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Abstract — The study presents the direct product of two objects in the category of 4-
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dimensional 2-crossed modules to apply isomorphism theorems. These isomorphism theorems
provide a powerful tool to understand the properties of this category. Moreover, isomorphism
doi:10.53570/jnt.1208633 theorems in 4-dimensional 2-crossed modules allow us to establish connections between differ-

Research Article ent algebraic structures and simplify complicated computations. Lastly, the present research
inquires whether additional studies should be conducted.
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1. Introduction

Crossed modules were first used for groups in Whitehead’s work [1] and presented for commutative
algebras by Porter in [2]. The idea of crossed modules modeling homotopy 2-types is well-known for
becoming useful in a wide range of situations. Conduché [3] presented the idea of 2-crossed modules of
groups as an algebraic model of homotopy 3-types. Algebra adaptation of 2-crossed modules is given
in [4].

As an algebraic model for homotopy 3-types, Baues [5] established the concept of a quadratic module
of groups and provided a relationship from simplicial groups. Actually, a quadratic module structure is
a 2-crossed module structure with extra nilpotency conditions. The connection between quadratic and
2-crossed modules was demonstrated in [6]. The relations between the category of 2-crossed modules
and related categories such as simplicial groups, quadratic modules, and crossed squares are given in

the following diagram:

2-Crossed Modules
6] [m (8]

Quadratic Modules T> Crossed Squares W Simplicial Algebras,

The 2-truncation of the Moore complex with a simplicial group results in a 2-crossed module. Since the

2-crossed module can be obtained from a simplicial group’s Moore complex, it makes sense to consider
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this model while researching algebraic topology from the perspective of simplicial groups. 2-crossed
modules have various uses in category theory, including their universal properties, representations, co-
homology, and relations with other categorical structures. For more information on 2-crossed modules,
see [9-13].

Baues and Bleile developed the idea of 4-dimensional quadratic complexes [14] to examine the pre-
sentation of a space X as the mapping cone of a map 9(X) beneath a space D for the algebraic
description of pointed relative CW-complexes with cells in dimension 4. Based on the work of Baues
and Bleile, the idea of 4-Dimensional 2-crossed modules was developed in [15] to examine any probable
equivalence between homotopy 4-types. Moreover, subobjects and quotient objects in this category
are defined in [15].

In this work, we give fundamental properties for a given 4-dimensional 2-crossed module morphism,
including the kernel and the image. The isomorphism theorems explain the connection between
quotients, homomorphisms, and subobjects. For distinct algebraic structures, there are different
iterations of the isomorphism theorem. We also define the direct product to generalize the isomorphism
theorems for 4-Dimensional 2-crossed modules.

2. Direct Product of 4-Dimensional 2-Crossed Modules

In this section, we will obtain the direct product of two given 4-dimensional 2-crossed modules. A
4-dimensional 2-crossed module [15] is a complex of algebras

03 02 o1

o:C3 Cy Ch Co

such that
i. (Cq,C1,Cy,02,0) is a 2-crossed module where {—, —} : C; x C1 — Oy is the Peiffer lifting,
it. Cg is a C1-module where 01(C1) acts trivially, and

7i4. O3 is a homomorphism of Ci-modules where 0,05 = 1.

A morphism between 4-dimensional 2-crossed modules, f : 01 — 09, is a commutative diagram
03

02 01

o1:Cs Csy 1 Cy
fsi f2i fli foi
g9 D3 33 D2 5 D1 ) DQ

where (fo, f1, fo) is a 2-crossed module morphism and f3 is an fp-equivariant homomorphism of mod-
ules. We will denote this category with XoMod*P.

Let g1 = (03, CQ, Cl, Co, (93, 62, (91) and g9 = (Dg, D2, Dl, Do, 53, 52, 51) be two ObjeCtS in X2M0d4D.
We will define the direct product of 4-dimensional 2-crossed modules o1 and oo. For this, we first
define the product of pre-crossed modules 01 and Js.

Proposition 2.1. The algebra homomorphism
‘131: ClxDl — C()XDO
(c1,d1) = ¢1(cr,dr) = (O1(cr), 01(dr))

is a pre-crossed module of algebras.
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PRrOOF.
For direct product algebras C; x D1 and Cy x Dy, let the action of Cy x Dg on C7 x D1 be defined as

(co,dp) - (c1,d1) = (co - c1,dg - dy)
for (¢;,d;) € C; x D; such that ¢ = 0,1. Then, for (co,dp), (¢),dy) € Co x Dy and (c1,d1) € Cy x Dy,

we have

[(Co,d0)+(06,d6)]-(Cl,dl) = Co+co,do+d0) (Cl,dl)

co + 06) - c1, (do + da) . dl)

(
((

= (co- crtch- cr,do-di+dy-di)
(co- e1,do-dr) + (o c1,dp - dr)
(co,dp) - (c1,d1) + (¢, dpy) - (c1,dr)

and
[(co, do)(cp, dp)] - (c1,d1) =

(cocq, dodp) - (c1, dr)
= ((cocp) - c1, (dodp) - du)
= (co- (co- e1),do - (dp-dv))
= (co,do) - (¢ - c1,dp - dy)
= (co,do) - [(ct, dpy) - (c1,dn)]

Therefore, with this action, Cy x D; is an (Cy x Dy)-algebra. Moreover, for (cp,dy) € Cy x Dy and
(Cl,dl) e (Cy x Dl,
®1 ((co,do) - (c1,d1)) = Pi(co-cr,do-di)

(co-c1),01(do - dr))
co - 01 (c1) , dody (dr))
co,do) - (01 (c1) 01 (d1))
co,do) - ®1(c1,dp)

(01
(
(
=
is obtained. Therefore, ®; : C1 x D1 — Cy x Dy is a pre-crossed module. [
C1 x Dy acts on Cy X Dy and C5 x D3 via ®1. Define the Peiffer Lifting as
{=,—=}p: (CixDy1)x(CyxDy) — Ci1xD
((e1,dv), (ch,dy)) = {(e1,d1) ® (. d)) e = ({aa®ci}o, {di @ di}p)

and
(I)i : (Cl X Dz) — Cifl X Di,1

(ciydi) = (Oiei),0i(di))
for i = 2, 3.

PI‘OpOSitiOl’l 2.2. Let g1 = (03, CQ, Cl, C(), (93, 82, 81) and g9 = (Dg, Dg, Dl, DQ, (53, 52, 51) be two
objects in XoMod*P. Then, the direct product of o1 and o9

op :=(C3 x D3,Cy x Dy,Cy x Dy, Cy x Do, @3, P2, 1)
is an object in XoMod*P.

PROOF.
Let g1 = (Cg, 02,01,00,83,62,81) and g9 = (Dg,DQ,Dl,D0,53,52,51) be two ObjeCtS in X2M0d4D.
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Then,
i. PL1. For (c1,dy),(c),d}) € Cy x Dy,
Do{(c1,d1) ® (cf,d))}p = @2 ({1 @ ¢ o, {d1 @ di}p)
= (O2{c1 ® i }e, d2{d1 ® dy}p)
= (1) — 1 - (), drd) — dy - 61(d)))
= (c1,d1)(cy,dy) — (c1, dv) - 1(cy, di)
PL2. For (c2,d2), (ch,ds) € Co x Da,
{®2(c2,d2) @ Pa(ch, dy)}p = {(02 (c2), 02 (d2)) ® (D2 (c3) , 62 (d3)) } p
= ({02 (c2) ® 02 ()}, {02 (d2) ® 02 (d3)} D)
— (cach, dodl)
= (c2,d2)(c3, d3)
PL3. For (c1,ds), (¢}, d}), (¢!, d") € Cy x D,
{(cr,di) @ (e, dy)(ef, d)}p = ({1 @ el Yo, {di @ didf}p)
— ({erd, @ Ve + () - {er © Yo {did) @ Ao + () - {dy ® ;Y )
= {(c1,d1)(cy, dy) @ (cf, d)}p + @1 ((cf,dY)) {(e1,dr), (ch,dy) } P
PL4.a. For (cg,d3) € Co X Dy and (c1,d1) € Cy X Dy,
{®2 (c2,d2) ® (c1,d1)}p = {(02(c2), 02(d2)) ® (c1,dr)}p
= ({(02(c2) ® c1) }e, (62(d2) ® d1)}p)
= (ca-c1 — 02(c2) - c1,dg - di — da(da) - dy)
= (cg,d2) - (c1,dy) — P2 (c2,d2) - (c1,d1)
b. For (c2,d2) € Ca x Do and (c1,dy) € Cy x Dy,
{(c1,d1) ® P2 (c2,d2)}p = {(c1,d1) ® (D2(c2), d2(d2)) } P
= ({a1 ® Oa(c2) }o, {d1 ® 02(d2)} D)
= {c1 ® Oa(c2)}o, {d1 ® 02(da)}p
= (c1 - co,dy - d2)
= (c1,d1) - (c2,d2)
PL5. For (c1,dy), (¢}, d}) € C1 x Dy and (co,dp) € Cy x Dy,
{(c1,d1) ® (¢, dh)}p - (co,do) = ({1 ® ch o, {di @ di}p) - (co, do)
= ({a®@d}tc (co,do), {d ®di}p)
= ({c-co®@c)-dotc,{d1 ®@di}p)
= {(c1 - co,d1) ® (¢} - do,d) }p
= {(c1,d1) - (co,do) ® (¢}, dy)}p
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and
{(e1,d1) @ (1, d1)}p - (co,do) = ({e1 @ ¢ }e, {d1 @ dy}p) - (co, do)

(

({a®dte{d@di}p - (co,do))
{aa®@cite{di-co®dy-do}p)
{(c1,d1 - co) ® (cy,dy - do)}p
{(c1,d1) ® (), dY) - (co,do)}p

7. C9 X Dy acts on C3 x D3 via C'y x Dy trivially. Therefore, Cs x D3 is a Cy x Ds-module.

i1i. For (c3,ds) € C3 x Ds,
Dy ®3(c3,d3) = Po (05 (c3), 03 (d3))

= (0203 (c3) , 0203 (d3))
= (1017 1D1)

= 101 x Dy

is obtained. [

3. Kernel and Image of a Morphism in X,Mod*?

In this section, we give the notions of the kernel and image of a morphism in the category XoMod*P.
Throughout this section, we will consider the morphism
= (f3, f2; f1, fo) : 01 := (C3,C2,C1, Co, 05, 02,01) — 02 := (D3, D2, D1, Dy, 63, 62, 01)
in XoMod*P.
Proposition 3.1. The object
ker f1 x ker f;

{_7_}kerl

ker f3 — ker f2 5 ker f1 ? ker fo

[o2) 2 1

in XoMod*P is an ideal of o1 where 0; are restrictions, for i = 0,1, 2.

Proor.
ker f; is an ideal of Cj, for ¢ = 0,1, 2,3. The commutativity of the following diagram

0 er 0 er 2] er
ker f slier 73 ke]fQ 2l kaTfl L flkerf‘b
Oy —5—Cy——C1—5—Ch

implies 0;(ker fi 1) C ker f;, for i = 1,2,3. The axioms of an ideal in XoMod*” can be calculated
using the definition of a kernel, i.e.,

fa(xo - c1) = fi(xo) - fa(e1) =0+ fa(c1) = 0 implies that xo - ¢1 € ker fo

for xg € ker fy and ¢; € Cy. O
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Definition 3.2. The ideal

ker fi x ker fi

{7}kerl

ker f3 = ker fo = ker f1 ? ker fo

3 2 1

is called the kernel of the morphism f in XoMod*P .

Definition 3.3. The subobject
f1(C1) x f1(Ch)

{7}Imi

f3(C3) f2(C2)

f1(C1) —— fo(Ch)

03 p4 02|ty dily,

of oy is called the image of the morphism f in XoMod*P .

4. Universal Property in X,Mod*?
In this section, we show the existence and uniqueness of a morphism f : o/01 — o9 in Xo M od*P that
makes the following diagram

o —— 09

| A

o/oy
commutative where o7 is an ideal of o1 and o9 is another object in XoMod*P.

Theorem 4.1. [15] Let

02

6 )
o1 . D3 i DQ Dl -

Dy

be an ideal of

03 02

o:C3 Cy

in XoMod*P. Then,
o/o1 : O3/ D3 P Cy/Dy —> C1 /Dy —= Cy/ Dy
is an object in XoMod*P.

Theorem 4.2. Let o9 := (D3, Do, Dy, Dy, d3,02,91) be an ideal of o1 := (C3, Co, C1,Cy, 03, 02,01) in
XoMod*P. If B : 01 — 03 := (F3,FE, E1, Eg,m3,m2,m1) is a morphism, then there exists a unique
morphism « : 01/09 — 03 in XoMod*P.

PRrOOF.

If o9 is an ideal of o7, then

Cl X Cl
N
C3 % Ca 0 C1 o Co
fixfi
| (1)

fs C1/Dy x C1/Dy f2 1 fo

\_7_‘\%]
s/ Ds Cy/Ds C1/Ds Co/ Do

a3 q2 q1
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there exists fiy1: C; — C;/D;, for i = 0,1,2,3. Since, for ¢y € Cp and d; € D;, we have
fit1 (co-do) = (co - di) + Di = (co+ Dy) - (d; + D;) = fo(co) - fi(di), ©=0,1,2,3

and Diagram 1 is commutative. Moreover, f = (f1, fo, f3, f4) is a morphism in XoMod*P. Since, for
all c+ D;, ¢ + D; € C;/D;,

C—i—Di:C/-FDZ‘ = C—C/EDZ‘
= ,81 (C — C/) S ﬁz (Dz)
= Bi(c) = Bi(d) € Bi (Dy)
= D; C Kerp;
= Bi(D;)=1
a;:Ci/D; — E; (i=1,2,3,4) are well defined. Furthermore, for i = 1,2,3,

qiciv1 (ci + Di) = qifiy1 (ci) = Bi (0i (¢i) = 0 (0i (¢i) + D;) = iqi (¢i + Dy)

d4D

As a result, « is the unique morphism in Xy Mod*”, making the following diagram

O3 02 01

03 Cz Cl, C’07
fB\L V?ag f2l Vag fll ',:Val fol ',:ao
C3/D3 —2> Cy /Dy —2> €1 /Dy L Co/Dg

¥ ¥ ¥ ¥

E3 m E2 2 El m E[)

commutative. [
5. Conclusion

In this work, we defined the direct products in the category of 4-Dimensional 2-crossed modules.
We provide the kernel and image of a morphism in this category in order to adapt the isomorphism
theorems. Given a morphism f = (f3, f2, f1, fo) : ¢ — ¢’ in XoMod*P, the mappings f; : o/ ker f —
f(o) defined as f'(x + ker f;) = fi(x), for i = 0,1,2,3, are isomorphisms in this category. Using the
isomorphism theorem on groups, it can be easily shown that f* is an isomorphism. As a result, we
get,

o/ ker f = f (o)

In future studies, isomorphism theorems can be given for this category. Moreover, using semi-direct
product groupoid adaptations can be obtained.
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