(d)|(b — )
d
% 1l ooifet / W(s)Ass| + My (d)(b — 2)(d — y),
for all (z,y) € [a,b] X [c,d], where
o qars)| L |of(ts) - Pr(t,5)
M= szl[t,d] Ags M2 = te(a,b] Aqt and Ms = (t,s)G[szS [e,d] AgsAqt
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and

U(w) = [ ¢ (W(w)+ hu(w) w(w) db.

Proof. By properties of modulus and Lemma 3.1

1 b d A A
|f(x,y)¢2(d) | [ 100 W@ (00 W) fer(e).ma(s) Aasityt
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2 s b d
Kol T Bystitet [ [ Kaolant) (60 W)()2

MAQ st [ [ 1o MO Kualy 9 LG 0

Ass
¢2 {//|Kw¢$(}t|Kw¢ AQ 1t+//|Kw¢$Ut

AAl

X)K¢ow0@nA]éﬁfgﬁ AgAt4i/ / ‘¢ow1
><m@¢@ﬁn‘af)A At}

82
AQSAlt

1
< sup / / Ky o(x,t)| | Kp.o(y,s)| AssAqt
¢2(d){ syelab]x[e.d] | ¢ )| | ¢( )l 2 1

of(t

sup fAtS //|Kw¢xt|’ (poW)(s ‘AgsAlt
te[ b] 1
of(t,

+ sup f(t:5) // ‘ (poW)(t ’|Kw¢ys)|AgsA1t
s€le,d] Ags

—qf(d)[M{/ o) Alt}{/ Kw¢(y»8)|A28}+Mz{/b|Kw¢(x,t)Alt}
AL oo \Ags}%{/ww o] [ i)

< 5@ [M3{/ hot?)
{/
+M2{/ it
+M1{/ it
{/

Aol

sup |w(s |
s€le,d]

)+ h pu(t) w(t))dh

Agt + |p(d)| (b —x)}

s)+h p(s ))dh

Ags +[¢( )I(d—y)}

t)+ h p(t) ))dh

At + o (d)](b —x)}

AQS}
M}

Azs +|¢(d)|(d —y)H

/(b s)+h u(s ))dh

t) + h p(t) ))dh

s)+h p(s ))dh

t)+ h p(t) ))dh

Ast + |p(d)| (b x)}

¢ s) + h u(s) w(s))dh

0

Ags +[p(d)|(d — y)}
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+ M3 < sup |w(¢)
t€la,b]

{/ lw(s I'/¢ s)+h u(s ())dh’AQS}

0+ h ) <>>dh\A1t+¢<d>|(b—m>}

+ M, { sup |w(t) )+ hop(t) wt ))dh‘ Alf}
t€la,b]
{ :1[1pd lw(s) s)+h p(s) w(s ))dh’A25+ |¢(d)|(d—y)}]

1
= 2 [M3{||w||w;[a,b]/a I‘I’(t)lﬁlt+|¢>(d)(b—x)}
d
X {”w”oo;[c,d]/ I‘II(S)IA2S+I¢(d)I(dy)}
b d
MZ{”w”oo;[a,b]/ I\P(t)IA1t+|¢(d)(b—I)} {Ilwloo;[c,d]/ I\P(S)IAzs}
b d
Ml{llwlloo;[a,m/ I‘I’(t)lﬁlt} {”wloo:,[t:,d]/ I‘I’(S)|A28+|¢(d)(d—y)H,

which is equivalent to (3.5). O

The followings are the discrete and continuous cases of the Theorem 3.1.

Corollary 3.4. (continuous case) Let T1 = Ty = R. In this case delta integral is
the Riemann integral from calculus, then

’ / / L(1)¢' (W(s)) f(t,s) ds dt

b d
< (Ml + My + MB)HwHoo;[a,b]”wHoo;[c,d] [/ ¢/(W1(t)) dt‘| [/ ¢,(W1(S)) ds]

b
+ (M1 + Ms)|p(d)|(d = y)l|wllsoifa. [/ ¢ (Wi(t)) dt| + (M2 + Ms)|¢(d)|(b — x)

d
X [Jwl]oosfe.a V ¢'(Wi(s)) ds| + Mz ¢°(d)(b — z)(d - y),

where, W1 (u) is given by (2.11).
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Corollary 3.5. (Discrete case) Let Ty = To = Z, a =0 = ¢,b =n,d = m,z =
Ly=j,t=ks=1and f(p,q) = xp yq, then

-1 k—1
iy — ZZM( w( ) A¢ (Z w(p)) X T Yy

) ioS a=1 =1
S(M1+M2+M3)

n m k—1 -1
s ()] x| max w()] Y Y oA (Z w<p>) Ao (Z w(q)

k—1
+ (M + My)[o{m)|(m — ) | max_ [ Aqs( w<p>) + (Ms + My)|é

m -1
X (n—1) e lw(4)] Z ﬁA(ﬁ (Z w(q)) + M3¢*(m)(n —i)(m — j),

where

M; = max |Ayl|, My = max |Azg| and M35 = max |Azr Ay
1<i<m-1 1<k<n—1 1<i<m=1;1<k<n—1

4. CEBYSEV TYPE INEQUALITIES

Theorem 4.1. Let the conditions of Theorem 2.8 be satisfied, then

A A

where

T(f.9:6,W / S(f,g:6.W) [(60W)(@)]® Az,

b
and G(z) = ||w||oo;[a,b]/ (W ()[Art + [¢(d)[(b — ).

Proof. By Lemma 2.1, the following identities hold for all = € [a, ]

B YR Y R
42 1@ -5 [ (e moP roac= o [ Ko

1 b
@3 gl) - o / (6oW)0)® 5" (DA = oo / Koo, )9 (1) At
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Multiplying both sides of equations (4.2) and (4.3) we get (2.8), then multiplying

by [(¢ o W)(av)]A and integrating over x € [a, ]

b
[ @@ (6o W)@)* 2

that is,

b
T(f, 96, W) = / S(f,g: 6. W) [(6 0 W) (2)]* Az

st l0-me|[retcnos [

~92(d)

By using properties of modulus

IT(f,9:0, W)

2 M Dooant | 9° lloeian /b
- 62(d) a

|| fA ||oo;[a,b]|| gA ||oo;[a,b]

<
- #(d)
b b
< [ 18] ) [nww[a,b] | o) st oo -

N F2 lloostasill 92 Hlossfanll @ llocifa,by

¢*(d) i
[ e

2
Ax

b
(60 W)@ [ JRLET]Y

2

Az

) | wllciuor [ 1O A+ @0 2)| Az

Az.
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Corollary 4.1. (continuous case) Let Ty = R. In this case delta integral is the
Riemann integral from calculus, then

[ 1@ sta) wie) ¢ W) do - S ( [ #e) w@) ¢ (@) da
b , 1 b ,
[ ww s o at) - oo ([ o) wie) V@) o

b
#d) / gt) w(t) ¢ (W(t)) dt

b
x / w(t) ¢'(W(t)) f(t) dt | + 02

x / w(t) ¢'(W () F(t) dt / w(z) ¢ (W(z)) de

7 ool ' lostat | @ oot [*
< Ll L eI Relel) [ (W (a)] G2(a) A

where

b
G(x) = ”w”oo;[a,b]/ 6" (W (2))] dt + |d(d)|(b — ).

Remark 4.1. For Theorems 3.1 and 4.1 the applications for quantum calculus can
also be given.

(1
2]
(3]

(4]
(5]
[6]
7]

(8]

(10]
(11]
(12]

(13]
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