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GENERALISED ITERATION OF ENTIRE FUNCTIONS WITH
INDEX-PAIR [p,q|

DIBYENDU BANERJEE AND BISWAJIT MANDAL

ABSTRACT. Using generalised iteration [2] of two entire functions we extend
the results of Hong-Yan Xu et.al [16] for generalised iterated entire functions
with index-pair [p, ¢]

1. INTRODUCTION AND DEFINITIONS

For two transcendental entire functions f(z) and g(z), Clunie [4] showed that
i LGfo0) T(r.fog)
roo L f) T(r,9)
[9], [10], [13], [17]} made close investigations on growth properties of composition
of two entire functions with finite order and achieved great results. In 2009, Jin
Tu et.al [15] investigated the growth of two composite entire functions of finite
iterated order. Recently Banerjee and Mandal [1] using the idea of generalised
iteration defined by Banerjee and Mondal [2] extend the results of Jin Tu et.al [15]
for generalised iterated entire functions. In 2013, H. Y. Xu et.al [16] investigated
some growth properties of two composite entire functions of finite [p, ] order. The
purpose of the present paper is to extend the results of H. Y. Xu et.al [16] for
generalised iterated entire functions of [p, g]-order and lower [p, g]-order.

Definition 1.1.[3,7] The iterated i order p;(f) of an entire function f is defined by
. loglt M (r, f . log! T(r, .
pi(f) = hiri)sgp gTT(j) = hgsgp ngﬁf) (1 €N).
Similarly, the iterated i lower order A;(f) of an entire function f is defined by
Ai(f) = liminf eI MO iy f 0 TR0 (¢ ),

r—00 log r—00 r

= oo and lim = oo. After this several authors {see; [§],
T—00

where following Sato [12] we write log[o]az =z, explf 2 = z, and for positive
integer m, log!™
expl=z = log z.

Definition 1.2.[3,7] The finiteness degree of the order of an entire function f is
defined by

T = log(log[m_l] z), expl™ z = exp(exp[™~Uz). Also we denote
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0 if f(z) is a polynomial;
i(f) =min{k € {1,2,...}, pr(f) < oo} if f(2)is transcendental;
00 when pg(f) = oo for all k.

In [6], Juneja, Kapoor and Bajpai introduced the concept of [p, ¢]-order and
lower [p, g]-order of an entire function as follows.

Definition 1.3.[6] If f(z) is a transcendental entire function, the [p, ¢]-order of
f(2) is defined by

. log?+1 M (r, . log!?! T(r,
Plp,q] (f) = limsup = logld] r(r D — lim sup Oglog[‘”(: f)'
T—>00 T—>00
Similarly, the lower [p, g]-order of f(z) is defined by
R T loglP+1] M(r,f) _ q: . log!?! T(r,f)
Ap,g) () = lim inf ==regnss = lim inf =52erns

where p, q are positive integers satisfying p > ¢ > 1.

Remark 1.1. Tt is obvious from Definition 1.3 that pp1 1(f) = p(f), pp.1(f) =
pp(f)s Ay (f) = A(f) and A, 1 (f) = Ap(f)-

Recently Xu, Tu and Yi [16] introduced the idea of index-pair of an entire func-
tion and derived some interesting properties on comparative growth as follows.

Definition 1.4.[16] A transcendental entire function f(z) is said to have index-
pair [p, q], if 0 < pp,.q(f) < 0o and pp,—1 4—17(f) is not a nonzero finite number.

Definition 1.5.[16] Let f1, f2 be two entire functions such that pp,, 4,1(f1) = p1,
Plps.aa](f2) = p2 and p1 < pa. Then the following results about their comparative
growth can be easily deducted:

(i) If po — p1 > g2 — q1, then the growth of f; is slower than the growth of
2

(ii) If po — p1 < g2 — q1, then f; grows faster than fs;

(iil) If po —p1 = g2 —q1 > 0, then the growth of f; is slower than the growth
of fy if po > 1 while the growth of f; is faster than the growth of f5 if po < 1;

(iv) If po — p1 = g2 — 1 = 0, then fi, fo are of the same index-pair [p1, q1].
If p1 > po, then f; grows faster than fs, and if p; < po, then f; grows slower than
fo. If p1 = po, Definition 1.3 does not give any precise estimate about the relative
growth of f; and fs.

In [14], A. P. Singh showed that for 0 < r < R, u(r, f) < M(r, f) < RIETM(R, ),
where p(r, f) be the maximum term of an entire function f(z) on |z| = r. So the
[p, g]-order and lower [p, g]-order of f(z) are defined as follows.

Definition 1.6.[16] The [p, g]-order and lower [p, g]-order of f(z) are defined by

T log(P+1] f) ETI log[P+1] f
Pipa)(f) = limsup RETAE D and Ay, g(f) = lim inf 25T

where p, q are positive integers satisfying p > ¢ > 1.

Let f(z) and g(z) be two entire functions and « € (0, 1] be any real number. In
[2], Banerjee and Mondal introduced the idea of generalised iteration of f(z) with
respect to g(z) as follows.

fig(z) = A —a)z+af(z)
fa,9(2) = (1 = a)gu 5 (2) + f(91,4(2))
f3.9(2) = (1 = )ga 5 (2) + f(92,(2))

Y

) Frg(2) = (1= @)gu1.5(2) + af (Gnr.(2)
s(2) = (1 — )z + ag(2)
gZ,f(Z) = (1 - a)fl,g(z) + ag(fl’g(Z))
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93.5(2) = (L = @) fa,4(2) + ag(f2,4(2))

g (2) = (1= @) fo1.9(2) + ag(fam1,4(2))
Clearly all f, 4(z) and g, s(2) are entire functions.

Throughout the paper, whenever we deal with any entire function f having index-
pair [p, ] we mean that f has positive lower [p, g]-order and finite [p, g]-order. If the
index-pair of f and g are [p1,q1] and [pa, g2] then we denote App, 4,1(f)s Aps,ga](9)s
Plpr.an)(f) and ppp, 4.1(9) by Ap, By, A and B respectively. It is obvious from our
assumption that n(€ N) > 2. Also we use the standard notations and definitions
of the theory of meromorphic functions which are available in [5].

2. KNOWN LEMMAS

In this section, we state some known results in the form of lemmas which will
be needed to prove our main results.
Lemma 2.1. [10] Let f, g be entire functions. If M(r,g) > 2% |g(0)| for any
€ >0, then
T(r,fog) < (1+e&)T(M(r,g),f).
In particular if g(0) =0, then
T(r,fog) <T(M(r,g),[),
for all r > 0.
Lemma 2.2. [/] Let f, g be entire functions with g(0) = 0. Let B satisfy
2
0<p<1 andc(ﬁ):%. Then for r > 0,

M(M(r,g), f) = M(r, f o g) = M(c(B)M(Br,g), f)-
Furthermore if 8= %7 for sufficiently large r,
M(r,fog) > M(3M(5,9), f)-
Lemma 2.3. [14] Let f and g be entire functions with g(0) = 0. Let § satisfy
2
0<p<1 andc(ﬁ)z%. Also let 0 < 6 < 1. Then
u(r, fog) 2 (1 =6)u(c(B)u(Bdr,g), f)-
And if g is any entire function with =9 = %7 for sufficiently large r,
p(r, fog) > su(gu(s,9), f)-
Lemma 2.4. [5] Let f and g be transcendental entire functions. Then
Tq(;(?gzj) —0 as r — oo.
Lemma 2.5. Let f and g be transcendental entire functions. Then

log M(r,9)
Tog M(r,fog) — 0 as r — oo.

3. MAIN RESULTS

In this section, we state and prove the main results of this paper.
Theorem 3.1. Let f and g be entire functions having indez-pair [p1,q1] and
[p2, q2] respectively.
(I) If n is odd, then
p[%m-&-%(?z—qrqz-&-?)ﬂﬂ(f"’g) = Ploran)(f) = 4
and (II) if n is even and
(a) "52(pr — a2) + 5(p2 — @1) + (n — 1) > 0, then
p[%(p1+p2*Q1)*"772Q2+(n*1)’qz]<f"’9) = p[P2,q2](g)
(b) 252(p1 — q2) + Z2(p2 — q1) + (n — 1) = 0, then
AB < Plp1,q2] (fn,g) < AB;

:B‘

)
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(c) 5= (Pl—Q2)+%(P2—Q1)+(n —1)<0and 5 (q1+q2—p2)——p1—(n -1 >
1, then

ALS Py, 3 (@142 -p2)— 2521~ (n-1) (fng) < A
Proof. Case (I). When n is odd.
From definition, for large r and given any £ (> 0) we get

T(r, f) < expP{(A + ) logh" r};
(3.1) (2]
log M(r, g) < expP2l{(B + ¢)log'® r}.
By Lemma 2.1, Lemma 2.4, Lemma 2.5 and using (3.1), for sufficiently large r,
we have

T(r, f’mg) <T(r, gn—l,f) +T(r, f(gn—l,f)) +0(1)
= (1 +o(1)T(r, f(gn-1.5))
< QT(M(T’ gnfl,f)a f)
< 2expP{(A + &) logl™! M (r,gn_1.4)}
< explP{(A + 2¢) logl®! M (r, Gn—-1,f)}
< expl?! (42 log!” =1 {log M (r, fu—2,4) +10g M(r,g(fn-2,))
+O(1)}]
< expP[(A + 2¢)log! " {(1 + o(1)) log M (r, g(fn-2,4))}]
< explP[(A+ 2¢) log H{ (1 + 0(1 )log M(M(r, fn—2,9),9)}]
< explP[(A 4 2¢) 1og[ql*1 {(1+ o(1)) expl=]
{(B + &) logl® M(r, fn— 9)}}]
< explPI[(A 4 2¢) explP2~ 0 +U{(B + 2¢) log[‘h] M(7, fu_2.9)}]
< explP[(A + 2¢) explP2 =0+ I{(B 4 2¢) loglz 1]
{(1+ 0(1)) explP{ (A + &) log! "] M (r, g—3,1)}}}]
< explPI[(A + 2¢) explP2~ 01+ 1{(B 4 2¢) logl®2 ™1
{expPI{(A + 2¢) log! ] M (r, g—3,1)}}}]
(3.2) < explP)[(A + 2¢) expl(Pr—e2)+(P2—a1)+2]
{(A+3¢)1ogh ") M(r, 9,5 1)}]
< exp[pll[(A+25) eXp[(Pl—Q2)+2(102—Q1)+3]{(B+35) log[qz] M(r, fn_a.)}]

— N — —

< eXp[p1 [(A + 2¢) eXp[n (Pl a2)+ 25 (p2—q1)+(n—2)]
{(B+3¢) log[qz] M(r, f1.4)}]

< explr1] [(A+ 2¢) expl“z 2 (p1—g2)+ 25 (
{(B +3¢) log ™~ {(1 + o(1)

5

)

(

p2—q1)+(n—2)]

)log M(r, f)}}]
< explr1] [(A + 2¢) expl“z 2 (p1—g2)+ 252 (p2—q1)+(n—2)]
{(B +3¢) log™ 1 {(1 + o(1)) explP} {(A + £) log" r}}}]
< exp[pl [(A + 25) exp[ P (pl q2)+ p27q1)+(n71)]

{(A + 3¢) logl®) r}].

Since p; > ¢; > 1fori=1,2and n > 3; 251 (p1 —g2) + 52 (p2— 1) +(n—1) > 0
always. Therefore,

(3.3) T(r, fn’g) < eXp[Lﬂ n (Pz—fI1—Q2)+(n—1)]{(A + 4e) log[fh] r}.

On the other hand, since A > 0, there exists a sequence {r,,} tending to infinity
such that for given € [0 < € < A] and for sufficiently large r,,, we have

(3.4) log M (1, f) > explP]{(A — ) logl®' 1, }.

We denote {r,,}, a sequence, tending to infinity, not necessarily the same at each
occurrence. Since A; > 0, B; > 0 and by the same reasoning as K. Niino and C.C.
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Yang [11], for sufficiently large r,,, and for chosen € (0 < 4¢ < min{A4;, B;}), using
Lemma 2.2, Lemma 2.4 and (3.4), we have

T(rms fr,g) = (1 +0(1)T (1, f(gn—1,1))

(3.5) > 1(1 +0(1))logM(1M(’;2 vOn—1,1)s f)
3(1+0(1)) explr! [(Az &) log ™ {IM (%5, gu1.1)}]
explP[(A; — 2¢) log! ™ {3 M (%52, g—1,4)}]
explPi[(A; — 2¢) log! T {(1 + 0(1)) log M (%2,
expPI[(A; — 2¢) log ™ ~H{(1 + o(1))

log M(§M (%5, fa-2,9):9)}]
explPI[(A; — 2¢) logl™ ~U{(1 + o(1)) explr?]

{(B1 — ) log! (M (5%, fu—2.4))}}]

AVARAY

9(fn—2,4))}]

Y

v

(
Z exp[pl] [(Al — 25) exp[p2 (I1+1]{(Bl — 25> log[q2] M(%, f’l’L*Q,g)}}
> expP1[(4; — 2¢) explP2~ 0 HU{(B; — 2¢) logl®2 1)
{(1+0(1))log M (3%, f(gn-3 f))}}]
> explP][(4; — 2¢) expP2~ 1 +1{(B; — 2¢) log la2-1]
{(1+0(1))log M(5M (%5, gn-3 f), )}}]
> expP[(A4; — 2¢) explP2— 0 H1{(B; — 2¢) log la2—1]
{1+ (U)exppl]{(Az —€) 10%””(% ( 2% 9n—3.1))}}1}]
> expP[(A; — 2¢) expP2~aH1{(B) — 2¢) explpr—a2+1]
{(Ar —2¢) 1og!™ M (52, gu-s3.0)}}]
(3.6) > explPU[(A4; — 2¢) explPr—a2)+(p2—a1)+2]
(Ar = 3¢) log™ M (% gn—s.1)}]
(3.7) > explP[(A4; — 2¢) expl(Pr— Q2)+2(ZD2 q1)+3]
(B

) — 3¢) log[’”] M( 525 fn—a,9)}]

> exp[pl][(Al — 2¢) expl* T (P1—a2)+ 25 (P2 —a1)+(n—2)]
{(B1 — 3¢) log!™ M (52 f1,4))]

> explP)[(A; — 2¢) exp[%s(p17q2)+"7*1(p27q1)+(n72)}{(Bl — 3¢)
log!~{(1 + o(1 ) log M55, )}H]

> explP[(A; — 2¢) expl"T" (P1=02)+ 5 (P2—a1)+(n=2)]{( B, — 3¢)
log'~{(1 + o(1)) exp[’“]{(A — &) log!)(32)}}}]

> exp[pl][(Al — 2¢) expl"z (Pr—a2)+ 75 (P2—q1)+(n—1)]
{(4A - 3¢) logl®t! r,, }]

Since p; > ¢; > 1fori=1,2andn > 3; 251 (p1 —g2) + 52 (p2— 1) +(n—1) > 0
always. Therefore,

(3.8) T(rm, fng) = expl™ s P12t (p2—mi—a2)+(=DI{(A — 4¢) logl®) 7, ).
Now from (3.3) and (3.8), since € (> 0) is arbitrary,
. logl "3 P1+ 25 (b2 —a1 —a2+2)] (. -
limsup £ 2 ToglaiTr T(rfng) — 4
r—00

ie., p[nTﬂp1+anl(p2,q1,q2+2),ql](fn,g) =A= /)[pl,qll(f).
Case (II). When n is even.
From (3.2), for sufficiently large r, we have
T(r, fng) < explPI[(A 4 2¢)
{(A+3¢)logh"] M(r, g1,1)}]

—2)]
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< expP[(A + 2¢) expl"z” (Pr=a2)+ 5% (P2=q1)+(n—2)]
{(A +3¢)log™ "{(1 + (1)) log M(r, g)}}]
< expP1I[(A + 2¢) expl ™z (P1=a2)+ 5% (P2=q1)+(n—2)] {(A+3¢)
logl™ {1 + o(1)) expPl{(B + ¢) log!®? #}}}]
(3.9) < explr1] [(A+ 2¢) eXP[%(p1—qz)+%(p2—q1)+(n—l)]
{(B + 3¢)logl®! 1].
By similar argument as in Case (I) and from (3.6), we have
T(rms fng) 2 expIPI[(A; — 22) expl™s" (1 02) 27 (paman)+-2)
{(A1 = 3¢) log!" M (%2, 91,5)}]
> explP[(A4; — 2¢) exp["T_z(Pl—%)Jr"Ez(P2—‘11)+("—2)]{(Al —3¢)
log!® ! {(1 + o(1)) log M (%2, 9)}}]
> explP[(A; — 2¢) exp["T&(Pl—@)Jr"f(PZ—‘Il)JF(”—Q)]{(Al — 3¢)
log!™ ~H{(1 + o(1)) explP {(B — ) log!**) (52)}}}]
(310) Z exp[pl] [(Al — 25) exp[nTiz(pl_q2)+%(p2_q1)+(n_1)]
{(B - 3¢)logl®! 7, }].
From (3.9) and (3.10), we get
(a) if 252 (p1 — g2) + 5(p2 —@1) + (n — 1) > 0, then

n n—2
B de < log2

5 (P1+p2—91)— —5 - a2+(n—-1)] T(
Now since ¢ (> 0) is arbitrary,
log[%<m+prql)—”7*2q2+<n—1n T(r fn.)

nhna) < Bt ge.

log[‘12] r

ligsogp Toglial 7 B
Le., p[%(pﬁpz,ql),%qﬁ(nq),qz](fn,g) =B = plp,,q:)(9)-

Again from (3.9) and (3.10), we get
(b) if "T_Q(pl —q2) + 5(p2 —q1) + (n—1) = 0, then
(A — 26)(B — 3¢) < T lea) < (A 4 26)(B + 3e).
Now since ¢ (> 0) is arbitrary,
AiB < pipy q5)(fn.g) < AB.
Finally from (3.9) and (3.10), we get
(¢) if 252 (p1—g2)+5 (p2—q1)+(n — 1) < Oand §(q1+g2—p2) = "52p1—(n — 1) >
1, then

A—2 < log "1 71, f1.0) <A-2.

n—2
log

[§(a1+a2—p2)—“5=pP1—(n—1)] .

Now since ¢ (> 0) is arbitrary,

A < p[Ph%(lIlﬂn—pz)—";2191—("—1)] (fnvg) <A U

Remark 3.1. Since n > 2 and p; > ¢q; > 1, for i = 1, 2; we always have "7_1(191 +
P2 — q1 — g2 + 2) > 0. Therefore when n is odd, case (b) and (¢) has no relevance.

Remark 3.2. When ¢; = 1 (i = 1,2), the result obtained in (a) is quite similar
to Theorem 3.1 of Banerjee and Mandal [1].

Theorem 3.2. Let f and g be entire functions having indez-pair [p1,q1] and
[p2, q2] respectively. If n is even and “52(p1 — q2) + Z(p2 — 1) + (n — 1) = 0, then

AB; < p[m,qz](fn,g) < AB.

Proof. For sufficiently large r and for chosen £ (0 < 3¢ < min{4;, B;}), we have
M(r, f) = expP+1{(4; — ) logl' 7}
M(r,g) > explP2t1{(B; — ) logl®®! r}.

(3.11)
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So, there exists a sequence {r,,}, tending to infinity such that for all sufficiently
large 7,,, using Lemma 2.2 and (3.11), we get
M(rim; fn,g) > exp{(1 + o(1))log M (7, f(gn-1,£))}
> exp{(1 +o(1)) log M (M ("5, gn—1,5): )}
> exp|(1 + o(1)) explP1{(A — ) log! ™ (§M (%5, g —1,7))}}]
> expP FU[(A - 2¢)log! " {(1 4 (1)) log M (g, g(fn—2,9))}]
> explP H1[(A — 2¢) logl™ (1 + o(1)) {expl#?
{(Bi — &) log' ™ (§M (%%, f—2,))}}}]
> expPr FU[(A—2¢) explP2— 01+ {(B; — 2¢) log[Q2]( M5, fo2.4))}]
> expP1HU[(A — 2¢) explPz—a+1U{(B; — 2¢) log[q2 1
{(1+0(1))log M (3, f(gn-3.7))}}]
> explP PH[(A — 2¢) explPz— 0 T {(B; — 2¢) logl?2 1)
{1 +0(1))log M (5M (%%, gn—3,¢))}}]
> explP+[(A — 2¢) explp= 0 U {(B, — 2¢) logl= ~1{(1 + (1))
explP{(A; — ) 1og ™ (M (53, 90—3,7))} 1]
Z exp[p1+1] [( 25) exp[(Pl 92)+(p2_q1)+2] {(Al — 3&‘)
log! ) M (%3, gn—s.1)}]
> exp[p1+1][(A 25) expl(P1— qz)+2(p2—q1)+3]{(Bl — 3¢)
[qz] M(v"zzl7fn 4’9)}]

> exp[P1+1][(A %) eXp[ 72 (p1— q2) i 2(znz a)+(n=21{( 4, — 3¢)
loglt) M (s, g1 )]
> explPtU[(A — 2¢) expl™z 2(p1—a2)+ 52 (p2—q1)+(n— 2I{(A; — 3¢)
log! ~{(1+o(1 )) log Mz 1,9)}}]
> explPr TU[(A — 2¢) expl 5 (Pr=a2)+ 52 (p2—a1)+(n=2)){ (4, — 3¢)
logl" ~{(1 + o(1)) explP2!{(B; — €) log!**) (572) }}}]
(312) 2 exp[p1+1] [(A — 25) exp[an(pl_(D)Jl‘ (p2—q1)+(n— 1)]
{(B, — 3¢) log®?! 1,,,}].
If 222(p; — q2) + Z(p2 — 1) + (n — 1) = 0, then from (3.9) and (3.12), we get
AB1 < pip,q0)(fng) <AB. O
Corollary 3.1. Under the hypothesis of Theorem 3.1, if n is even and "T_2(p1 —
q@2) +5(p2—q1) + (n—1) =0, then
maX{AlB,ABl} S p[pl,th] (fmg) S AB
Theorem 3.3. Let f and g be entire functions having index-pair [p1,q1] and
[p2, q2] respectively.

(I) When n is odd, then 4t < lim

T—00

w 2

log[ ;rlpﬁr L (po—a1— a2)+n] pr M(r,fn.q) < A
logP1+T M (r, f) = A

and (II) when n is even,
(a) if “52(p1 —q2) + 2(p2 —q1) + (n—1) > 0 and

n n—2
. . log[f(”ler?*ql)*Tq?*"] M, fn.g) ]
(i) 1 > qa, then hm og P P 3, f) = o0

(2 (p1+p2—a1)— 252 az+n] M7 fn.g) < B
10g[m+1] M(r,f) )

. log[ (p1+p2—a1)— "5 2 az+n] M(7,fn.q)
(iti) 1 < g2, then Tlirglo log[mHl YCe) =0;

() if 252(p1 —q2) + Z(p2—q1) + (n—1) =0 and

log

(i) ¢1 = g2, then £L < lim

r—00




GENERALISED ITERATION OF ENTIRE FUNCTIONS WITH INDEX-PAIR [p, q] 139

logP1 Y M (r, £, 4)
logP1F1T M (r, f)
. _ AB . loglPt U M(r £ g) - AB.

(1) ar = a2, then S <l Somrmmart i <

loglp1+1] M(7,fn.q) 0
logP1+ M(r,f)  — -

(i) ¢1 > g2, then lim = o0
T—>00

(iii) q1 < q2, then lim
o n . log!P1 T fng) _
(c)if 272 (1 —q2)+5(p2—q)+(n—1) <0, then  lim =Ermmmias = oo,

Proof. Case (I). When n is odd.
For sufficiently large r and for chosen ¢ (0 < 4e < min{A4,, B;}), from (3.7) we
get
M(r, fn.g) > explPtTU[(A; — 2¢) expl™z” Pr1=2)+ 5" (P2—a)+(n=2)]{( B, — 3¢)
log® M (55, f1,4)}]
> expP1HU[(A; — 2) expl™z (Pr—a2)+ "5 (P2=a)+(n=2{( B, — 3¢)
log®~{(1 + o(1)) log M (5%, /)}}]
> explr HU[(4; — 2¢) expl® (m1—02)+ 252 (pa—a) +(n=] {(B, _ 3¢)

log[quﬂ{(l + 0(1)) exp[pl]{(Al - E) log[ql](ﬁ)}}}]

(3.13) > exp[pl‘H] [(A; — 2¢) exp[%(m—qz)ﬁ-";l (p2—q1)+(n—1)]
{(4; — 3¢) logl®] r}]
(B12) 2 eplPEnt R e n-a (4~ ) log] ),

By Lemma 2.2, Lemma 2.5 and using (3.1), for sufficiently large r, we have
M(r, fn.g) < exp{(1+o0(1))log M(r, f(gn-1.5))}
< exp|(1 + o(1)) explP1{(A + ) log!™! M (r, g —1,7)}]
< explPr (A + 22) log! ~{(1+ 0(1)) log M (r, g(f—2,0))}]
< explPH1[(A + 22) log™ (1 4 o(1)
explP2l{ (B + &) logl®l M (r, f—2,4)}}]
< expPr (A 4 2¢) explPz—a+1]
{(B + 2¢)log!®l M(r, fu2,4)}]
(3.15) < explPrti] [(A+ 2¢) explP1—a2tp2—aq1+2]
{(A+3)log™) M(r, gu-s.5)}]

S exp[Pl +1] [(A + 25) exp[nTig(pl_QZ)"'ngl (pZ_QI)+(n_2)]
{(B +3¢)log!®) M(r, f1,4)}]
< explPH[(A 4 2¢) expl"z” (P1=02)+ "5 (P2=@1) +(n—-2)]
{(B +3¢) log!™ (1 + o(1)) M (r, f)}}]
< expPrTU[(A 4 2¢) expl™z (P1=42)+ 5" (p2=q1)+(n—1)]
{(A 4 3¢)logl®) r}]
(3.16) < expl"s Pt (P2ma—@) 40l f (A 4 4e) logle ).
Form (3.11), (3.14) and (3.16), we have

(4L p1+ 251 (p2—a1 —a2)+n] [Cxp[%er”Tfl(P2*<11*L12)+"] {(A;—4¢) logla1] 1}

logt 2
o, JoelTHexpPrFI{(Ate) loglnTr}}
< log[Tp1+ 5= (P2—aq1—92)+n] M(7,fn.4)
- nt1 711,O—g1[p1+1] M(r.f) nt1 n—1
< log[Tpl‘*' >~ (P2 —q1—q2)+n] [exp[Tp1+ 2 (pz—Q1—tJ2)+n]{(A+48) log[ﬂ] r}]

loglP1 +1]{exp[p1+1]{(,4l_5) logla1] r}}
+1 —1
(A —4¢) loglat] < logl "z P1+ o (pa—q1—a2)+n] M(rofn.g) o (Atde) logla1] -
(A+e)loglanl » = loglP1+1 M(r,f) = (A;—e¢)loglatl ¢~

Since e (> 0) is arbitrary,

ie.,
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ngl
Ay < lim log[ T=p1t+ 5 Lpo—a1— a2)+n] pr M(r,fn.g) < A
A =50 1083[?1+1] M(r,f) ’

Case (II). When n is even.
From (3.15), for sufficiently large r, we have
M(r, fng) < expPrTU[(A 4 2¢) expl™z 2(p1—42)+ 252 (p2— 1) +(n—2)]
{(A +3¢) log! | { M (r, 91)}}]
(3.17) < expPH[(A + 2¢) expl™7> (PL=a2)+% (P2—q1)+(n—1)]
{(B + 3¢) log®? r}].
From (3.6), for sufficiently large r, we have
M(r, fng) > expPr 1 [(4; — 2¢) expl“T 2 (p1—42)+ 252 (p2—q1)+(n—2) ]{(Al —3¢)
log! ™ M (g, g1.0)}]
> explP HH[(4; — 2¢) eXp[”T*?(pl—qz)+%”(pz—q1)+(n—2)]{(Al — 3¢)
log!® U {(1 + (1)) log M (3, 9)}}]
> explPrH1[(4; — 2¢) exp[nTiz(pl—‘D)‘*‘n;Q(P2_Q1)+("_2)]{(Al — 3¢)
log! ™~ {(1 + o(1)) explP {(B; — ) log!! (57)}}}]
(3.18) > explPrHU[(A; — 2¢) expl™7 (PL1=a2)+% (P2—q1)+(n—1)]
{(B — 3¢) log!®l 7).
Form (3.11), (3.17) and (3.18), we have
(3.19)

log[%(erpzfql)f%qurn] [expP1 T {(4; —2¢) exp[%(m7q2)+%(p27<n)+(n*1)]{(31735) logl92] r}}]
10g[P1 +1] {exp[pl +1]{(A+E) 10g[Q1] r}}

< log[%(“ﬂQﬂ“F”;2‘12+”] M(r,fn.g)
— loglP1+1] M(r f)
< log[ (P1+p2—a1)— 252 az+n] [exp"1+1]{(A+25)exp 222 (1 —a)+ % (p2—a1)+(n—1)] {(B+3¢) log 42],«}}]

loglP1F 1 {explP1+11{(A;—¢) logla1] r}}
(a) If ”;2 (p1 — q2) + 5(p2 — q1) + (n — 1) > 0, then from (3.19), we get
(B, —4¢) logl2) ¢ logls (P1HP2—a1)— 72 qy+n) M(r.fng) o (B+de) logl?2!

(A+e) loglaal r = loglP1+ M(r,f) = (A;—¢)loglal ¢~
X . log[%(pl +pa—a1)— 252 qp+n] M (7, fn,g) _ .
(i) @1 > g, lggo 1Og[p1+1] M(r.f) =05
log[ (pP1+p2— 41)*7Q2+n] M(r,fn.q) B.
= =L < n,9 =2
(i) @ = g2, 7 < lim logl 1 ¥1T M(r, ) S a
—q)- 252 .
log[ (p1+p2—a1) a2+l Nr(r f, )

(i) ¢1 < g2, )LHQO loglP1 71T M(r.f) -0

(b) If 52(p1 — q2) + 2(p2 — q1) + (n — 1) = 0, then from (3.11), (3.17) and
(3.18), we get
(A1=2¢)(Bi=3¢) logh2l r _ 1og”1 ™! M(r.fn.q) - (A42¢)(B+3e)logl®) r

(A+e) loglaal 7 = TloglPi I M(r,f) = (A,—e) loglail ¢
(i) @1 > gz, 11{20 % .
(iii) 1 < gz, rllnéo % = 0.

(c) If 252 (p1—q2)+ % (p2—q1)+(n—1) < 0, then Z(q1+q2—p2)—252p1—(n—1) =
252 (@ —p1)+ 2(e—p2) — (n—1) < q1. Therefore from (3.18), we get
. 1og[p1+1] M(r,fn,g) . (A;—2¢) log[%(qﬁ'q?—p?)_n;2p1_("_1)] r
rlir{olo loglP1+1] M(va)g 2 rll{go L (A+e) loglarl — 00. U
Remark 3.3. Similar results can be obtained for M(r, f, 4) and M (r,g) using

similar arguments.
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Theorem 3.4. Let f and g be entire functions and g have indez-pair [pa,ga].
If fn.g have indez-pair [p,q] and 0 < )‘[p7q](fn,9) = () < oo, then /\[Wﬂ(f) =0.
Proof. Let us assume that f have index-pair [p1, ¢1]-
From definition, there exists a sequence {r,,} tending to infinity such that for
given € (> 0) and for sufficiently large r,, from (3.5) we get
(3:20) (14 o0(1)log M(§M (%5, gn—1,), f) < T(rm, fng) < explP{(C; +
e)logl? 7, }.
Case (I). When n is odd.
Since (n —1) is even and so from (3.18), for chosen ¢ [0 < 4e < min{A;, B;}] and
for sufficiently large r,,, we get
M (%, gn1.p) > 5 explP2H[(B, — 2¢) ex
{(A1 = 3)log!) 7]
> explP2+1I[( B — 3¢) expl™z(
{(4; — 3¢) log! 7, }].
Set R,, = %M(g—rg,gn_l f) then
(3.21) rm < expl®[ y log[ 7
and from (3.20) and (3.21), we have for large R,,
log M (R, f) < 3(1+0(1)) exp PI[(Cy + €) log q]{exp[q1 {A e
logl"=” (P2ma)+ 57 (pr—@)+(n=2)1 1110l tll p 1]

B1738
< explP[(C; + 26) exple— ‘I]{ i L
log[ 72 (P2—q1)+ 25 (p1—g2)+(n—2)] {B’ log[m“]R 13

—2)]

2oL (p1—g2)+(n—2)]

L (p1—q2)+(n— 2)]{ lo g[102+1] Ry}

l*E

(3.22) < explptai— q][A,—z;s logl“z" 2 (pa—q)+ 25 (p1— q2)+(n 2)]

{515 log™ ™ R, .
Since 0 < 4¢ < min{A4;, B;} and ¢+ ”T_l(pg +p1—q1—q2)+ (n—1) > q, so for
sufficiently large R,, we have from (3.22)

n=3, n—
[F5=(p2—a1)+ 75 1 loglP2 T R, 1]

1
log“’Jrl] M (R, f) eXp[ql al [ 4l—1 7z log (P1—a2)+( )]{ B,

logld R,, — logld R,,

0.
Therefore,

. log [p+1] M (R, 3
R,l,jgoo —log[q]}(% H_o ie., /\[pﬂ](f) =0.

Case (II). When n is even.
Since (n — 1) is odd so from (3.13), for chosen ¢ [0 < 4e < min{A4,, B;}] and for
sufficiently large 7., we get
%M(%’ gn—l,f) 1 exp[P2+1] [(Bl _ 25) exp[ 5 2 (pa— q1)+"5= 2 (p1—g2)+(n—2)]
{(B1 = 3)log®)ryn}]
> eXp[p2+1][(Bl — 3¢) expl“T 2 (p2—q1)+ 252 (p1—q2)+(n—2)]
{(B; — 3¢) logl?! T -
Set R,, = %M(%,gn,l f) then
(3.23) T < exp[q"‘][ log[ 2
and from (3.20) and (3.23), we have for large Ry,
log M (R, f) < 3(1 + o(1)) exp [(C; + &) log!¥ {exple:!
n—2 -
{505 log
< explPl[(Cy + 2¢) explez—d

2 (p2—q1)+ 252 (p1—gz2)+(n—2)] {Bl 1g[P2+1] Rm}]

5 log M R,



142 DIBYENDU BANERJEE AND BISWAJIT MANDAL

{pkge logl 7" o) 2 a2l L gl )

(3.24) < exp[pﬂrq][ log[
{55 10g[p2+1] Rm}].
Since 0 < 4e < min{A;, B;} and ¢+ Z(p2 — ¢2) + 252 (p1 —q1) + (n — 1) > g so
for sufficiently large R,,, we have from (3 24)

[2z= > (Pz a1+

222 (p2—q1)+ 252 (p1—q2)+(n—2)]

2 (py —az)+(n— 2)]{ log[P2+1]R 1

1Og[p+1] M(R 'nnf) exp[q"’_‘ﬂ [ Bll—45 log

logldl R,, log[ al R,

0.
Therefore,

. logP+1l pfp Ry, .
Rhgloo gloTl(%f) =0 L€, A, (f) = 0. O

Theorem 3.5. Let f and g be entire functions and g have indez-pair [ps, q2]. If
fn.g have index-pair [p1,q1] and 0 < ppp, q,1(fn,g) = C < 00, then pp, q4,1(f) = 0.

The proof of this theorem is very much analogous to Theorem 3.4. In this case
instead of (3.20) we have for given € (> 0) and for sufficiently large r,

L(1+ 0(1)) log M(AM (. gu1.0), ) < T, fg) < expPI{(C + ) logltt) 7}

and proceed as before to get the result. O

Theorem 3.6. Let f and g be entire functions and p, ¢ be two positive integers
such that p > q > 1 and Ay, q(fn.g) = M < Ap,g(9) = A2 < 00, then A(f) = 0.

Proof. Let us assume that f have index-pair [p1,¢1]. By the same reasoning as
K. Niino and C. C. Yang [11], there exists a sequence {r,,} tending to infinity such
that for given € (> 0) and for sufficiently large r,,, we get

(3.25) %(1 + 0(1))10gM(%M(gZ‘ s On-1,), f) < T(Tmafmg) < eXp[p]{()\l +
e)loglt 7, }.

Case (I). When n is odd.

For chosen € [0 < 4¢ < min{A;, A\2}] and for sufficiently large r,,, we get

IM(58, gu1,5) > expPT[(Ag — 3¢) expl™7” (P—a)+ 25 (P1=a)+(n—2)]
{(4; — 3¢) logl®!] rm}]

Set R,, = %M(g’g,gn 1 f) then

(3.26) T < expli)[ 2 v log[ 7

Now from (3.25) and (3. 26) we have for sufﬁClently large R,,

(3.27)  log M(Rum, f) < explPrai—dl[ -1 1og[u@*‘h>+"51(PI*‘?H(”*Q”

T Rl

Since 0 < 4¢ < min{ A4, 2 —q)+ %52 (p1 — 1) + (n—1) > 2 so0 for

sufficiently large R,, , we have from (3 27)
log M(Rm,f) < log R 0.

p—q1)+ 25 (p1—q)+(n— 2)]{ g[p+1] R}

log Ry, — log Rm
Therefore,
.o o logP M(R, L f) . .
%glirg og ezl =0, ie., A(f)=0.

Case (II). When n is even.
Now for chosen ¢ [0 < 4e < min{A4;, A\2}] and for sufficiently large r,,, we get

M (%5, gn-1,r) > expP (A — 36) T P+ (n-2)
{(A\2 — 3¢)logl? r,,,}].
Set Ry, = M (%8, gn—1 f) then
(3.28) T < expld [ Lo 1Og[ ;2(p—q1)+%”(p1—q>+(n—2)]{ﬁ1Og[p+1] R}
Now from (3.25) and (3. 28) we have for large R,
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log M (R, f) < explp—atd [A2i4s log

(ks logP T R,

A2—3€
(3.29) < expl?! [x 1 . log[%(p—q1)+%4(Pl—Q)+(n—2)]
< py

(it log” ™! R},
Since 0 < 4e < Ag, so for sufficiently large R, we have from (3.29)

(252 (p—q1)+ 252 (p1—q)+(n—2)]

log®) M(Rm.f)  log!” Ry,
log R S log R, — 0.
Therefore,
.. e loglPl M .
lim inf oglilw =0, ie, A/f)=0. O
R,, —00 08 fim

Theorem 3.7. Let f and g be entire functions having index-pair [p1,q1] and
[p2, q2] respectively. Then we can get the following conclusions :

[Lﬂ n—1
(I) When n is odd, then lim

log' ™2 r1+—5— (P2—q1—aq2)+n] w(r,F) S A,
r—00 logP2 11 (7, f) —Z A

and (II) when n is even,

(a) if “52(p1 —q2) + Z(p2 —q1) + (n— 1) > 0 and

n n—2

. . log[f(P1+p2*q1)* 7 az2+n] ,U.(T‘,fn, ) _ )
(i) 1 > g2, then Tlgjgo PR S ) — oo

. . h I logl 3 (P1P2—a0) =52 az+n] w(rfug) < Bi.
(i4) q1 = qa, then Jim e F T 5 ) > =L

(b) if “52(p1 — q2) + %(p2 —q1) + (n —1) =0 and

3 3 lOg[p1+1] /’L(ryfn,( ) _ .

(i) a1 > g2, then lim SCgfy s = oo

) g — o logPitY ur f ) < AB L

(i) a1 = gz, then lm Somer o 2 S0

B o loglPt (e £ o)
(c) if “5%(p1—q2) + 5(p2 —q1) + (n—1) <0, then Tlgglo W’M

Proof. From Definition 1.6, for chosen € (0 < 4e < A;), there exists a positive
number rg such that for all r > rg, we have
explPHU{(A; — ) logl® v} < p(r, f) < explPr (A + ) logl®] 7}
Case (I). When n is odd.
Now since p(r, f) > M(%, f), for chosen € (0 < 4e < min{A;, B;}), from (3.13)
we get
B, fng) > 3 explPrHU[(4) — 2¢) expl®z (1 —aa)t
{(A1 = 3e)log™ £}
Z exp[p1+1] [(Al — 35) exp[nTil(pl_QQ)"l‘nEl (pz—th)-i-(n—l)]
{(4; — 4¢) logl?!! r}].
Case (II). When n is even.
From (3.18), we get
H(r, Fg) > exp (A4, — 32) expl50n =)+ () 401
{(B, — 4¢) logl®®! 7}].
Using the similar reasoning as Theorem 3.3, we get the required results. g
Remark 3.4. A series of results can be obtained for u(r, fy, 4) and u(r, g) using

similar arguments.
Note 3.1. When a =1 and n = 2, all the results are identical to H. Y .Xu et. al

[16]

= Q.

2l (pa—q1)+(n—1)]
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