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GENERALIZED RELATIVE ORDER OF FUNCTIONS ANALYTIC IN THE
UNIT DISC

RATAN KUMAR DUTTA

Abstract. In this paper we consider generalized relative order of a function analytic in the unit
disc with respect to an entire function and prove several theorems.

1. Introduction, Definitions and Notation

Let f(z) be analytic in the unit disc U : {z : |z| < 1} and

Tf (r) = T (r, f) =
1
2π

∫ 2π

0

log+|f(reiθ)|dθ

is Nevanlinna characteristic function of f(z). If

T (r, f) = (1− r)−µ for all r in 0 < r0(µ) < r < 1,

then the greatest lower bound of all such numbers µ is called Nevanlinna order [5] ( Juneja and
Kapoor 1985) of f . Thus the Nevanlinna order ρ(f) of f is given by

ρ(f) = limsupr→1
log T (r, f)
−log(1− r)

.

In [1] Banerjee and Dutta introduce the idea of relative order of a function analytic in the unit disc
with respect to an entire function.

Definition 1.1. [1] If f be analytic in U and g be entire, then the relative order of f with respect
to g, denoted by ρg(f) is defined by

ρg(f) = inf{µ > 0 : Tf (r) < Tg

[(
1

1− r

)µ]
for all 0 < r0(µ) < r < 1}.

Note 1.1. When g(z) = exp z, then Definition 1.1 coincides with the definition of Nevanlinna
order of f .
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Notation 1.2. [3] log[0]x = x, exp[0]x = x and for positive integer m, log[m]x = log(log[m−1]x),
exp[m]x = exp(exp[m−1]x).

In [2] Datta and Jerin introduce the idea of generalized relative order.

Definition 1.2. [2] Let Tf (r) = T (r, f) denote the Nevanlinna’s characteristic function of f . The
relative generalized Nevanlinna order ρp

g(f) of an analytic function f in U with respect to another
entire function g are defined in the following way:

ρp
g(f) = limsupr→1

log[p]T−1
g Tf (r)

−log(1− r)
.

Definition 1.3. [1] An entire function g is said to have the property (A), if for any σ > 1, λ > 0
and for all r, 0 < r < 1 sufficiently close to 1[

G

((
1

1− r

)λ
)]2

< G

(((
1

1− r

)λ
)σ)

where G(r) = max|z|=r|g(z)|.

The function g(z) = exp z has the property (A) where as g(z) = z has not.

In this paper we consider the definition of generalized relative order of a function analytic in
the unit disc U with respect to an entire function and obtain the sum and product theorems. Also
we show that the relative order of a function analytic in U with respect to an entire and to the
derivative of the entire are same. We do not explain the standard notations and definitions of the
theory of entire and meromorphic functions as those are available in [4], [5], [6] and [7]. Throughout
we shall assume that f, f1, f2 etc, to be function analytic in U and g, g1, g2 etc, are non constant
entire.

2. Known Lemmas

Lemma 2.1. [1] Let g be an entire function which has the property (A). Then for any positive
integer n and for all σ > 1, λ > 0,[

G

((
1

1− r

)λ
)]n

< G

(((
1

1− r

)λ
)σ)

holds for all r, 0 < r < 1, sufficiently close to 1.

Lemma 2.1 follows from Definition 1.3.

Lemma 2.2. [1] If g is entire then

Tg

(
1

1− r

)
≤ logG

(
1

1− r

)
≤ 3Tg

(
2

1− r

)
for all r, 0 < r < 1, sufficiently close to 1.
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3. Preliminary Theorem

Theorem 3.1. Let f be analytic in U of generalized relative order ρp
g(f) where g is entire. Let

ε > 0 be arbitrary. Then

Tf (r) = O

(
logG

(
exp[p−1]

(
1

1− r

)ρp
g(f)+ε

))
holds for all r, 0 < r < 1, sufficiently close to 1.
Conversely, if for an analytic f in U and entire g having the property (A),

Tf (r) = O

(
logG

(
exp[p−1]

(
1

1− r

)k+ε
))

holds for all r, 0 < r < 1, sufficiently close to 1, and

Tf (r) = O

(
logG

(
exp[p−1]

(
1

1− r

)k−ε
))

does not hold for all r, 0 < r < 1, sufficiently close to 1, then k = ρp
g(f).

Proof. From the definition of generalized relative order, we have

Tf (r) < Tg

(
exp[p−1]

(
1

1− r

)ρp
g(f)+ε

)
for 0 < r0 < r < 1, say

or, Tf (r) < logG

(
exp[p−1]

(
1

1− r

)ρp
g(f)+ε

)
for 0 < r0 < r < 1, by Lemma 2.2.

So, Tf (r) = O

(
logG

(
exp[p−1]

(
1

1− r

)ρp
g(f)+ε

))
.

Conversely, if

Tf (r) = O

(
logG

(
exp[p−1]

(
1

1− r

)k+ε
))

holds for all r, 0 < r < 1, sufficiently close to 1, then

Tf (r) < [α]logG

(
exp[p−1]

(
1

1− r

)k+ε
)

, α > 1

=
1
3
log

[
G

(
exp[p−1]

(
1

1− r

)k+ε
)][3α]

≤ 1
3
logG

((
exp[p−1]

(
1

1− r

)k+ε
)σ)

by Lemma 2.1, for any σ > 1

≤ Tg

(
2

(
exp[p−1]

(
1

1− r

)k+ε
)σ)

, by Lemma 2.2.
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∴ logT−1
g Tf (r) ≤ log 2 + log

(
exp[p−1]

(
1

1− r

)k+ε
)σ

≤ σ exp[p−2]

(
1

1− r

)k+ε

+ O(1).

∴ log[2]T−1
g Tf (r) ≤ exp[p−3]

(
1

1− r

)k+ε

+ O(1).

So

limsupr→1−
log[p]T−1

g Tf (r)
−log(1− r)

≤ k + ε.

Since ε > 0 is arbitrary, we have

(3.1) limsupr→1−
log[p]T−1

g Tf (r)
−log(1− r)

≤ k.

Again there exists a sequence {rn} of values of r tending to 1− for which

Tf (r) ≥ logG

(
exp[p−1]

(
1

1− r

)k−ε
)

≥ Tg

(
exp[p−1]

(
1

1− r

)k−ε
)

, by Lemma 2.2

and so

(3.2)
log[p]T−1

g Tf (r)
−log(1− r)

≥ k − ε

for r = rn → 1−.
Since ε > 0 is arbitrary, combining (3.1) and (3.2), we obtain k = ρp

g(f).
This proves the theorem. �

4. Sum and Product Theorems

Theorem 4.1. Let f1 and f2 be analytic in the unit disc U having generalized relative orders ρp
g(f1)

and ρp
g(f2) respectively, where g is entire having the property (A). Then

(a) ρp
g(f1 ± f2) ≤ max {ρp

g(f1), ρp
g(f2)} and

(b) ρp
g(f1.f2) ≤ max {ρp

g(f1), ρp
g(f2)}.

The same inequality holds for the quotient. The equality holds in (b) if ρp
g(f1) 6= ρp

g(f2).

Proof. We may suppose that ρp
g(f1) and ρp

g(f2) both are finite, because if one of them or both are
infinite, the inequalities are evident. Let ρ1 = ρp

g(f1) and ρ2 = ρp
g(f2) and ρ1 ≤ ρ2. For arbitrary

ε > 0 and for all r, 0 < r < 1, sufficiently close to 1, we have

Tf1(r) < Tg

(
exp[p−1]

(
1

1− r

)ρ1+ε
)
≤ logG

(
exp[p−1]

(
1

1− r

)ρ1+ε
)
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and

Tf2(r) < Tg

(
exp[p−1]

(
1

1− r

)ρ2+ε
)
≤ logG

(
exp[p−1]

(
1

1− r

)ρ2+ε
)

, using Lemma 2.2.

Now for all r, 0 < r < 1, sufficiently close to 1,

Tf1±f2(r) ≤ Tf1(r) + Tf2(r) + O(1)

≤ logG

(
exp[p−1]

(
1

1− r

)ρ1+ε
)

+ logG

(
exp[p−1]

(
1

1− r

)ρ2+ε
)

+ O(1)

≤ 3logG

(
exp[p−1]

(
1

1− r

)ρ2+ε
)

=
1
3

log

[
G

(
exp[p−1]

(
1

1− r

)ρ2+ε
)]9

≤ 1
3

logG

((
exp[p−1]

(
1

1− r

)ρ2+ε
)σ)

by Lemma 2.1, for any σ > 1

≤ Tg

(
2

(
exp[p−1]

(
1

1− r

)ρ2+ε
)σ)

by Lemma 2.2.

∴ logT−1
g Tf1±f2(r) ≤ log2 + log

(
exp[p−1]

(
1

1− r

)ρ2+ε
)σ

≤ σ exp[p−2]

(
1

1− r

)ρ2+ε

+ O(1).

∴ log[2]T−1
g Tf1±f2(r) ≤ exp[p−3]

(
1

1− r

)ρ2+ε

+ O(1).

∴ ρp
g(f1 ± f2) = limsupr→1−

log[p]T−1
g T(f1±f2)(r)

−log(1− r)
≤ ρ2 + ε.

Since ε > 0 is arbitrary,
ρp

g(f1 ± f2) ≤ ρ2 ≤ max{ρp
g(f1), ρp

g(f2)}
which proves (a).
For (b), since,

Tf1.f2(r) ≤ Tf1(r) + Tf2(r),
we obtain similarly as above

ρp
g(f1.f2) ≤ max {ρp

g(f1), ρp
g(f2)}.

Let f = f1.f2 and ρp
g(f1) < ρp

g(f2). Then applying (b), we have ρp
g(f) ≤ ρp

g(f2).
Again since f2 = f/f1, applying the first part of (b), we have

ρp
g(f2) ≤ max {ρp

g(f), ρp
g(f1)}.
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Since ρp
g(f1) < ρp

g(f2), we have

ρp
g(f) = ρp

g(f2) = max{ρp
g(f1), ρp

g(f2)}

when ρp
g(f1) 6= ρp

g(f2).
This prves the theorem. �

5. Relative order with respect to the derivative of an entire function

Theorem 5.1. If f is analytic in the unit disc U and g be transcendental entire having the property
(A), then ρp

g(f) = ρp

g′ (f) where g
′
denotes the first derivative of g.

To prove the theorem we require the following lemmas.

Lemma 5.1. [1] If g be a transcendental entire, then for all r, 0 < r < 1, sufficiently close to 1
and for any λ > 0

Tg′

((
1

1− r

)λ
)
≤ 2 Tg

(
2
(

1
1− r

)λ
)

+ O

(
Tg

(
2
(

1
1− r

)λ
))

Lemma 5.2. [1] Let g be a transcendental entire function, then for all r, 0 < r < 1, sufficiently
close to 1 and λ > 0

Tg

((
1

1− r

)λ
)

< C

[
Tg′

(
2
(

1
1− r

)λ
)

+ log

(
1

1− r

)λ
]

where C is a constant which is only dependent on g(0).

Proof of the Theorem 5.1:

Proof. From Lemma 5.1 and Lemma 5.2 we obtain for r, 0 < r < 1, sufficiently close to 1

(5.1) Tg′

((
1

1− r

)λ
)

< [K] Tg

(
2
(

1
1− r

)λ
)

and

(5.2) Tg

((
1

1− r

)λ
)

< [K
′
] Tg′

(
2
(

1
1− r

)λ
)

where K, K
′
> 0 and λ > 0 be any number.

From the definition of ρp

g′ (f), we get for arbitrary ε > 0,

Tf (r) < Tg′

(
exp[p−1]

(
1

1− r

)ρ
g
′ (f)+ε

)
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for all r, 0 < r < 1, sufficiently close to 1.
From (5.1) and by Lemma 2.1 and Lemma 2.2, for all r, 0 < r < 1, sufficiently close to 1

Tf (r) < [K]Tg

(
2 exp[p−1]

(
1

1− r

)ρp

g
′ (f)+ε

)

≤ [K]logG

(
2 exp[p−1]

(
1

1− r

)ρp

g
′ (f)+ε

)

=
1
3
log

[
G

(
2 exp[p−1]

(
1

1− r

)ρp

g
′ (f)+ε

)]3[k]

≤ 1
3
log

(
G

(
2 exp[p−1]

(
1

1− r

)ρp

g
′ (f)+ε

)σ)
for any σ > 1

≤ Tg

(
2σ+1

(
exp[p−1]

(
1

1− r

)ρp

g
′ (f)+ε

)σ)
.

∴ ρp
g(f) = limsupr→1−

log[p]T−1
g Tf (r)

−log(1− r)
≤ ρp

g′ (f) + ε.

Since ε > 0 is arbitrary, so ρp
g(f) ≤ ρp

g′ (f).
Using (5.2) we obtain similarly ρp

g′ (f) ≤ ρp
g(f). So, ρp

g(f) = ρp

g′ (f).
This proves the theorem. �
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