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Abstract

The fractional versions of various metric related parameters have recently gained impor-
tance due to their applications in the fields of sensor networking, robot navigation and
linear optimization problems. Convex polytopes are collection of those polytopes of Eu-
clidean space which are their convex subsets. They have key importance in the field of
network designing due to their stable and resilient structure which aids optimal data trans-
fer. The identification and removal of components (nodes) of a communication network
causing abruption in its flow is of key importance for optimal data transmission. These
components are referred as strong resolving neighbourhood (SRNs) in graph theory and
assigning least weight to these components aids the computation of fractional strong met-
ric dimension (FSMD). In this paper, we compute FSMD for certain convex polytopes
which include P,,, PL and P2. In this regard, it is shown that for n > 3, FSMD of P,
and P2 is n and 37”, respectively. Also, FSMD of P! is n when n is odd and 37” when n is
even. Finally, an application of FSMD in the context of internet connection networks is
furnished.
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1. Introduction and preliminaries

Convex polytopes are fascinating mathematical models that form building blocks of
many mathematical theories such as algebraic geometry, combinatorial optimization and
linear programming. These structures have captured the attention of mathematicians and
scientists due importance and application in many fields, including computer science, eco-
nomics, physics and chemistry. In this era of automation and computerization, robotics
and machineries substitute the human labour for cost efficient production of output re-
quired to accommodate the demand of markets with minimal use of these landmarks. In
this regard, distance based parameters of graphs have utmost importance and applica-
tion in several areas. One of the distance based parameters is metric dimension, having
applications in real life including network discovery [3], pharmaceutical chemistry [4],
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optimizations [14] and robot navigation. Slater [21] introduced the concept of metric di-
mension under the name location number in 1975. Later, in 1976, Harary and Melter [8]
independently gave the concept and named it metric dimension. In [4], metric dimension
was formulated as integer programming problem. Some developments in metric dimension
can be seen in [4,6-8]. Different variants of metric dimension have been introduced by
researchers, some of them are local metric dimension [17], strong metric dimension [20],
fractional metric dimension [2] and etc. The main focus of researchers was to discuss
these variants of metric dimension on different families of graphs. In [20], Sebé and Tan-
nier introduced a stronger variant of metric dimension of a graph known as strong metric
dimension. Further in [18], it was identified by Oellermann and Fransen that the calcu-
lation of strong metric dimension is NP hard problem. In 2001, Currie and Oellermann
[6] used the linear relaxation of the integer programming problem for metric dimension to
define the concept of fractional metric dimension. The fractional metric dimension was
further established by Arumugam and Mathew [2] in 2012 by introducing the notion of
resolving neighbourhoods. In [16], FMD of generalized Jahangir graphs was computed.
In 2013, Kang and Yi [13] introduced the notion of FSMD by imposing a stronger condi-
tion on fractional metric dimension and also calculated it for some important families of
graphs. It was further argued that using the same scheme described in [7], the problem
of finding FSMD can be translated as linear programming problem. The localized version
of fractional metric dimension have been described in [1] and [15]. A stronger variant of
local fractional metric dimension is discussed in [10].

Let A= (V(A), E(A)) be a finite, undirected, connected and simple graph where |E(A)|
and |V (A)| are known as the order and size of the graph. The open neighbourhood of
any vertex z € V(A) is the collection of all the vertices of A adjacent to =, denoted by
N(z). For any two of vertices x,y € V(A), the distance d(z,y), is the length of shortest
x — y path in A also known as geodesic. If for every vertex a in N(z) where z € V(A),
the condition d(a,y) < d(x,y) holds, then z is maximally distant from y € V(A). For
the pair of vertices z,y € V(A), x is said to be mutually maximally distant from y
(x MMD vy) only if x is maximally distant from y and y is maximally distant from .
For an ordered subset S = {z;;1 < i < k} of V(A), we refer to the ordered ¢-vector
r(z|S) = (d(v,z;))!_, as representation of z with respect to S. The set S is called a
resolving set for the graph A if r(z|S) = r(y|S) implies that = = y for all z,y € V(A).
The cardinality of resolving set of A with least number of elements is known as metric
dimension of A, denoted by dim(A). A vertex z strongly resolves two vertices z1 and o
if z1 belongs to a shortest xo — z path, or if xo belongs to a shortest 1 — z path. A
vertex set S of A is a strong resolving set of A if every two distinct vertices of A are
strongly resolved by some vertex of S. The cardinality of strong resolving set having
minimum number elements is known as strong metric dimension of A, represented by
sdim(A). The set S{z1,z2} consisting of all vertices z from the vertex set of A such that
x1 lies on xo — z geodesic or xo lies on x7 — z geodesic is known as the strong resolv-
ing neighbourhood (SRN) of z; and z3. A real valued function « : V(A) — [0,1] is a
strong resolving function of A if for any distinct pair of vertices z1,2x2 € A, the weight
a(S{x1,z2}) is greater than or equal to 1. The FSMD of A is denoted by sdim¢(A) and
defined as min{a(V(A4)) : « is a strong resolving function of A}. The SRNs for a graph A
with least cardinality and its compliment are given by 8(A) = {5*| S* is the SRN such that
|S*| = v(A)}, where v(A) is the cardinality of smallest SRN of A. Also, S(A) = {S’| &
is the SRN of A not in 8(A)}. The technique used in this paper to compute FSMD of a
graph is mentioned below:

Theorem 1.1. [11] Let Q(A) = 8(A)US(A) be collection of all SRNs of graph A such that
for every distinct pair of vertices x,y € V(A) [S{z,y} N (Ug-es(4)S™)| = 7(A) where v(A)
s the cardinality of strong resolving neighbourhoods with minimum number of elements.
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Figure 1. The Convex Polytope P,

Then
AA 4
sdimy(A) = Z A where B(A) = | Ug«es(a) S™|-
til 7( )

Recent developments regarding the computation of metric variants for convex polytopes
can be seen in [5], [9], [10] and [19]. Some bounds and results introduced by Kang [12] are
mentioned below:

Lemma 1.2. [12] Let A be a connected graph with order n. Then
(1) dimg(A) < sdimg(A),
(2) sdimg(A) < sdim(A)
(3) S{a,b} = {a,b} if and only if the vertices a and b are MMD and ~(A) = 2, where
a#beV(A) andn > 2.

The main contributions of the paper are as follows:

1.1. Main results:

The research conducted in this article leads to the following novel results.

Theorem 1.3. For n > 3,

(1) sdimg(P,,) =n
3n

(2) sdimg(PL) = 2 z.fn z.s even
n  ifn is odd

(3) sdime(P}) = %

In this paper, we compute FSMD of certain convex polytopes. In section 2 and 3, SRNs
of the convex polytopes IP,, and P are computed. Section 4 is devoted to the discussion
of SRNs of the convex polytope P2. In section 5, FSMD of all convex polytopes discussed
above is computed. Section 6 contains application of FSMD in the context of internet
connection networks and finally the article is concluded in section 7.

2. Strong resolving neighbourhoods of convex polytope P,

In this section, SRNs of the convex polytope P, will be calculated. The convex polytope
P, is obtained by attaching adjacent pentagons with a cycle. The vertex and edge set of P,
are V(P,) = {uj,v;,w; | 1 <i <n}and E(P,) = {ujtitr1, uvs, viw;, wiviyr | 1 <i < n},
respectively, with the indices taken modn. The convex polytope P, is shown in Figure
1. In order to compute SRNs of the graph P,, its vertices are to be pairwise classified
depending upon either being on the same cycle or on different cycle. In the following
lemmas SRNs of pair of M M D vertices in P, are computed.
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Lemma 2.1. Let Py, be a convex polytope where n is even. Then, |S{vp,vpr2}| =
n

|S{wp, wpir}| =2 where 1 <p<nand4d <p+k < 3. Also, |(U S{vp,vp12})U(U
p=1

S{wp, wpir})| = 2n.

Proof. 1t is clear from the construction of the graph P, that v, and Uptn are MMD.
Also, wy, and wy4y are MMD in P, therefore, in view of Lemma 1.2, the SRNs of pair
of vertices vy and vy is {vp, vy 2} Also, the SRN S{wy, wpix} = {wp, wpik}. Here,

S{0ps 0y} = |S{wp, wyii}| = 2. From the above it implies that ( U S{vp,vp4})U
p=1

(U Sty wpi}) = {vp,wy [ 1< b < n}. Hence, [(U S{vp, vy 3 HU(U S{twp, wpir )]
p= p= p=

= 2n. t
Lemma 2.2. Let P, be a convex polytope where n is odd. Then, [S{vp, wpy n|}| =

|S{wp, wpir}| =2 where 1 <p<nand 4 <p+k < [T]. Also, |( CJ S{vp,wpﬂgj})u
p=1

( G S{wp, w4 })| = 2n.
p=1

Proof. The vertices v, and (NNEY of the graph P, are MMD. Also, the pair of ver-
tices wy, and wy4y are MMD in P, therefore, in view of Lemma 1.2, the SRNs of
pair of vertices vy, and wyy n| is {vp, wyyni}. Also, S{wp, wpir} = {wp, wpir}. It

is clear that |S{vp,wyn |} = [S{wp,wpix}| = 2. From the above it implies that

(p@l S{Up7wp+L%J}) U(p©1 S{wp, wpyr}) = {vp,wp | 1 < b < n}. Hence, |(pLiJ1 S{vp,wpﬂgj})

U, S{upupea)| = 20 n
Consider

A if n is even

. (2.1)
B ifnisodd

j'C(Pn) = {

n n n
where |A| = | U1 S{vp, vpr 2} U( U1 S{wp, wps+r}| = 2n and |B| = | U1 S{vp, wpy 2}
p= p= p=

U( G S{wp, wpsr}| = 2n where 4 < p+k < [§]. In the following lemmas, we will show
p=1

that the collection H(P,,) coincides with the collection §(P,). Also, it will be shown that
the intersection of U H* with the SRNs of any other pair of vertices of IP,, contain
H* € 3(Pn)
at-least |H*| vertices of P,,. The symmetry of the convex polytope P, allows us to consider
the SRNs of only the pair of vertices discussed in the following lemmas.
The SRNs of pair of vertices in P, lying on the inner cycle are computed in the following
lemma.

Lemma 2.3. Let P,, be a convex polytope. Then, |H*| < [S{u;, witm}| where 1 < i <n.
Also, |S{ui, uirm} N A| > |H*| for n even and |S{u;, ui+m} (N B| > |H*| for n odd.

Proof. In the view of Table 1, it can be seen that [S{u;, uj+m} (Al > |H*| for n even
and [S{u;, witm } (N B| > |H*| for n odd. O

In the following lemma, SRNs of pair of vertices of degree three lying in different cycles
are considered.

Lemma 2.4. Let P, be a convex polytope. Then, |H*| < [S{ui, Vitm}| where 1 < i < n.
Also |S{u;, vigm} NA| > |H*| for n even and |S{u;i, vitm} N\ B| > |H*| for n odd.
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Table 1. SRNs S{u;, tjqm } for Pp,.

m H S{ui, ui+m} when n is even ‘ S{ui, wiym} when n is odd ‘
1 (Wi, Wiy 2} Wi, Wit rny, Vit }©
2 {ta, Va, Wi, Wa, up, vy, Wy, Wp—1| | {Ua, Va, Wiy Wa, Up, Upt1, Vo, Vo1, W
a=i+1,b=i+5+1}° a=i+1,b=i+[5]}°
{u, Vo, wy, we, Up, vpli +1 < {uz; Ve, wy, we, Up, vpli +1 <

3<m< |2 [ <i+m—-1i<y<i4+m-1,| <i+m-1i<y<it+m-—1,
i+54+1<p<i+i+m—1, i+ |5 +1<p<i+|[5]+m—1,
i+2<q<i+24+4m—1} | i+|2]<q<i+[Z]+m-—1}°

Proof. 1t can be seen from Table 2 that |S{u;, vitm} N A| > |H*| = 2 and for n even
and |S{u;, vitm} N B| > |H*| for n odd. O

Table 2. SRNs S{u;, viym } for P,.

‘ m H S{u;,virm} when n is even ‘ S{ui,vitm} when n is odd ‘
0 {vi—1, Vi1, Wi—2, Wit }¢ {vi—1, Vi1, Wi—2, Wit }¢
{UZ7 Vi, Wi, Wi—1, Uya wy/|
1 {ug, vi,wi, w1 |i +1 < < i+ )¢ i+1<z<i+m+ 5],

i+m+1<y<i+m+|5],
itm+1<y <i+m+[5]-1}°

{ux,vy,vz,wy/,wzﬁ—}—l <z {uxavy7,l)27wy’vwz/|i+1 <z
3<m< g || <i+g+k-1i+1<y<i+k—-1|<i+m+|5],i+1<y<i+m—1,
itk+1<z<it+y+k-1, i+m+1<z<i+m+|%],
i<y <i+k—1}° i<y <i+m-—1,

i+m+1<z<i+m+|5]—-1}°

{Ui,vi,ﬂwg}

ST

In the following lemma, SRNs of pair of vertices with degree three lying on the outer
cycle are computed.

Lemma 2.5. Let P, be a convex polytope. Then, |H*| < |S{vi, viym}| where 1 < i < n.
Also, |S{vi, vizm} NA| > |H*| for n even and |S{vi, viym} N B| > |H*| for n odd.

Proof. Due to symmetry of the graph P,, the cases discussed in Table 3 show that
|S{vi, Vigm } N A| > |H*| for n even and |S{v;, vitm }( B| > |H*| for n odd. O

Table 3. SRNs S{v;, viym } for P,.

‘ m H S{v;,virm} when n is even ‘ S{v;, i m} when n is odd ‘
1 {Uz'—lyUi7UH—luUz’+27wi—17wi—27wi+17wi+2} {Ui—laviv'vi+1avi+27wi7wi—17wi+17wi+2}
2<m< 3 {Wis Vi, Wi—1, Witm} {Wis Vi, Wi—1, Wigm}
5 {'UZHUH—%}

SRNs of vertices with degree two and three lying on different cycles will be computed
in the following lemma.

Lemma 2.6. Let P, be a convex polytope. Then, |H*| < |S{u;, witm}| where 1 < i <n.
Also, |S{ui, wirm} NA| > |H*| for n even and |S{u;, witm} (N B| > |H*| for n odd.

Proof. Taking table 4 into consideration we have, |S{u;, witm} (Al > |H*| for n even
and |S{u;, wit+m } (N B| > |H*| for n odd. O



F. Jamil, A. Kashif, S. Zafar

Table 4. SRNs S{u;, w;ym} for P,.

S{ui, Wi+m} when n is odd ‘

m H S{u;, wi+m} when n is even ‘
{utavs7w:l;?’ui+7n7/vi+7n*17wi‘F"L*l? {utvvmwmva»vafhwaf]awafﬂ
0<m<2 Wigm—2|i +1 <t < F+i+m, a=i+mi+1<t< |G +i+m,
i+m+1<s< 5 +it+m, i+m+1<s< 5] +i+m)°
i+m+1<s< 5 +i+m—1}°
{ut, Vs, Wa, vy, wyr [t +1 < T {ug, v, we, vy, wy |t +1 <t < Lg] +1+m,
3<m< 5] <S+itmi+tm+1<s< L 4i+m, i+m+1<s<|[Z]+i+m,

i+m+1<es<G+i+m—1Li+m—(m—1)
Sy<itm(i+tm)-m<y <itm-—1}°

t+m—(m—-1)<y<i+m,
i+m—-—m<y <i+m-—1}°

<S+i+tmi+tm+1<s< G +i+m,
i+m+1<zr<G+i+m—1Li+m—(m—1)
<y<itm(i+m)-m<y <i+m-—1}°

{Uu Vs, Wg, Uy7wy’|i +1<¢

{ui, vi, wigm}

SRNs of vertices with degree two and three lying on same outer cycle will be computed
in the following lemma.

Lemma 2.7. Let P,, be a convex polytope. Then, |H*| < [S{v;, witm}| where 1 < i <n.
Also, |S{vi, wirm} NA| > |H*| for n even and |S{vi, witm} N B| > |H*| for n odd.

Proof. In view of Table 5 we have, |S{v;, wiym} N A| > |H*| for n even and |S{vi, Witm }
N B| > |H*| for n odd.

0

Table 5. SRNs S{v;, w;tm} for P,.

] m | S{vi,witm} when nis even | S{v;,witm} when nis odd |
0 {ug, v, weli +1 <t < B 44, | {ug, v, wsli +1 <t < [5] 414,
4<s<5+i,4<s <5)° 4<s<|5]+i}°
1 {ug, vs, wer, Vig1, wil1 <t <m, | {ug,vs, Wy, Vg1, w1 <t < n,

4<s<n-1,4<s <n-2}°

4<s<n-1,4<s <n-2}°

{v’i> Wi4-m, w’i—l}

{U’i> Wi4-m, w’i—l}

{vi, Witm, wi—1}

{vi7 U)H_m}

SRNs of vertices with degree two on outer cycle will be computed in the following

lemma.

Lemma 2.8. Let P,, be a convex polytope. Then, |H*| < |S{w;, witm}| where 1 <i <n.
Also, |S{wi, wixm} N A| > |H*| for n even and |S{w;, witm} B > |H*| for n odd.

Proof. It can be seen from Table 6 that [S{w;,witm}NA| > |H*| for n even and
|S{w;, wirm} N B| > |H*| for n odd.

0

Table 6. SRNs S{w;, w;1m} for Pp,.

S{w;, wiym} when n is even ‘

S{w;, wi+m} when n is odd ‘

{ut7vsavslawx|1 Stén,
i+1<s<it+mi+4<s <
n+m—2,i+4<z<n+m-—3}°

1+1<s<i+m,i+4<s <n+m-—2,
i+4<z<n—-2i+1<y<i4+m-—1}°

{Ut7v57vs’aw17wy|1 S t S n,

{utvvsvws’vvi+lywi|1 Sté n,
4<s<n—-14<s<n-2}°

{utavsvws’yvi+17wi|1 S t é n,
4<s<n—-14<s <n-2}°

{Uzq Wi+tm, wi71}

{Uz‘, Wi+tm, wi71}

{vs, Wi, wi—1}

{vi, Wit }
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Figure 2. The convex polytope P!

3. Strong resolving neighbourhoods of convex polytope P.

In this section, SRNs of the convex polytope P! will be calculated. The convex polytope
P. is formed by joining the degree three vertices that are adjacent to degree two vertices, vy
and v 1 by an edge in P,,. The order and size of P are given by |V (PL)| = [{u;, vi,w; | 1 <
i < n}| = 3n and |E(PL)| = {uwittit1, uivi, vivig1, viwi, wivipr | 1 < i < n}| = bn,
respectively with the indices taken modn. The convex polytope P! is shown in Figure
2. In order to compute SRNs of the graph Pl its vertices are to be pairwise classified
depending upon either being on the same cycle or on different cycle or on the outer
triangles of PL.

In the following lemmas SRNs of pair of M M D vertices in P. are computed.

Lemma 3.1. Let P. be a convex polytope, where n is even. Then, |S{up, vpr2}t| =

|S{up, wprn_1} = [S{wp, wpsr}| =2 where 1 < p,k < n. Also, |( U1 S{up, vp+2 ) U(U
p:

p=1
g wpsa)U(U St 31Dl = 30

3

Proof. From the construction of the graph P! and in view of Lemma 1.2, the cardinality
of SRNs of pair of vertices that are MMD is given by [S{up, vpi2} = [S{up, wpin_1}|

=|S{wp, wptr}| = 2. From above it implies that ( CJ S{up, vp12 1) U( Lnj S{wp, wpi}) U( CJ
p=1 p=1

p=1
S{up, wpyn_1}) = {up,vp, wp | 1 < b < n}. Hence, | U S{up, vpr2}) U( U S{wp, wpyr}) U
p= p=
(U S{up, wpig 1} = 3n. O
p:

Lemma 3.2. Let P. be a convex polytope, where n is odd. Then |S{up,pr%J}| =

n n
S{upstpsa}] = 2 where 1< pb < . Aso, 10 S{up w13 DUCD S{wpwph)] =
p= p=
2n.
Proof. The pair of vertices u,, (NNEY and wy, wpy, of the graph PL are MMD. There-

fore, in view of Lemma 1.2, the cardinality of SRNs of pair of vertices w,, Wpy|2] and wy,
Wy is given by |S{up, wpy 2} = |S{wp, wpk}| = 2. From the above it implies that

U S{up, wpi 21 1) U U1 S{wp, wptr} = {up,wp | 1 < b < n}. Hence, | U1 S{up, wpy 2} U
p= p=

p:
Ul S{wp, wpir}| = 2n. O
p:

S =
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Consider
H(PL) = C ?f n ?s even (3.1)
D ifnisodd
where €= (U S0 0515 U(U S{wp. 0500 UCQ S p51)) and D = (0
p= p= p= p=

n
S{up, w21} U(U S{wp, wpik}). In the following lemmas, we will show that the collec-
p=1

tion H(PPL) coincides with the collection §(PL). Also, it will be shown that the intersection
of U  H* with the SRNs of any other pair of vertices of PL contain at-least |H*|
H* € H(PL)
vertices of PL. The symmetry of the convex polytope Pl allows us to consider the SRNs
of only the pair of vertices discussed in the following lemmas.
The SRNs of pair of vertices in P}, lying on the same cycle (inner and outer) are com-
puted in the following lemma.

Lemma 3.3. Let P! be a convex polytope. Then, |H*| < |S{us, uizm}| = |S{vi, vitm}]
where 1 < i < n. Also, |S{ui,uirm} N C| > |H*|, |S{vi,vitm} NC| > |H*| for n even and
|S{ui, wirm} N D| = [H*|, |S{vi, vigm} N D[ = [H*| for n odd.

Proof. 1t can be seen from Table 7 that [S{u;, uirm}NC| > |H*|, |S{vi,vizm} NC| >
|H*| for n even and |S{ui, uirm } N D| > |H*|, |S{vi, vitm} N D| > |H*| for n odd. O

Table 7. SRNs S{u;, uitm} and S{v;, v;4m} for P,.

m H S{ui, Uiym }/S{vi, Vitm} When n is even ‘ S{ui, wiym}/S{vi, Vitm} Wwhen n is odd ‘
1 {wi, win}° {wi, wigrny, vigrz}°
2 {ua, Vay Wa—1, Way Up4-1, Vp41, Wh, ’wb+1| {’U«(u Va, Wa—1, Wa, Uey Uet15 Ve Uc+17w6‘c =i+ [%W }C

a=i+1,b=1i+3}°

3<m < 5] | {ue, ve, wy, wg, up, vpli +1 <z <di+m =1, | {ug, Ve, wy, Wy, up, vpli + 1 <z <di+m -1, <y
i<y<i+m-1li+5+1<p< <i+m-—1l,c<p<c+m-—2}°

i+t +m—1,i+8<qg<i+8+m—1}°

In the following lemma, SRNs of pair of vertices of degree three lying in different cycles
are considered.

Lemma 3.4. Let PL be a convex polytope. Then, |H*| < |S{ui, vism}| where 1 < i < n.
Also, |S{u, vizm } N C| > |H*| for n even and |S{u;,vitm} N\ D| > |H*| for n odd.

Proof. It can be seen from Table 8 that |S{u;, viym } (N C| > |H*| for n even and | S{u;, vitm}
N D| > |H*| for n odd. O

Table 8. SRNs S{u;, vt} for PL.

‘ m | S{ui,viym} When n is even ‘ S{ui,vitm} when n is odd ‘
0 VD V(D
1 {ug, v, Wi + 1< < i+ 50+ 5 + 1| {ug, vy, vz, wy, wei +1 < <i+ [§]4+m—1,
<y<i+ni+%<z<itn}e i<y<i+m-—1i+[3]+m—-1<2z<n}°
{ug, vy, weli+1 <z <i+ 5 +m—1, {tg, vy, vz, wy, Wi +1 < z
2<m< 5] i+5+1<y<n+i+m-—1, <i+[gl+m—1i<y<id+m-—1,
i+5<z<n+i+m-—1}° i+ (5] <z<n+i-1}°
15] {ui vipn} {ui vig 2], wip 2}

SRNs of vertices with degree two and three lying on different cycles will be computed
in the following lemmas.
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Lemma 3.5. Let PL be a convex polytope. Then, |H*| < |S{u;, wirm}| where 1 <i < n.
Also, |S{ui, wirm } N C| > |H*| for n even and |S{u;, wiym} N D| > |H*| for n odd.

Proof. In view of Table 9 we conclude, |S{u;, witm} N C| > |H*| for n even and |S{w;, witm }
N D| > |H*| for n odd. O

Table 9. SRNs S{u;, Wit} for PL

] m H S{ui, wi+m} when n is even \ S{u;, wit+m} when n is odd ‘
0 {u, wili +5 +m+1 <t <i} {ug, Wigmli +[5] <t <n+i}
1<m<3 |{u,wili+5+m+1<t<i} | {u,wigm;i+ [5]+m <t <n+i}
3<m< |4] {ui, Witm} {ug, Wigm; i1+ [5]+m <t <n+i}
15] {uwi, wizm}) {ui, witm}

Lemma 3.6. Let PL be a convex polytope. Then, |H*| < |S{vi, witm}| where 1 <i < n.
Also, |S{vi, wirm } NC| > |H*| for n even and |S{v;, wiym} D] > |H*| for n odd.

Proof. It can be seen from Table 10 that |S{v;, wiym}NC| > |H*| for n even and
|S{vi, witm } N D| > |H*| for n odd. O

Table 10. SRNs S{v;, w4} for PL.

m H S{vi, witm} when n is even ‘ S{vi, Witm} when n is odd ‘
0 {ug, v, ws, weli +1 <t <i4 5 +m, {ug, v, weli +1 <t < [ 5] +4}°
i<s<i+m-li+m+1<s<i+84+m—1}°
1<m< 3] {ug, v, ws, weli +1 <t <i4+ 5 +m, {ug, ve, we, weli 1 <t <[5 +m,
i<s<i+m-li+m+1<s<i+L4+m-1}°|i+2<s<[8]4+m,i<s<i+m-—1}°

Lemma 3.7. Let P. be a convex polytope. Then, |H*| < |S{w;, wiym}| where 1 <i < n.
Also, |S{wi, witm} N C| > |H*| when n is even and |S{w;, witm} (D] > |H*| when n is
odd.

Proof. The SRNs of the vertices w; and wji, are S{w;, witm} = {u;, wiym}. It will fol-
lows from the above that |S{w;, w;1m} N C| > |H*| for P when n is even and |S{w;, wi1m}
N D| > |H*| when n is odd. O

4. Strong resolving neighbourhoods of convex polytope P?

In this section, SRNs of the convex polytope P2 will be calculated. P? is formed by
adding the edges vivey1 and viugyp in P, The order and size of IP’?L are represented as
V(P2)| = [{us,vi,w; | 1 <i<n}|=3nand |[E(P2)| = |[{uittit1, uivi, vivis1, viw;, wivis1,
viuit1 | 1 <14 < n}| = 6n respectively, with the indices taken mod n. The convex polytope
P2 is shown in Figure 3. In order to compute SRNs of the graph P2 its vertices are to be
pairwise classified depending upon either being on the same cycle or on different cycle or
on the outer triangles of P2.

In the following lemmas SRNs of pair of M M D vertices in P2 are computed.

Lemma 4.1. Let P2 be a convex polytope, where n is even. Then, [S{up, upyn}| =

15400yt 531 = 15 03 H = [S{tp wpsa}| = 2 where 1< p.k < . Also, |( 0 S{up,
p:

4y DUCU 500,01 DUCY St 055 DUCY, S{up i) = 3.
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Figure 3. The Convex Polytope P?

Proof. In view of Lemma 1.2, the SRNs of pair of vertices that are mutually maxi-
mally distant in P2 are given by 15{up, upyn}| = [S{vp,vprn}t = [S{up,wpsn}| =

|S{wp, wp4i}| = 2. From above it implies that ( 6 S{up, uptz}) U( CJ S{vp, vp2}) U
p=1 p=1

(U S{up w5 DUCU STy wpis}) = .m0y [ 1< 5 < ). Henee, (U S{upupi3))
p= =

p=1
U0 S0y 3 DUCU {0y DUCY St g = 3. n
p= p= p=
Lemma 4.2. Let P2 be a convex polytope, where n is odd. Then |5{up, vp+ 2} =
[5{vp, Wy 2} = [S{up, wpie}| = [S{wp, wpik}] =2 where 1 < p,k <n and [5] -1 <

< 13- Atso, [(U S{upope 13D UCU S{ups w13 DU S e ) U
p= p= p= p=

S{wp, wptr})| = 3n.

Proof. When n is odd, then for P? in view of Lemma 1.2, the cardinality of SRNs of

pair of MMD vertices is given by |[S{up, vy 2|} = [S{vp, wyi 2} = [S{up, wpie}] =

[S{uwp, wper}| = 2. From the above it implies that [( J S{up, v, (2 ) U(U Sy,
p=1 p=1

w3 DUCY S0y ) UCU S wpsa) = [ [ 1 <<} =m0

p=

Consider

C'" if nis even

4.1
D' ifnis odd (4.1)

3(E2) ={
where O = (U §{up, w2 ) UCU S{vps v s DU(U S, wpys DUCU S{wy,
p=1 p=1 p=1 p=1

wpir}) and D' = (0 ${up vy 13 DUCD, S w131 U0 S{ags e DUCO

p= p= p= p=
S{wp, wpix}). In the following lemmas, we will show that the collection H(P?2) coincides
with the collection 8§(IP2). Also, it will be shown that the intersection of U H*
H* € H(P2)
with the SRNs of any other pair of vertices of P2 contain at-least | H*| vertices of P2. The
symmetry of P2 allows us to consider the SRNs of only the pair of vertices discussed in
the following lemmas. The SRNs of pair of vertices in P2 lying on the same cycle are
computed in the following lemma.

Lemma 4.3. Let P2 be a convex polytope. Then, |H*| < |S{u;, uirm}| where 1 <i < n.
Also, |S{ui, wixm} N C'| > |H*| for n even and |S{u;, uirm} N D'| > |H*| for n odd.
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Proof. In view of the Table 11, it can be seen that |S{u;, uitm } N C'| > |H*| for n even
and |S{u;, uitm} N D'| > |H*| for n odd. O

Table 11. SRNs S{u;, ;1 } for P2.

m H S{u;, uitm} when n is even ‘ S{u;, uitm} when n is odd
1 {vi, wi, wi—1, Vit e {vi, wi, wim1, wig n ) }°
{ui+17'Ui7'Ui+17wi—1ywi7wi+1:ui+g+17 {ui+1¢ui+[%hui+(%]+17vi>vi+l7vi+(%]v
2 Vi 25 Vig 241, Wi 2 e Wi—1, Wi, Wit 1, Wit [2]-1, Wit[2] I
{tla, Vb, Wh, Wy, Up, Vi +1 < a < i+m—1, {tha, vy, Wy, Wy, up, vy li +1 < <di4+m—1,
3<m< |3 i<b<i+m—-1,i-1<V <i+m-1i+%+1 i<y<i+m-1l,i—1<y <i+m-—1,
Spitg+m—liti<p<iti4m—1 | i+[5]<p<it[3l+m-Li+[3]<p <
i+5<q<i+%+m-2}° i+ [3]4+m—2,i+[3]-1<qg<i+[5]+m—2}°

The SRNSs of vertices with degree four and degree six in P2 lying on different cycles are
computed in the following lemma.

Lemma 4.4. Let P2 be a convex polytope. Then, |H*| < |S{ui, vism}| where 1 < i < n.
Also, |S{u;, vitm} NC'| > |H*| for n even and |S{u;, vitm} N\ D'| > |H*| for n odd.

Proof. Taking Table 12 into consideration we imply that, |S{u;, viym} N C'| > |H*| for
n even and |S{u;, vitm} N D'| > |H*| for n odd. O

Table 12. SRNs S{u;, viym} for P2.

‘ m H S{ui, viym} when n is even ‘ S{ui, vi+m} when n is odd ‘
0 {ug, vp,wyli +1<a<i+ 5,04+ 5 <b| {ug,vp,wyli+1<a<i+|5],i+[5]<
<i+n—1,i4+% <V <i4+n-—2}° b<i+n-—1i+4|5] <b <itn—2}°
I1<m<73 {ta, vp,wpli +1 <a <i+m+ 3, {vg,vp, wpli +1 <a<i+m+ [5], i+ [5]
i+5<b<i+m—1}° <b<i+m—1i+ 5] <b<i+m—1}°
\_%J {uaavb7wb|i+1 <a Si-l—m-i—% {ui,vHLgJ}

i+t <b<itm-—1)°

Lemma 4.5. Let P2 be a convex polytope. Then, |H*| < |S{u;, witm}| where 1 <i < n.
Also, |S{ui, witm } N C'| > |H*| for n even and |S{ui, wiym} N\ D'| > |H*| for n odd.

Proof. The SRNs of u; and w; 1y, are S{u;, Wirm} = {Wiym, Ua|i+m+[5]+1 < a <i+n}
where 0 < m < 5] — 1. It implies from the above that, [S{u;, witm}NC'| > [H*| for n
even and |S{u;, wi1m} N D'| > |H*| for n odd. O

Lemma 4.6. Let P2 be a convex polytope. Then, |H*| < |S{vi, vitm}| where 1 < i < n.
Also, |S{vi, vitm} NC'| > |H*| for n even and |S{vi, vitm} N D'| > |H*| for n odd.

Proof. By considering Table 13 we have, |S{v;, vitm} N C’| > |H*| for n even and |S{v;,
Vitm N D'| > |H*| for n odd. O

Table 13. SRNs S{v;, v;qm } for P2.

m H S{vi, Vi+m} when n is even ‘ S{vi, Vitm} when n is odd ‘
1 {ui1, wip 21, wi wign e {uir1, vig 2 41, wile
{ta, Up, Var, Vs We, wali +1 < a < i+ m, {Ua, Up; Var s Vs We, wgli +1 < a <i+m,i+1
2<m< |3 i+1<d<i+m-1,i<c<i+m-—1, <d<i+m-li<c<i+m-—1i+[5]+1
i+5+1<b<i+m+5,i+5+1<V <b<i+m4[3]-1i+[5] <V <

i+m+ 2] —1Li+[3]<d<i+m+[2] -1} |i+m+[5]-Li+[2]<d<i+m+[5] -2}
{ta, Up, Var, Vb, We, Wali + 1 < a <i+myi+1
5] {vi, Vitm} <d<i+m-li<c<i+m-—1i+[5]+1
<b<i+m4[§]-1Li+[5] <V <
i+m+[5]-1i+[3] <d<i+m+[5] -2}
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Let A be a finite, undirected, connected and simple graph. Then, FSMD of A will be
computed with the following steps of the algorithm:
Step I: Adjacency Matrix
The input adjacency matrix of the graph A, denoted by B = [b;;] is formed in such a way
that b;; = 1, if x; and x; are adjacent nodes in A, otherwise and b;; = 0;
Step II: Matrix of Distances
Compute the matrix of distances given by D(A);
Step III: SRNs
Compute the collection S{z1,x2} of nodes y € V(A), for every pair of adjacent nodes
x1, 9 such that z; lies on x9 — y geodesic or xo lies on z; — y geodesic;
Step IV: Least cardinality of SRIN
Calculate v(A) = min{|S{z1, z2}|};
Step V: Collection of all SRNs with least cardinality
Compute 8(A) = {S{z1, 2}] [S{z1, 22}| = 7(A)} and B(A) = |US(A)]:
Step VI: Computation of FSMD
If for all z1,29 € E(A), |S{z1,22} N (US(4)) | > v(A), then compute

A 4
sdimg(A) = Z )

t=1
Lemma 4.7. Let P2 be a convex polytope. Then, |H*| < |S{vi, witm}| where 1 <i < n.

Also, |S{vi, witm } N C'| > |H*| for n even and |S{vi, witm} N D'| > |H*| for n odd.

Proof. In view of Table 14 we have, |S{v;, wit+m } N C'| > |H*| for n even and |S{v;, wi1m}
ND’| > |H*| for n odd. O

Table 14. SRNs S{v;, w; 4} for P2.

m H S{vi, witm} when n is even ‘ S{vi, Wir+m} when n is odd ‘
0 {Ua’vb:wc|i+2§agi+%,i+1§ {ua,vb,wb\i+2§a§i+[%17
b<i+%i+1<c<i+%-1}° i+1<b<i+[5] -1}
{ta, vo, wp, wei +1 <a<i+m+ 5,0 <D {tta, vy, we, wgli +1 <a <i+m+ 5],

L<m<|2] | <itm—Tli+m+l<c<itm+2-1}|i+1<b<i+m+[2]-1li<c<it+m-—1,
itm+1<d<itm+[2]—1)°

[5] {Uit1, Vi, Wi, Wigm} {vs, Wigm

2

For the computation of FSMD of any graph, we have the following algorithm in view
of Theorem1.1 which could be used with the help of Matlab or other simulation tools:

5. Fractional strong metric dimension of graphs
In this section, FSMD of certain convex polytopes is computed.
Theorem 5.1. Forn > 3, then sdim¢(P,) = n.

Proof. In view of Lemma 2.1 and 2.2, for n even |S{vp,vp2}| = [S{wp, wpsr}| = 2
where 1 < p <nand 4 < p+k < § and for n odd [S{vp, wyi 2} = [S{wp, wpir}|
=2 where 1 < p <nand4 <p+k < [5]. Also, from Lemma 2.3 to Lemma 2.8,
|H*| < |S{z,y}| V 2,y € V(P,). Therefore,

A if nis even

S(Py) = e and B(P,) = Al = 2n %f n ?s even
B ifnis odd |B| =2n if nis odd

where A = <p@1 S{vps vy }) LJ(pLZJ1 S{wpy wpsi}) and B = <le S {ups w21 U

ﬁc:
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S{wp, wp4r}). Hence, from Theorem 1.1,

AEn) 4
sdim¢(P,,) = =n.
! ; v(Pr)
(|
3n . .
Theorem 5.2. For n > 3, sdim¢(PL) = { 2 Z,f " Z,S even
n  if nis odd
Proof. In view of Lemma 3.1 and 3.2, for n even [S{up, vpy2}| = [S{up, wprn 1} =

|S{wp, wp+r}| =2 and for n odd [S{up, wpy 2|} = |S{wp, wpir}| =2 where 1 <p,k <n.
Also, from Lemma 3.3 to Lemma 3.7, |H*| < |S{z,y}| V z,y € V(PL). Therefore,

S(PL) — C %fn%seven and A(PL) = |C| = 3n %fn%seven
D ifnis odd |D| =2n if nis odd

where C = (U S{up, vy 2 D U(U S{wp wper}) U(U S{up,wpin1}) and D = (J
p=1 p=1 p=1 p=1

S{up, wpi 2 1) U( Lnj S{wp, wp41}). Hence, from Theorem 1.1,
p=1

B(PL) 3m o ifni
1 2 if n is even
sdimg¢(P;,) ;::1 ~(PL) {n if n is odd

Theorem 5.3. Forn > 3, sdim¢(P2) = 22

Proof. In view of Lemma 4.1 and 4.2, for n even [S{up, upi2}| = [S{vp, vp2}] =
15ty paz | = |S{utp, wps}] = 2 and for n odd [S{up, v 2 H = |S{0ps wpe i3 H =
|S{up, wptr}| = |S{wp, wpsr}| = 2 where 1 < p,k <n. Also, from Lemma 4.3 to Lemma
4.7, |H*| < |S{z,y}| V x,y € V(P2). Therefore,

S(IP)Z)— ¢’ if n is even andﬁ(PQ)— |C'| =3n if nis even
"D ifnis odd "D =3n if nis odd

where O = (U §{up, e 2 ) UCU S{vpsvprs DUCU St wpys DUCU Sy,
p=1 p=1 p=1 p=1

i) and D' = (U {upsps131DUCU a3 DU, St e HUCU,

S{wp, wp41}). Hence, from Theorem 1.1,

6. Applications

Consider an example of data flow in a region through internet connection network. The
objective of the study is that the flow of data should be optimal which is possible only
if it is at a uniform rate. The internet connection is potentially affected by the following
factors:

e If data transmission is required by transmission devices that is far from the node
that has router installed on it, then the data transmission will be delayed.

e If the data transmission devices increase then more routers will be required to
ensure data flow at a uniform rate.
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v

Figure 4. FSMD in Internet connection Network

This network can be expressed in terms of FSMD as follows. In an internet connection
network, data transmission devices are considered as nodes and interconnections between
these devices are represented by edges. In order to achieve an optimal data flow, the
nodes which are not suitable for the installation of routers for data transmission are to be
identified and excluded. The collection of such nodes are referred as SRNs of a graph and
allocating least dependency on these nodes accounts for FSMD. As an illustrative case,
we have an internet connection network consisting of different data transmission devices
and routers at nodes of Pg as shown in the Figure 4. In view of Algorithm 7?7, the routers
are not to be placed at the vertices v; and w; where 1 < i < n on the outer cycle of Pg.
Each router is placed such that data transmission takes place smoothly. This results in
a cost efficient Wifi hotspot (internet connection network) which allows electronic devices
to connect to the internet and exchange data wirelessly through radio waves.

7. Conclusion

Convex polytopes are an interesting mathematical structures having importance and
application in the fields chemistry, physics, economics and computer science. These math-
ematical objects have captured the attention of mathematicians and researchers for cen-
turies. The fractional versions of various metric related parameters have been extensively
studied by reseachers due to their applications in the fields of robot navigation, sensor
networking and chemistry. In this paper, FSMD of certain convex polytopes is computed.
A combinatorial technique is used to determine exact values of FSMD for P, PL and
P2, The obtained results lead us to the conclusion that the structures of these convex
polytopes have FSMD that depends on the value of n. An application of FSMD is dis-
cussed for the optimal data flow in a region through internet connection network. The
computation of FSMD is an NP hard problem due to which in many cases authors are
only able to compute it for different classes or bounds for it rather than exact values for
general graphs. This underscore the significance of the computed results. In future, we
are interested to compute FMD and FSMD for some other convex polytopes and wheel
related graphs.
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