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ABSTRACT

Let K[X,] = K[x4, x5, x3, x,] be the polynomial algebra with 4 algebraically independent commuting variables over a field K
of characteristic zero. The symmetric group S, acts on K[X,] naturally by the action of permutations exchanging the indices
of variables with respect to the corresponding permutation. It is well known that the algebra K[X,]5+ of all polynomials
preserved under the action of S, is generated by 4 algebraically independent elements called the elementary symmetric
polynomials. In this study, we consider the subalgebra G of S, generated by the transpositions (13) and (24) which is
isomorphic to the Klein-4 group, and find a free generating set for the algebra K[X,]¢ of G-invariants.
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1. INTRODUCTION

The initiation of study of G-invariants, where G is a subgroup of the general linear group GL,,(K) for a
field K of characteristic zero, dates back to the beginning of the twentieth century. The fourteenth of
twenty three problems given by David Hilbert [1] is related to the algebra K[X,,]¢ of G-invariants of
the polynomial algebra K[X,,] in n commuting variables x4, ..., x,, over the field K. Nagata [2] showed
that K[X,,]¢ is not finitely generated in general, while it is finitely generated for finite subgroups G of
GL,, (K) via Noether [3].

The most interesting group in this theory is the symmetric group S,,. The algebra K[X,]5* of S,-

invariants is called the algebra of symmetric polynomials, and each polynomial in this algebra is called
a symmetric polynomial. The action of each permutation € S,, on a monomial is defined as follows.

”(xi1 xik) = Xm(iy) " Xm(i)-
It is well known by Cayley's Theorem that every group is a subgroup of S,, (see e.g., [4]). In this study,
we realize the Klein-4 group G as a subgroup of S, generated by two transpositions (13) and (24),
and describe the algebra K[X,]¢ by providing its generators.
2. THE KLEIN-4 INVARIANTS
In this section, we investigate the algebra
K[X4]G = {p € K[X4] p(leXZJx3lx4) = p(‘x31x21x11 x4—) = p(xly X4, x3’x2)}l

where
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G =((13),(24)) = {(1), (13), (24), (13)(24)}
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that is isomorphic to the Klein-4 group. Then, we give a finite generating set for K[X,]°.
Lemma 1. K[X,]¢ = K[agp, Bap: 0 < a, b], such that

_ ~a.b b.a
QAgp = X1 X3 +X1X3,
— A a..D b.a
Bap = X3 x4 +x37%4 ,

where 0 < a, b.
Proof. Let p € K[X,] be an arbitrary polynomial. One may express

— a.b.,c.,d _ abcd
p(xerer3rx4) - Z EabcdX1 X2 X3X4 = Z <‘:abch »€abed € K'
O<a,b,c,d O<a,b,c,d

as = p; + p, + p3 + ps, Where py, py, P3, P4 are of the form

_ aaaa
p1(X1,X2,X3,X4) = Z €aaaaX

0=a
D2 (X1, X2, X3, X4)

_ abbb bbab babb bbba
= Z (eapbpX + ppapXPP%) + (epappX + epppaXPPP)

0<a<b
baaa aaba abaa aaab
+ (SbaaaX + gaabaX ) + (SabaaX + SaaabX )

aabb baab bbaa abba abab
+ (Saabe + gbaabX + gbbaaX + SabbaX ) + <‘:ababx

+ Epapa X PP = Z P21t -+ D2y

0<a<b
p3(x1, X3, X3, X4)

— aabc baac bcaa acba
- Z (gaach + gbaacX + gbcaaX + gacbaX )

0<a<b<c
aacb caab cbhaa abca
+ (5aacbX + ScaabX + ScbaaX + SabcaX )

+ (5abachbac + 5acabXacab) + (gbacaXbaca + gcabaXcaba)
+ (5bbachbaC + SabchabbC + gacbeacbb + 5bcabXbcab)

+ (5bbcaXbbca + gcbbachba + gcabecabb + 5bacbXbaCb)

+ (5bachbabc + Sbcbaxbcba) + (SabcbXabe + ScbabXCbab)
+ (gccachcab + gaccbXaCCb + SabchabCC + gcbacXCbaC)

+ (Sccbachba + SbccaXbcca + SbachbaCC + ScachcabC)

+ (gcacbxcaCb + gcbcaXCbca) + (SacchaCbC + gbcachcaC)

= Z P31t o+ P312
0<a<b<c
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D4 (X1, X2, X3, X4)
— abcd adcb cbad cdab
- § (Sabch + SadcbX + gcbadX + gcdabX )

0<a<b<c<d
abdc acdb dbac dcab
+ (Sabch + gacde + gdbacX + gdcabX )

+ (Sacbande 4+ SadchadbC 4+ gbcadecad + Ebdachdac)
+ (SbachbaCd + decadeca + Ecabchabd + gcdbaXCdba)
+ (sbadCXbadc 4+ SbcdaXdea + gdachdabC + gdcbaXdcba)
+ (Scadbxcadb + EcbdaXdea + gdacbXdaCb + gdbcaxdbca)

= Z Pa1t T Das

0<a<b<c

such that p; ; counts the sum in the paranthesis indicated as a sum in the expression of p; ,i = 1,2,3,4.
Now let p € K[X,]¢. Then, clearly p = m(p) gives that

P1+ P2t P33+ s =1(p1 + D2 + 03+ Ds) =1(p) +1(p2) + (o) + m(p2)

and that m(p;) = p1, T(p2) = P2, T(p3) = p3, T(P4) = Ps4, T € G, since the elements of the form p;
are G-invariants for each i = 1,2,3,4, due to the number of distinct powers of the variables in the
monomials of corresponding summands.

Initially,

“11.311)(1 _ g

aaaa — a,a.,a,a _
X —x1x2x3x4—( 4 4

that means

P1(x1, X2, X3, %4) = Z €aaaals € K[a,].
0<a
Secondly, let us consider p, = 205a<b(Pz,1 + -+ py 7). Recall that
D2,1(x1, X2, X3, %4) = Z (€abbbX PP + £ppapXPP2P).

0<a<b

The orbit of the monomial X%PP? js

abbb ybbab yabbb ybbab
X X , X X

with respect to the group G. Similarly the orbit of the monomial X?2%? is

Xbbab’Xabbb,Xbbab’Xabbb.

Hence,
n(p2,1) € SpanK{Xabbb'Xbbab}'

or (pz1) = Pzq, for m = (13), (24). This implies that

abbb bbab _ abbb bbaby _ bbab abbb
EabppX + €ppanX = (13)(eapppX + eppapXPPP) = eapppX + €ppap X7,
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or
(€abbb — €bban) X PP + (€ppap — €appp)X°P?P = 0,

for each pair (a, b). Thus, €4ppp = €ppap, 0 < a < b. Therefore,

EapbpX PP + eppap XPPWP = g4y (X PP + XPDOP)
= eappp X 2224 (X0~ DG-0)(b-a) } y(b-a)(b-a)o(b-a))

I _ _ Bir-a)(v-a)
— gabbbo'fxo(b a)o(b a)(XOO(b a)0 _|_X(b a)OOO) — gabbbafTa(b—a)o

and thus

Bw-a)(b-a)
Pz,l(x1:x2,x3,x4) = Z EabbbagT

0<a<b

Ap-a)o € K[o4, @g0,Baq: 0 < al.

Similar arguments gives that m(p,;) = pa;, i = 2,...,7, ©(p3;) = p3j, J = 1,..,12, T(Pay) = Pak.
k=1,..,6, formr = (13),(24), and that

A(b-a)(b-a)
P22 = Z Epapp (XPAPP 4 xbPba) = z Ebabb 04 %B(b—a)o € K04, 0gq, Bao: 0 < al,
0<a<b 0<a<b

— baaa aaba\ — a .
D23 = Z Ebaaa(X + X ) = z €baaaT4 A(b-a)o € K[o4,q0:0 < a],
0<a<b 0<a<b

P24 = Z gabaa(Xabaa + Xaaab) = z <‘:bowwtO-zft.[))(b—a)o € K[04:.8a0: 0<ad],
0<a<b 0<a<b

P25 = Z €aabb (Xaabb + xbaab 4 ybbaa 4 Xabba) = Z <‘:(JwtbbO-Ailaf(b—(JL)Oﬁ(b—a)O

0<a<b 0<a<b
(S K[O-4,, aao,ﬁao: 0 < a],

2 Bo-a-a) € K

abab _— .
X - €aabb 94 2 0-4'.[))1111- 0< a],

P26 = Z Eabab
0<a<b 0<a<b

(04
_ E baba _ E a “-a)(b-a) .
D27 = EpabaX = €pabaOa 2 € K[G4: Agq:0 < a],
0<a<b 0<a<b

P31 = Z €aabc (Xaabc + xbaac 4 xbeaa 4 Xacba) = Z 5aabco-zlc-la(b—a)Oﬁ(c—a)O

0<a<b<c 0<a<b<c
€ K[04,a40,Ba0:0 < al,

P32 = Z €aach (Xaacb + Xxcaeb + xcbaa Xabca) = Z 5aabcO-Aila(c—a)oﬁ(b—a)o

0<a<b<c 0<a<b<c
€ K[04, @40, Ba0: 0 < al,

P33 = Z gabac(XabaC + Xacab) = Z gabaco-fﬁ(c—a)(b—a) € K[O'zbﬁab: 0<a, b];

0<a<b<c 0<a<b<c
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P34 = Z gbaca(Xbaca + Xcaba) = z gabacaga(c—b)(b—a) € K[o,, agp:0 < a,b],

P35 =

P36 =

P39 =

0<a<b<c

0<a<b<c

€ K[oy, g0, Bap:0 < a, b],

0<a<b<c

€ K[o4, agp, Bao: 0 < a, b],

psy = Z Epape (XA + Xbeba) =

0<a<b<c

Pag = Z Eaben (XL + XCDab) =

0<a<b<c

0<a<b<c

€ K[O-ﬁl—'aaOJﬁab: 0< a'b]'

0<a<b<c

Ebbac(Xbbac 4 xabbc 4 yacbb 4 Xbcab) —

Sbbca(Xbbca + x¢cbba 4 ycabb | Xbacb) —

O<a<b<c
€ K[04, @gq, Bao:0 < al,

0<a<b<c
€ K[04, @go, Paqa:0 < al,

Eccab (chab 4 yaccb 4 yabcec chac) —

a
EpabcO4

Epbac O-fa(b—a)o.g(c—a) (b—a)

0<a<b<c

Ebbca O-ga(c—a) (b—a)ﬁ(b—a)o

0<a<b<c

A(b—a)(b-a)

2 B(c—a)o

Bw-a)(b-a)

a
Eabcbh T4 A(c—qa)o B

Eccab Jfa(c—a)oﬁ(c—a) (b-a)

0<a<b<c

P3,10 = Z Eccba (chba + Xbeea 4 ybace 4 Xcabc) = Z gccbao-fa(c—a)(b—a)ﬂ(c—a)o

Py =

Py =

Pa3 =

0<a<b<c

€ K[o4, agp, Bao: 0 < a, b],

D311 = Z €cach (Xcacb + chca) —

0<a<b<c

0<a<b<c

€ K[oy, aup, Bao:0 < a, b],

P312 = Z €acbe (XaCbC + Xbcac) =

0<a<b<c

0<a<b<c

€ K[o4, au0, Bap:0 < a,b],

Eabed (Xabcd 4 xadcb 4 ycbad | Xcdab) —

O<sa<b<c<d
€ K[o4, g0, Bap: 0 < a, b],

gade(Xabdc 4 yacdb 4 ydbac | Xdcab) —

O<sa<b<c<d
€ K[o4, g0, Bap: 0 < a, b],

Eachd (Xacbd 4 yadbc 4 ybcad | deac) —

O0<sa<b<c<d
€ Koy, agg, Bap:0 < a,b],
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0<a<b<c

A(c-a)(c-a)
a
EcachO4

> Bw-a)o

ﬁ(c—a)(c—a)

a
Eacbc94 A(b-a)o 2

0<a<b<c<d

0<a<b<c<d

0<a<b<c<d

Eabcd o-fa(c—a)oﬁ(d—a) (b—a)

gabdco-fa(d—a)oﬂ(c—a) (b—a)

Sacbdo-f a(b—a)oﬂ(d—a) (c—a)
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P44 = Z €pacd (Xbacd + xbdea 4 xcabd 4 XCdba) = Z gbacdUz‘}la(c—a)(b—a)ﬁ(d—a)o

0<a<b<c<d 0<a<b<c<d
€ K[o4, agp, Bao: 0 < a, b],

Pas = Z €padc (Xbadc + xbeda 4 xdabe 4 XdCba) = Z gbadcUz‘}la(d—a)(b—a)ﬁ(c—a)o

0<a<b<c<d 0<a<b<c<d
€ K[o4, agp, Bao: 0 < a, b],

Pae = Z €cadb (Xcadb + xcbda 4 xdach 4 deca) = Z gcadbaga(d—a)(c—a)ﬁ(b—a)o

0<a<b<c<d 0<a<b<c<d
€ K[oy, agp, Bao: 0 < a, b].

This yields that K[X,]¢ € K[agp, Bap: 0 < a, b]. Conversely, it is straightforward to show that the
elements agy, Bqp, 0 < a, b, are G-invariants, which completes the proof.

Remark 2. Note that K[X,]5* = K [0y, 0,,03,04] € K[X,4]¢ = K[agp, Bap: 0 < a, b], where
01 = Xq +xZ+X3+X4,
Oy = X1X3 + X1X3 + X1X4 + X2X3 + XoXy + X3Xy,
O3 = X1X3X3 + X1XpX4 + X1 X3X4 + XpX3Xy,

04 = X1X2X3Xy,

which can be verified by the simple computations given below.

a1 | P
01 = 10 * P10, ‘72=0‘10:310+T+7’
_ a11P10 + @10P11 _a11P11
%= 2 r T T

The next theorem is our main result.
Theorem 3. The algebra K[X,]€ is freely generated by the set {a, @11, B10, B11}-
Proof. Firstly, direct computations give that

_ ¥11%a-1)(b-1) _ BuBa-nw-1)
Aap = f ’ ab — f

for 1 < a, b. This yields that the elements of the form a,;, B.p, 1 < a, b, are included in the algebra
generated by a11, B11, @no» Bno, 1 < n, by induction.

Let 2 < n = 2m be an even positive integer. Then by binomial expansion, we have that

) ) n _ _ ny (@1\"
ally = apo + n(x Taz + x4+ 4 (m _ 1) G g ) + (m) (T)

11 n a11 ny (a11\™
(no = Afp ~ N&(n-2)0—~ ~ """~ (m _ 1) 5 Am(m-2) ~ (m) (T)
and hence, ay,g = @(2m)o is included in the algebra generated by the elements a,,, a;; by induction.

Now let 3 < n = 2m + 1 be an odd positive integer. Then,
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n
n _ n—-1 n-—1 m+1,m-—1 m—1,m+1
aty = apo +n(x]" xg +xx3 ) + -+ (m) (CHR 7 S T S
_  n 11 ny\ a1
Ono = A10 — NAM-2)0 2 -t m/) 2 Om(m-2)

and thus, ayno = a(2m+1)0 1S included in K[ayq, a;;]. Similarly one may show that £,,0 € K[B1¢, f11]
forall 2 < n.

The rest is to show that the elements a4, a11, B10, f11 are algebraically independent. For this purpose,
we apply the Jacobian criterion [5]. The determinant

1 z 0 O
0 0 1 ¢t
1 x 0 O
0 01y

filled by the entries with respect to the partial derivatives of the corresponding elements is nonzero,
that completes the proof.
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