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SOME RL-INTEGRAL INEQUALITIES FOR THE WEIGHTED

AND THE EXTENDED CHEBYSHEV FUNCTIONALS

ZOUBIR DAHMANI, AMINA KHAMELI, AND KARIMA FREHA

Abstract. In this paper, we use the Riemann-Liouville fractional integrals

to establish some new integral inequalities related to the weighted and the
extended Chebyshev functionals. Some classical results are also presented.

1. Introduction

Let us consider the weighted Chebyshev functional [2]:

(1.1) T (f, g, p) :=

∫ b

a

p(x)

∫ b

a

f(x)g(x)p(x)−
∫ b

a

f(x)p(x)

∫ b

a

g(x)p(x),

where f and g are two integrable functions on [a, b] and p is a positive and
integrable function on [a, b] .
In [8], N. Elezovic et al. proved that

|T (f, g, p)| ≤ 1

2

(∫ b

a

∫ b

a

p(x)p(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|f ′(t)|α dt
∣∣∣∣
γ
α

dxdy

) 1
γ

×

∫ b

a

∫ b

a

p(x)p(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|g′(t)|β dt
∣∣∣∣
γ′
β

dxdy

 1
γ′

≤ 1

2
||f ′||α||g′||β

(∫ b

a

∫ b

a

p(x)p(y) |x− y|
1
α′+

1
β′ dxdy

)
,(1.2)

where f ′ ∈ Lα([a, b]) and g′ ∈ Lβ([a, b]);α > 1, β > 1, γ > 1, α−1 + α′
−1

= 1, β−1 +

β′
−1

= 1, γ−1 + γ′
−1

= 1.
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Then, in [5], Z. Dahmani et al. proved the following result in fractional integral
case :

2
∣∣Jδp(t)Jδpfg(t)− Jδpf(t)Jδpg(t)

∣∣
≤ ||f ′||α ||g′||β

Γ2(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1 |x− y| p(x)p(y)dxdy,(1.3)

where f ′ ∈ Lα([o,∞[) and g′ ∈ Lβ([o,∞[);α > 1, β > 1, α−1 + β−1 = 1.
Furthermore, taking q a positive and integrable function on [a, b], we consider

the extended Chebyshev’s functional [3, 10]:

T̃ (f, g, p, q) : =

∫ b

a

q(x)

∫ b

a

p(x)f(x)g(x) +

∫ b

a

p(x)

∫ b

a

q(x)f(x)g(x)(1.4)

−
∫ b

a

p(x)f(x)

∫ b

a

q(x)g(x)−
∫ b

a

q(x)f(x)

∫ b

a

p(x)g(x).

Many researchers have given considerable attention to the functionals (1.1) and
(1.4). For more details, we refer the reader to [1, 4, 6, 7, 11, 12, 13, 14] and the
references therein.
The main purpose of this paper is to establish some new inequalities for (1.1) and
(1.4) by using the Riemann-Liouville fractional integrals. For our results, some
classical inequalities can be deduced as some particular cases. We also present and
prove an auxiliary classical result related to the extended Chebyshev functional.

2. Preliminaries on Riemann-Liouville Integration

Definition 2.1. The Riemann-Liouville fractional integral operator of order δ ≥ 0,
for a continuous function f on [a, b] is defined as

Jδaf (t) =
1

Γ (δ)

∫ t

a

(t− τ)
δ−1

f (τ) dτ, δ > 0, a < t ≤ b,(2.1)

J0
af (t) = f (t) ,

For δ > 0, λ > 0, we have:

(2.2) JδaJ
λ
a f (t) = Jδ+λa f (t)

which implies the commutative property

(2.3) JδaJ
λ
a f (t) = Jλa J

δ
af (t) .

For more details, one can consult [9].

3. Main Results

We begin by proving the following theorem which generalises one of the result
in [5]. We have:

Theorem 3.1. Let f and g be two differentiable functions on [0,∞[ and let p be pos-
itive and integrable function on [0,∞[ . If f ′ ∈ Lα([0,∞[) and g′ ∈ Lβ([0,∞[);α >
1, β > 1, γ > 1 with 1

α + 1
α′ = 1, 1

β + 1
β′ = 1 and 1

γ + 1
γ′ = 1, then for all t > 0, δ > 0
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we have the inequality

2
∣∣Jδp(t)Jδpfg(t)− Jδpf(t)Jδpg(t)

∣∣(3.1)

≤
(
||f ′||γα

Γ(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y) |x− y|
1
α′+

1
β′ dxdy

) 1
γ

×

(
||g′||γ′

β

Γ(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y) |x− y|
1
α′+

1
β′ dxdy

) 1
γ′

≤ ||f ′||α||g′||β
Γ2(δ)

(∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1|x− y|
1
α′+

1
β′ p(x)p(y)dxdy

)
.

Proof. Let f and g be two functions that satisfy the conditions of Theorem 3.1 and
let p be a positive and integrable function on [0,∞[ .

We consider the quantity H (already introduced in [5] and in some other refer-
ences):

(3.2) H(x, y) := (f(x)− f(y))(g(x)− g(y)). x, y ∈ (0, t), t > 0.

Multiplying (3.2) by (t−x)δ−1

Γ(δ) p(x), x ∈ (0, t), and integrating the resulting iden-

tity with respect to x over (0, t), we can state that

1

Γ(δ)

∫ t

0

(t− x)δ−1p(x)H(x, y)dx(3.3)

= Jδpfg(t)− g(y)Jδpf(t)− f(y)Jδpg(t) + f(y)g(y)Jδp(t).

With the same arguments, we obtain:

1

Γ2(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y)H(x, y)dxdy(3.4)

= 2(Jδp(t)Jδpfg(t)− Jδpf(t)Jδpg(t)).

On the other hand, it is clear that

(3.5) H(x, y) =

∫ x

y

∫ x

y

f ′(τ)g′(µ)dτdµ.

Thanks to Hölder’s inequality, it follows that:

|f(x)− f(y)| ≤ |x− y| 1
α′

∣∣∣∣∫ x

y

|f ′(τ)|αdτ
∣∣∣∣ 1
α

.(3.6)

|g(x)− g(y)| ≤ |x− y|
1
β′

∣∣∣∣∫ x

y

|g′(µ)|βdµ
∣∣∣∣ 1β .

Then, H can be estimated as follows:

(3.7) |H(x, y)| ≤ |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|f ′(τ)|αdτ
∣∣∣∣ 1
α
∣∣∣∣∫ x

y

|g′(µ)|βdµ
∣∣∣∣ 1β .

Hence, we can write

2|Jδp(t)Jδpfg(t)− Jδpf(t)Jδpg(t)|

≤ 1

Γ2(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y)|x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|f ′(τ)|αdτ
∣∣∣∣ 1
α
∣∣∣∣∫ x

y

|g′(µ)|βdµ
∣∣∣∣ 1β dxdy.
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By Hölder’s inequality for double integral, we obtain:

2|Jδp(t)Jδpfg(t)− Jδpf(t)Jδpg(t)|

≤ 1

Γ2(δ)

(∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|f ′(τ)|αdτ
∣∣∣∣
γ
α

dxdy

) 1
γ

×

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|g′(µ)|βdµ
∣∣∣∣
y′
β

dxdy

 1
γ′

.

Using the following properties

(3.8)

∣∣∣∣∫ x

y

|f ′(τ)|αdτ
∣∣∣∣ ≤ ||f ′||αα ,

∣∣∣∣∫ x

y

|g′(µ)|βdµ
∣∣∣∣ ≤ ||g′||ββ ,

we observe that

2|Jδp(t)Jδpfg(t)− Jδpf(t)Jδpg(t)|(3.9)

≤
(
||f ′||γα
Γγ(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y) |x− y|
1
α′+

1
β′ dxdy

) 1
γ

×

(
||g′||γ′

β

Γγ′(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y) |x− y|
1
α′+

1
β′ dxdy

) 1
γ′

.

Therefore,

2|Jδp(t)Jδpfg(t)− Jδpf(t)Jδpg(t)|(3.10)

≤ ||f ′||α||g′||β
Γ2(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1|x− y|
1
α′+

1
β′ p(x)p(y)dxdy.

Theorem 3.1 is thus proved. �

Remark 3.1. Taking δ = 1 in Theorem 3.1, we obtain the inequality (1.2) on [0, t].

Now, we prove the following classical result:

Theorem 3.2. Let f and g be two differentiable functions on [a, b] and let p, q
be two positive and integrable functions on [a, b]. If f ′ ∈ Lα([a, b]) and g′ ∈
Lβ([a, b]);α > 1, β > 1, γ > 1 with 1

α + 1
α′ = 1, 1

β + 1
β′ = 1 and 1

γ + 1
γ′ = 1,

then we have:∣∣∣T̃ (f, g, p, q)
∣∣∣ ≤ (∫ b

a

∫ b

a

p(x)q(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|f ′(τ)|α dτ
∣∣∣∣
γ
α

dxdy

) 1
γ

×

∫ b

a

∫ b

a

p(x)q(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|g′(µ)|β dµ
∣∣∣∣
γ′
β

dxdy

 1
γ′

≤ ||f ′||α||g′||β

(∫ b

a

∫ b

a

p(x)q(y) |x− y|
1
α′+

1
β′ dxdy

)
.(3.11)
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Proof. We have:∣∣∣T̃ (f, g, p, q)
∣∣∣ ≤ ∫ b

a

∫ b

a

p(x)q(y) |H(x, y)| dxdy

≤
∫ b

a

∫ b

a

p(x)q(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|f ′(t)|α dt
∣∣∣∣ 1
α
∣∣∣∣∫ x

y

|g′(t)|β dt
∣∣∣∣ 1β dxdy.

Applying Hölder inequality for double integral, we get∣∣∣T̃ (f, g, p, q)
∣∣∣ ≤ (∫ b

a

∫ b

a

p(x)q(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|f ′(τ)|α dτ
∣∣∣∣
γ
α

dxdy

) 1
γ

×

∫ b

a

∫ b

a

p(x)q(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|g′(µ)|β dµ
∣∣∣∣
γ′
β

dxdy

 1
γ′

.

Consequently,∣∣∣T̃ (f, g, p, q)
∣∣∣ ≤≤ ||f ′||α||g′||β (∫ b

a

∫ b

a

p(x)q(y) |x− y|
1
α′+

1
β′ dxdy

)
.

�

We present also the following theorem which generalizes Theorem 3.2.

Theorem 3.3. Let f and g be two differentiable functions on [0,∞[ and let p, q
be two positive and integrable functions on [0,∞[ . If f ′ ∈ Lα([0,∞[) and g′ ∈
Lβ([0,∞[);α > 1, β > 1, γ > 1 with 1

α + 1
α′ = 1, 1

β + 1
β′ = 1 and 1

γ + 1
γ′ = 1, then

for all t > 0, δ > 0, we have:∣∣Jδq(t)Jδpfg(t) + Jδp(t)Jδqfg(t)− Jδpf(t)Jδqg(t)− Jδqf(t)Jδpg(t)
∣∣

≤ ||f ′||α||g′||β
Γ2(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1|x− y|
1
α′+

1
β′ p(x)q(y)dxdy.(3.12)

Proof. Multiplying (3.3) by (t−y)δ−1

Γ(δ) q(y), y ∈ (0, t), and integrating the resulting

identity with respect to y over (0, t), yields the following inequality∣∣Jδq(t)Jδpfg(t) + Jδp(t)Jδqfg(t)− Jδpf(t)Jδqg(t)− Jδqf(t)Jδpg(t)
∣∣

≤ 1

Γ2(δ)

∫ t

0

∫ t

0

(t− x)δ−1(t− y)δ−1p(x)p(y) |x− y|
1
α′+

1
β′

∣∣∣∣∫ x

y

|f ′(τ)|αdτ
∣∣∣∣ 1
α
∣∣∣∣∫ x

y

|g′(µ)|βdµ
∣∣∣∣ 1β dxdy.

Using the same arguments as in the proof of Theorem 3.1, we obtain Theorem
3.3. �

Remark 3.2. Taking δ = 1 in Theorem 3.3, we obtain Theorem 3.2 on [0, t].
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