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Abstract

In this paper, an upper bound will be found for the second coefficient in the Taylor expansion of

the analytical function p(z) using the Jack lemma. Also, the modulus of the angular derivative
ofthe I (z) = %(Z)) function on the unit disc will be estimated from below.
p(z
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Ozet

Bu ¢alismada Jack lemmas: kullanilarak p(z) analitik fonksiyonunun Taylor agiliminda ikinci
katsay1 i¢in bir ist smir bulunacaktir. Ayrica, IJZ):%(Z)) fonksiyonunun birim disk
p(z

lizerindeki agisal tiirevinin modiilii asagidan tahmin edilecektir.

Anahtar Kelimeler: Analitik fonksiyon, Jack’s lemma, Schwarz lemma
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1. Introduction

The Schwarz lemma is one of the outcomes for analytic functions from the unit disc itself in
complex analysis. However, it is one of the simplest results catching the rigidity of analytic

functions. Supppose f(z) is an analytic function on the unit disc D={ZZ|Z| <1} such that
f(0)=0 and |f(z)| <1 for Z€ D. According to the standard Schwarz Lemma, for any point =
in the unit disc D, we have |f(2)| <|z|for allZ € D and | f'(0) <1. Also, if the equality

| f (z)| =|z| holds for any Z# 0, or |f'(0)|=1 then f is arotation; thatis f(z)=ze", & real

([5], p-329). The Schwarz lemma has numerous uses in engineering [12, 13].

To demonstrate our findings, we shall utilize the following lemma [6].

Lemma 1 (Jack's Lemma) Let f(z) be a non-constant anaytic function in D with f(0)=0.If

| £ (2)] = max{| f (2)]:]7] <]z, }
then there exists a real number M2>1 such that
z,t'(z,)

f(z,)

has an essential role in the theory of starlike functions, Jack’s

The functional 1,(z)= zp((z))
z

lemma and shares some properties with logarithmic residuum.

Let A denote the class of functions p(z) =z+c,z* +¢,z% +... that are analytic in D . Also, let
M Dbe the subclass of A consisting of all functions p(z) satisfying

p(z) p'(2)) 2
The qualities of the class ¥ are examined in this paper. In particular, an upper bound the

P'(0)

modulus of the coefficient ¢, = for this class will be established. The purpose of this work

2!
is to use Jack's Lemma to explore some characteristics of the function p(z), which belongs to the
classof M .
Let peM and consider the function
1.(2)-1
o) =2, (11)
1, (2)

where Ip(z):z =1+¢,2+(2¢, ¢} ) 2° +....

p'(2)
z

¢(z) is an analytic function in D and ¢(0) =0. Now, we show that |p(z)| <1 in D.

We assume that there existsa z; € D such that
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max|p(2)] =|p(z,)| =1

|7</z]
From Jack’s Lemma, we have
i Z (P’(Zo)
o(z,) =€ and 207 —
° (/’(Zo)

Thus, we obtain
ER[Hzop'(zo)+zopf"(zo)_lj:in[1+ 2 +zo¢’(zo)_1]:m[l+ Zi,,+ mei,:aJ
p(z,) p(z,) 2 1-9(z,) 1-9(z,) 2 2 1-¢“ 1-e
_% £+2+m§ % E+2+m(cosef|_sm0) :1(1—m)30_
2 1-e“ 2 1—(cos@+ising) 2

This contradicts the pew . This implies that there is no point in doing so z; e D such that

max |¢(z)| =|(z,)| =1. Hence, we take |p(z)| <1 for Z € D. The Schwarz Lemma gives us

|7</z|

c,z+(2c, ¢ )2° +...

p(2) = ,
1+c,z+(2¢, —¢}) 2% +...

o) Ct+(26-c)z+..
z _1+czz+(203 —022)22 T

and
@[ <2
This inequality is sharp with the following function
z
7)=—o.
P& =17
Then
z
2+6,2° +¢, 2% +.. = ——,
1-z
2 1
l+c,z4+C2° +..=—,
1-z
C,240C,2% .=

,L+C, =1
and

C,+CzZ+..= !

SRR
Passing to limit (z — 0) in the last equality yields c, =1.
As a result, we have the following lemma.
Lemma 2 If peM , then we have

[p"(@)]<2. (1.2)

This result is sharp with the function
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z
p(Z)=E.

An important consequence of the Schwarz lemma is the evaluation of the modulus of the
derivative of the function at the boundary of the unit disk from below. The boundary version of
Schwarz Lemma is given as follows [10, 14]:

Lemma 4 If f(z) extends continuously to some boundary point  with |7|=1,|f(z)|<1 for

2eD, f(0)=0andif | f(z)| =1 and f'(r) exists, then

, 2
@)= 147 (0)]
(1.3) (1.4)
and
|f'(0)|=1 (1.4)
In addition, the equality in (1.4) holds if and only if f(z) = ze'*, where ., is a real number. Also,
the equality in (1.3) holds if and only if f is of the form f(Z):_Zla_azz ,VzeD, for some

constanta e (—1,0] -

These inequalities are important in the literature and still continue to be studied among current
issues [1,2,3,4,7,8,9,10,11,12,13].
Let us give the following lemma for proofs of our work [14].

Lemma 5 (Julia-Wolff lemma) Let f be an analytic function in D, f(0)=0 and |f (z)| <1 for

z2eD. If, in addition, the function f has an angular limit f(z) at 7T edD, [f(2)]=1, then the

angular derivative f'(z) existsand 1<|f'(z)| <.

2. Main Results

In this section, the derivative of the function at point 1 is evaluated from below. Some of the
coeffcients in the Taylor expansion of the function are used in this evaluation.

Theorem 1 Let pewM . Suppose that, for 10D, D has an angular limit p(z) at the point .,
p'(r) = M Then we have
2r
, 1
|Ip(T)|ZZ' (21)
The inequality (2.1) is sharp with extremal function

z
7)=—o.
p@) =
Proof. Let



Biilent Nafi Ornek, (2022), Some results on jack’s lemma for analytic functions, Journal of Amasya University

the Institute of Sciences and Technology, 3(2)
1 (z2)-1
p(2)=— '
1,(2)
where | (z) = zp(2) .
p(2)
_ p( )
Since p'(7) = , We have |p(z)|=1. SO, from (1.4), we obtain
e _HE
| p T| "
4
and
1
I >—
| p( )| 4°
To show that the inequality (2.1) is sharp, take the an analytic function
z
7)=——
p(2) =
Then, we take
, 1
7)=—
PR ==
PO 1
P p(z) 1-z
and
, 1
|If (_1)| = Z .
Theorem 2 Using the same presumptions as in Theorem 1, we obtain
I, (@) (2.2)
" | Ip )
The equality in (2.2) occurs for the function
7)=—
(&) =1-
Proof. Let ¢(z) be as defined above. So, by (1.3), we take
2 ;( 2
, 9'(7)
O
4
Since
Ip”( )|

9O =le.|=——

we obtain
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2 o @)
<) =
[p"(0)] 1
1+— ”
2 4
and
1
(M >
|1 @) 22100
Let us show that this inequality is sharp. Let
z
p(z) = 17
Then, we take
, 1
|I p (_1)| a4
On the other hand, we have
z
Z+C,2° +C,2° +... =15
A
and
C,+C,Z2+...= !
2 3 Ty
1-z
Passing to limit as z tends to 0 in the last equality, we get c, =1.
Therefore, we obtain
. 1
2 +| p”(O)| 4
Theorem 3 Using the same presumptions as in Theorem 1, we obtain
2
, 1 2(1-Ic,|)
|Ip(z')|2— 1+ - — 1. (2.3)
40 1-fe,[ +2fe; -]

Proof. Let ¢(z) function be the same as (1.1) and s(z) = z. By the maximum principle, for each
2 € D, we have the inequality |p(2)| <|s(z)| - Therefore, we take

o) 1,1 c, +(2¢, ¢ )z+...
s(z) z(lp(z)) _1+czz+(2c3 —cj)z2 o

k(z) =

In particular, we have
k() =c,|
and
k') =2[c, ~¢|.
The function
_ k(z)-k(0)

" oK)
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isanalyticin D, r(0)=0, |r(z)]<1 for || <1 and |r(z)|=1 for T€0D.From (13),we obtain

) 1-kO |, . 1+k©O) L+k@f g
r'(z)| = ————— k() '(r) 9'(0)|-[s'(D)]s .
1+|r(0)| - \1-@1@)\' A= |'<(0)|| =T |k(0)|{| Al
Since
r'(z)= % k'(2)
(l—k(O)k(z))
and
|r'(0)] = KO 7= 2|C3_Cf|
1-k©)f  1-|c,|
we obtain
2 1 |Czl
o] ST Y
Ml ichmncl
1—|c2|
and
(1_|Cz|)2 41 __|| (r )|

1-[c,[" +2[c, -]
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