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Abstract

In this paper, we consider an inverse boundary-value problem for a fourth-order pseu-
dohyperbolic equation with nonclassical boundary conditions. The primary purpose of
the work is to study the existence and uniqueness of the classical solution of the con-
sidered inverse boundary-value problem. To investigate the solvability of the considered
problem, we carried out a transformation from the original problem to some auxiliary
equivalent problem with trivial boundary conditions. Furthermore, we prove the existence
and uniqueness theorem for the auxiliary problem by the contraction mappings principle.
Based on the equivalency of these problems, the existence and uniqueness of the classical
solution of the original problem are shown.
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1. Introduction and formulation of inverse problem

It is well known that mathematical modeling of many real processes that arise during
experiments in the field of some natural sciences leads to the study of inverse problems for
partial differential equations. In general, inverse problems are understood as the problem
of determining the parameters of the model when the structure of the mathematical model
of the studied process is known. In other words, the problems of simultaneous determi-
nation of unknown coefficients and right-hand side of partial differential equations from
some additional data are called inverse problems in the theory of equations of mathemati-
cal physics. The theoretical foundations of the study of inverse problems were established
and developed in the works by Tikhonov [1], Lavrentiev [2], Ivanov [3], and their followers
(see, e.g., [4-10], and the references therein).

The importance of the application of inverse problems (for instance, seismology, mineral
exploration, biology, medicine, desalination of seawater, movement of liquid in a porous
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medium, acoustics, electromagnetics, fluid dynamics, remote sensing, nondestructive eval-
uation, and many other areas, etc.) makes them one of the most relevant branch of modern
mathematics.

Inverse boundary-value problems for second-order partial differential equations have
been actually well studied by many authors using different methods and boundary condi-
tions. But it should be noted that inverse problems for pseudohyperbolic equations are
less developed than for second-order equations. This is explained by the fact that the
study of inverse problems for pseudohyperbolic differential equations is closely related to
the solution of the corresponding direct problem. As is known that pseudohyperbolic
equations arise in the theory of unsteady flow of a viscous gas during the propagation of
initial densifications in a viscous gas [11], in the theory of solitons [12,13] when describing
the process of electron motion in the system superconductor dielectric with tunneling
conductivity superconductor. In fundamental science, pseudohyperbolic equations are
considered as a Sobolev type equations and some works have been devoted to investigate
them (see for example, [14-19], and references therein).

Let us now browse the content of some works devoted to inverse coefficient problems for
pseudohyperbolic equations: In the paper by Kozhanov and Safiullova [20] the existence
theorems are proved for the regular solutions of the pseudohyperbolic inverse problems
with integral overdetermination conditions. In [21], the classical solvability of an in-
verse boundary-value problem for a fourth-order pseudohyperbolic equation with non-self-
adjoint boundary conditions is studied. The existence of regular solutions to the inverse
problem for a pseudohyperbolic equation with an additional integral condition is studied
by Namsaraeva [22]. In the work [23] published by Kurmanbaeva the local existence and
uniqueness theorems were proved for inverse coefficient problems for a pseudohyperbolic
equation. The unique existence theorem for a time-nonlocal inverse boundary-value prob-
lem of recovering unknown external sources for the longitudinal wave propagation equation
were proved in the paper [24]. In the article [25] the inverse coefficient problem for the
pseudohyperbolic equation with non-self-adjoint boundary conditions is investigated. The
authors proved the existence and uniqueness of the classical solutions for the considered
inverse coefficient problem. In [26], the existence of a solution to a fractional integral
equation involving (k, z)-RiemannLiouville fractional integral was studied. To establish
the existence result, the authors used shifting distance functions and introduced a new
generalization of the Dorbo-type fixed point theorem.

Motivated by these works, we study in this paper the existence and uniqueness of a
classical solution for the inverse problem for a pseudohyperbolic equation with nonclas-
sical boundary conditions: Let T > 0 be a fixed time moment and let D denotes the
rectangular region in the xt-plane defined by the inequalities 0 < x <1, 0 <t <T. We
further assume that f(x,t), p(x),9¥(z),w;(x), and h;(t) (i = 1,2,3) are given functions of
xz € [0,1] and ¢ € [0,T]. Consider the one-dimensional inverse boundary-value problem
of defining an unknown quadruple of functions u(z,t),a(t),b(t), and ¢(t) for the equation
[27,28]

Ut (2, 1) — QUppgr (T, 1) — Ugy (2, 1)
=a(t)u(z,t) + b(t)u(z,t) + c(t)g(x,t) + f(z,t) (x,t) € Dp, (1.1)
with the initial conditions
u(z,0) = ¢(x), u(z,0) =¢(x), 0 <z <1, (1.2)
the boundary conditions

w(0,8) =0, 0<t <T, (1.3)

Up(1, 1) + duga(1,8) =0, 0< ¢ < T, (1.4)
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and the overdetermination conditions
Ui(u) := u(x;,t +/w2 u(z, t)dt = hi(t), 1 =1,2,3; x1 #xog # 23, 0<t <T, (1.5)

where x; € (0,1) (i = 1,2,3) are known fixed points, and @ > 0 and d > 0 are given
numbers.

Definition 1.1. The quadruple {u(x,t),a(t),b(t),c(t)} is said to be a classical solution
of problem (1.1)—(1.5), if the functions wu(z,t),a(t),b(t), and c(t) satisfy the following
conditions:
i) The function u(x,t) and its derivatives uy(x,t), uy(z,t), Uz (x,t), ug (2, t), and
Utz (T, 1) are continuous in the domain Dr;
ii) the functions a(t), b(t), and ¢(t) are continuous on the interval [0, 7T7;
iii) equation (1.1) and conditions (1.2)—(1.5) are satisfied in the classical (usual) sense.

To study problem (1.1)—(1.5), we first consider the following spectral problem:
y'(@) + Ay(x) =0, 0 <z <1,
y(0) =0, y'(1) = dry(1), d > 0.

It is clear that (cf.[29], p.1071) the problem (1.6) has only eigenfunctions yi(z) =
V2sin(v/Agz), k= 0,1,2,..., with positive eigenvalues A from equation ctgv/A = dv/\.
The zero index is assigned to any eigenfunction, and all others are numbered in ascending
order of eigenvalues.

The following theorem is valid.

Theorem 1.2. Suppose that f(x,t) € C(Dr), p(x),%(x) € C?[0,1], hi(t) € C2[0,T]
(i=1,2,3), h(t) 20 (0 <t < T),

(1.6)

e(1) + dsml\%/go(x) sin(yv/Aox)dz = 0, (1.7)
W(1) + dsmr/¢ sin(v/oz)dz (1.8)
f(l,t)—i—dsmrffxtsm(\/ia:)dm—O 0<t<T,

(1.9)
g(1,t) + m{g x,t)sin(y/Ax)dr =0, 0 <t < T,
and the compatibility conditions
¢'(1)+dp"(1) =0, ¢'(1) +dy"(1) = 0, Ui(p) = hi(0), Ui(yh) = hi(0) (i =1,2,3) (1.10)
hold. Then the problem of finding a classical solution of (1.1)—(1.5) is equivalent to the

)
problem of determining the functions u(x,t) € C(Dr), a(t),b(t) € C[0,T], and c(t) €
C[0,T] satisfying (1.1)—(1.3), and the conditions

1
a0 + o O/u(x,t) sin(vow)dzr = 0, 0< ¢ < T, (1.11)

h;/(t) - an(uttxx) - Uz(uxm)
= a(t)h;(t) + b(t)h(t) + c()Ui(9) + Ui(f), i =1,2,3; 0 <t < T, (1.12)
where

#0, 0<t<T.
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Proof. Let {u(z,t),a(t),b(t),c(t)} be the classical solution to problem (1.1)—(1.5). Then
from equation (1.1), taking into account (1.9), we have

ug(x, t) sin \/ x

utt(l, t)

dsm\ﬁ/

1 .
— (Uttxcc(L t) + m !Uttxx($, t) sm(\/ AOZIZ)d$)
1
1 .
— (um(l,t) + m O/ung(H?,t) sm(v )\ox)d:(})

1
1 A
= a,(t) |:U(1, t) —+ m /u(a}, t) Sln( )\(].T))dl']

+b(t) {u(1,t) + dsm\ﬁ/ut x,t) sin(v/ Aox) ] , 0<t<T. (1.13)
Taking into consideration (1.3), it is easy to see that
1
/um(x,t) sin(v/Aox)dx
0

1
= uy(1,t)sin v/ Ao — vV Aou(l,t) cos v/ Ao — Ao /u(x,t) sin(vAoz)dz, 0 <t <T.
0

Exploiting the latter relation we have

um xz, t sm \/ ox)d

Uze (1,t) +

dsm\ﬁ/

1
= %(Um(lat) + dugz(1,t)) — Ao [u(l,t) + dsinl\/)\io O/u(x,t) sin(mx)dm] . (1.14)

Substituting (1.14) into (1.3) gives

d? 1 i ,
p7e] {u(l,t) + Mo/u(a:,t) sm(\/)\»(]a:)d:c]

d2
e

1
1 :
- X [u(l,t) + Mo/u(x,t) sm(\//\ox)d:c] }
! 1,t)+d 1,¢ A 1,t _ 1 t)si Aox)d
{0 + i (1,0) < fu, et R

1
1 .
= a(t) {u(l,t) + dsin Ve O/U(x,t) Sln(\/)\ol‘)dx]

{10 + du(1.0)
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+0(t) |ue(1,t) + dsm\/i/ut x,t) sin(v/ Aox)d ] , 0<t<T. (1.15)
From (1.15) by virtue of (1.4), we find that
(14 aXo)w”(t) — b(t)w' (t) — (a(t) — Xo)w(t) =0, 0 <t < T, (1.16)
where
w(t) = u(1, 1) + dsml\/% O/U(ac,t) sin(vor)de, 0<t<T. (1.17)

Furthermore, using (1.2) and conditions (1.7), (1.8), we obtain

1
w(0) = (1) + dsinlm Ofgp(as) sin(v/Aox)dx =

(1.18)
10) = 01 + gl [ 6(o)sin(y Age)d =

From (1.16) and (1.18) it is evident that w(t) = 0, 0 < ¢ < T. Hence, taking into
account (1.17), we conclude that condition (1.11) is satisfied.
In turn, from (1.5) it can be seen that

Ui(ug) = hi(t), Ui(ug) = hl(t), i=1,2,3; 0 <t <T. (1.19)
Then from equation (1.1), we have

Ui(utt) - an(uttmaz) - Uz(“a:x)

= a(t)Ui(u) + b(t)Ui(ue) + c(t)Ui(g) + Us(f), i =1,2,3; 0 <t <T. (1.20)

Henceforth, taking into account (1.5) and (1.19), we arrive at the fulfillment of (1.12).
Now assume that the quadruple {u(z,t),a(t),b(t),c(t)} is a solution to the problem
(1.1)-(1.3), (1.11), (1.12). Then from (1.11) and (1.15), we get

522 (up(1,1) + duge(1, 1)) + (uz(L,t) + dugs(1,t)) = 0. (1.21)

Using (1.2) and the two equalities ¢'(1) + d¢’'(1) = 0, ¥'(1) + d¢»" (1) = 0, we obtain
the following relations:

ta(1,0) + duga(1,0) = /(1) + dg"(1) = 0, o
e (1.0) - e (1,0) = (1) 4 (1) = 0. (1.22)

Hence relations (1.12) and (1.22) enable us to conclude that (1.4) is satisfied.
Further, from (1.12) and (1.20), we obtain

di(U'( ) = ha(t)) = (D) (Ui () — (1))
gz i T g T
—a(t)(Ui(u) — hi(t)) =0, i=1,2,3; 0 <t <T. (1.23)
From U;(¢) = hi(0), U;(¢) = h(0)(i = 1,2, 3) by virtue of (1.2), we find
s )(0) — h(0) = Vi) — h(0) = 0 (i = 1,2,3). ‘

Thus, from (1.23) and (1.24) we conclude that condition (1.5) is satisfied. O
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2. Auxiliary facts and notations

Solving the homogeneous problem corresponding to problem (1.1)—(1.3), (1.11) by the
method of separation of variables, we arrive at the spectral problem:

y"(x) + Ay(z) =0, 0 <z <1,

y(0) =0, y(1) + g5 Ofly(ac) sin(v/Aoz)dz = 0. (2.1)

It is obvious that the spectral problem (2.1) is equivalent to the spectral problem (1.6)
without an eigenfunction corresponding to the eigenvalue \g.

Consequently, the spectral problem (2.1) has only eigenfunctions yx(x) = v/2sin(v/A\z),
k = 1,2,..., with positive eigenvalues )y, determined from the equation ctgv'A = dv/\,
numbered in ascending order.

We will use as auxiliary facts the following assertions formulated and substantiated in
the work of N.Yu.Kapustin and E.I.Moiseev (see, p.1071, [29]).

Lemma 2.1. Starting from some integer N, the estimate
0 < VA, — 7k < (drk)™
holds true.

Corollary 2.2. Let v,(x) = v/2sin(\/ixx), for \/iur = 7k, k= 1,2, .... Then the inequal-
ities
max lyr(z) — vr(2)] < V2(dmk)~', k> N,
xe|0,
> @)~ vu() 0 < 5
k=N
are fulfilled.

Lemma 2.3. The biorthogonal conjugate system {zy(x)}32, to the system {yx(z)}32 is
determined by the formula

zp(z) = V2 (Sin VR — sin s)l\rli ii/r/l\f;/%:ﬂ) /(1 + dsin® \/Ap).

Theorem 2.4. The system of eigenfunctions {yx(x)}3>, forms a basis in the space L2(0,1).

Using Lemma 2.1 and Corollary 2.2, we obtain the validity of the following estimates:
if g(z) € C[0,1], ¢'(x) € L2(0,1), g(0) =0, then

(Z wrk\gkn?f < Mg @0 (2:2)
k=1

where

1 .
J(g9) = g( ER g9(z) sin(v/Noz)dz = 0,
then )
(Z Ovelgi ) ) C < mlg )]+ VM [lg" (@) 1y 0 23)
k=1
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where

and if g(z) € C?[0,1], ¢"(z) € L2(0,1), g(0) = 0, J(g) =0, ¢"(0) = 0, and dg"(1) +
g'(1) = 0, then

=

(Z (Akmlgk|)2> T< Mllg" (@)|l12(0,1)- (2.4)

k=1
21
Let us consider the functional space B5 /. that is introduced in the study of [30], where

21
BQQT denotes a set of all functions of the form

w(z, t) =Y up(t)yr(x),
=1

considered in Dp. Moreover, the functions uy(t) € C1[0,T], k = 1,2, ..., contained in last
sum are continuously differentiable on [0, 7] and

I(u) = (Z ()\k\/ﬁ||uk(t)|0[o,ﬂ)2> 4 (Z (>\k:|u;c(t)HC[0,T])2> "< oo,

k=1 k=1
The norm on the set I(u) is established as follows:
el .0 = 100
Let Ej%’1 denote the space consisting of the topological product BQ% 7{ x C[0,T]xC10,T] x
C[0, T, which is the norm of the element z = {u, a, b, c} defined by the formula
1l g0 =llul@. Ol 4 +lla®llcon +[11@llcp +lle®llcpn-

T By

31 31
It is known [30] that the spaces B/ and E7 are Banach spaces.

3. Classical solvability of inverse boundary-value problem

Taking into consideration Lemma 2.3 and Theorem 2.4, we will seek the first component
of classical solution {u(z,t),a(t),b(t),c(t)} of the problem (1.1)—(1.3), (1.11), (1.12) in the
form:

u(z, t) =Y up(t)ye(x), (3.1)
k=1

where
1

up(t) = /u(m,t)zk(x)dx, E=1,2,...
0
Applying the method of separation of variables to determine the desired coefficients
ur(t), k=1,2,... of the function u(x,y,t) from (1.1) and (1.2), we obtain:

Ak (t) = _
1+a>\kUk o 1+Oz)\k

we(0) = iy uh(0) = W, k=1,2,.., (3.3)

Fy(t;u,a,b,c), k=1,2, ..., 0<t<T, (3.2)

up(t) +

where
Fi(t;u,a,b,¢) = a(t)ug(t) + b(t)ug(t) + c(t)gr(t) + fr(t),
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1 1
0= [ S 0m@de, a(t) = [ gl D@, k=12,
0 0

1 1
= [e@a)d, v = V@), k=12,...
0 0
Solving the problem (3.2), (3.3) gives

1
U (t) = @y cos Bt + FI/J]C sin Gt
k

t

1
4 [ F(ruabc)sin Byt — T)dr, k=1,2,..., 3.4
Bk(1+a)\k)0/ k(75 u, a,b, c)sin B (t — 7)dT (3.4)
where
Ak
Bk_ 1+Oé)\k'

From (3.4) it is easy to find
up(t) = —prBk sin Bxt + 1y cos Pit
M/F”“a“)wsﬁk(t—ﬂdf k=12, (35)

Substituting the expressions ux(t) (k = 1,2,...) described by (3.4) into (3.1), to deter-
mine the first component of the solution (1.1)-(1.3), (1.11), (1.12) we obtain

o

u(z,t) = kz::l {@k cos Byt + ﬁlktbk sin Byt
+5(1+a/\k/Fk T;u,a,b, c)sin B (t — T)dT} yr(x). (3.6)

Now, in order to obtain an equation for the components a(t), b(t), and ¢(¢) of the solution
{u(z,t),a(t),b(t),c(t)} of problem (1.1)—(1.3), (1.11), (1.12), using the (3.1), we have

a(t)hi(t) + b(t)hL(t) + c(t)Ui(g) + Ui(f)
= i/ (t) + i A (au (t) + ug (1) Ui(yr), i =1,2,3; 0<t < T, (3.7)

k=1
Under the assumption

ha(t) hi(t) Ui(g) ‘
h(t) = | ha(t) hoy(t) Ua(g) |#0, 0<t<T
hs(t) hz(t) Us(g)
from (3.7), we will find
a(t) = [h(t)] ™ {Q1 (t) + i A (g (t) + Uk(t))qm(t)} , (3-8)
k=1
b(t) = [h(t)] " {Q2(t) + i A (g (t) + uk(t))‘hk(t)} , (3.9)
k=1
c(t) = [h(t) " {qs(t) + i A (g (t) + Uk(t))QBk(t)} 7 (3.10)
k=1
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where

—Ua(yx)
The formulas (3.2) and (3.4

)\k(au’k’(t) + Uk(t)) =

enables us to write

Ak
t
1+ a)\kUk( ) +

_a)
- 1 +Oé)\k

1
Fy(t;u,a,b,c) + (gpk cos Bt + B—wk sin Bt

k
1+ ag
+B(1+Oz)\k/Fk T;u, a,b, c)sin By (t — 7)dr ) . (3.11)
Then from (3.8), (3.9),and (3. 10) taking into account (3.11), we respectively find

a(t) = [h(t)] { —1—2[ i Fktuabc)

Ak
t+ — i t
+1+a)\k <90k608,3k +5k1/1k81nﬁk

+ﬁk(1+1aAk /F’“(T; u, a, b, c) sin i, (t — T)df)] (hk(t)} , (3.12)

b(t) = [h(t)] { +Z{M’“ Fi(t;u, a,b, c)

Ak
_.l_
1+ Oé)\k

(SOk cos Byt + FW sin Byt
%
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+M/Fk T, a,b, ¢) sin By (t —T)df)] q2k(t)}, (3.13)
c(t) = [h(t)]” {Q3 + i [1? . Fklt,0,b,0
+1 :"“/\ (gpk cos Bt + B—wk sin Byt
M/Fk T, a,b, ¢)sin Byt —T)df)] q;z,k(t)}. (3.14)

Thus, the solution of problem (1.1)-(1.3), (1.11), (1.12) was reduced to the solution of
systems (3.6), (3.12), (3.13), and (3.14), with respect to unknown functions u(z, t), a(t), b(t),
and c(t).

Lemma 3.1. If {u(x,t),a(t),b(t),c(t)} is any solution of (1.1)—(1.3), (1.11), (1.12), then

the functions
1

ug(t) = /u(x,t)zk(:c)dx, E=1,2,..
0
satisfy the relation (3.4) on the interval [0, T].

Corollary 3.2. Assume that the system (3.6), (3.12), (3.13), and (3.14) has a unique
solution. Then the problem (1.1)—(1.3), (1.11), (1.12) has at most one solution; in other
words, if the problem (1.1)—(1.3), (1.11), (1.12) has a solution, then it is unique.

Let us now consider the operator

®(u,a,b) = {P1(u,a,b,c), Pa(u,a,b,c),®s(u,a,b,c),®s(u,a,b,c)},

3
. 31
in the space £}, where

@ (u,a,b,c) =u(zx,t) Zuk yr(z

Dy (u,a,b,c) =a(t), Ps(u,a,b,c)= b(t), ®3(u,a,b,c) =¢(t),
and the functions @ (t), k = 1,2, ..., a(t), b(t), and &(t) are defined by the right-hand sides
of (3.6), (3.12), (3.13), and (3.14), respectively.
It is obvious that

|Ui(yr)] < V2(1 + lw(@)llcpo,1) =P
Va < 51 <+Va-+1,
%

1+ alp > alg, < B <

1 1
Vo +1 Ja’
1

1 1
Tt adBy VA Tarh  var

With the help of easy transformations, we find that the following inequalities are valid

(1; e v/ Nk ()l oo, ) ) (Z:: Ak\/ﬁlwkw)é

+\/6@T (lCZI ARV Ak [k ]) >§+\/>(/T§:: \/Efk(ﬂ)z)é

1
2

+\/§T|| )l o, (2_: (Al V/ Ak [l (£) ||COT])2>
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A ET 0oy (32 Ou kOl
\/: le®)lleo ( / > (VA |gk<f>|>2) , (3.15)
| &

(Z M l[@k )l ogo.2) ) < /E (Z (Aev/ 2k rwk\>2)2 +¢6(Z (Akv/ Ak wknz)Q
k=1 k=1 k=1

11

Jun

T 2 :
+\/fTT (/Z(m|fk(7)’)2) +\fTI|a Ol o (Z (A v/ Ak [lug(t) HCOT)Q)
J =1

k=1

+\/6T 16() 0,79 (Z (M ||u;f(t)HC[O,T})2>
k=1

T 2
= el (/ )Y mmkmw) , (3.16)

o k=1

N|=

=

la(®)lery < [|RE | {H@h(t)HC[O,T] +pi(T) (Z Ak1>2

X [(Z (VA [ fu(t) IIC[OT])> + lla®)llpom <Z (Ve VN [k ()l ogo,7y) >2
k=1 k=1

+[16() | 0,17 Z(Ak|!%(t)!|cm])2 + el cpo.1 Z (V Ak gk (t HC[OT)2 2

k k=
=1 1

L (i Wy |sok|>2>2 L (i Wy |wk|>2>2

¢ \i=1 Vo k=1
(T :
ola ( > mk\fmm?dr)
k=1

. 3
+7T|]a Mo (Z ARV Ak [lug (t) ||C[OT])>

=

THb Mo (Z (Ak ||u;c(t)||C[O,T})2> 2
+ a\/;”C(t)Hc[o,T] (Z (\/Ykngk(t)HC[O,T]y) ] } ; (3.17)
k=1
b0 oz < IO {nqz(t)Ho[o,T] +pa(T) (g A,f)?

X [(Z (V Ak [ fx(t) HC[OT])) + lla@®lleio,m <Z (kv Ak [k () ®llego,r)) )2
k=1 Pt

[N
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+ o)l 0,19 (Z /\kHu;c(t)HC[O,T])Q> + lle®ll o, (Z vk llgr(t ‘C[OT)>

1
2

N Sn ) ( (3 ) )
e (S Al + gz (L
- :
+;\/Z ( /3 W |fk<f>|>2dr)
| &
+—T||a ||C’0T< > (kv Ak lur(?) ||C[0T])>
LT WOy (32 v kDl

+a\/;HC(t)HC[O,T] (Z (m|’gk(t)HC[0,T})2> ] } : (3.18)
=1

le@lepm < (O o0 {||Q3(t)|c[0,T] +p3(T) (Z Aﬁ)Q

N

N

1
2

[(Z \/>ka HC[OT])> +Ha(t)HC[O,T] <Z Akf|fuk HC[OT])>
k=1 k=1

1 1
2 2

+ o)l 0,7y (Z (Ak Hu;c(t)||C[D,T])2> + lle®llepo,n) (Z (VA [lgx(t) |C[0T)2>
k=1 k=1

L @(mm>ﬁ)l+ﬁ(g V) +;f(/°° (VA o) )

0

1
+—T||a(t (e v/ (¢ )
™ la®) |l oo, (kZl [ @)l ogo,77)
2

fTHb Nepm (Z N [[uk (| o 77 2)

\/7” HC[OT]( \/7||9k HCOT ) ]}a (3.19)
k=1

whose (1), k= 1,2..., equal to the right sides of (3.5), and
n =4 12 cor

A 5 D 50
p =] 120 0o o

I ‘ hlgt) g;g C[O,T]+p‘ Zig; (Uég oo
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_ || ha(t) hao(t)
ps(T) :p‘ ha(t)  h3(t) ooy
ha(t) hll(t) H H ha(t) hi(t) H
+ + .
pH i (t) cory I () B0 o m
Suppose that the data of the problem (1.1)—(1.3), (1.11), (1.12), satisfy the following

statements:

S1) o(x) € C?[0,1], ¢"'(z) € L2(0,1), ©(0) = ¢"(0) =0, and
+ m Of () sin(v/Aoz)dxr = 0, dp”(1) + cp’(l) =0;
€ C?[0, 1],11//"(33) € L2(0,1), 9(0) =4"(0) =
+mof¢( z) siny/Aozdz = 0, dy" (1) + /(1 ) 0;
z,t) € C(Dr), fm(x t) € La(Dr), f(0,t) =0, and
)—|—dsmlrff(z:,t)sm(\/ix)dx—O 0<t<T;
S4) g(z,t) € C(Dr), z(x,t) € Lo(Dr), ¢(0,t) = 0, and
(1 )+dsm\ﬁf g(x,t)sin(v/Aoz)dr =0, 0 <t < T;
hi(t) hi(t) Ui(g)
ha(t)  ha(t)  Us(g)
ha(t) hy(t) Us(g)
Then, taking into account (2.2), (2.4), from (3.15)—(3.19), we obtain

a0l 3.+ la®llog + [20)]
2,7

Ss) hi(t) € C?[0,T] (i =1,2,3), h(t) = £0,0<t<T.

o] + e o1y

< A(T) + BI)(la®lcpoz + 16O oo Tulz, D)l g1 + D) lle@lloory,  (3:20)

where
A(T) = Ay (T) + As(T) + As(T) + As(T),
B(T) = B1(T) + Ba(T) + Bs(T) + B4(T),
D(T) = Di(T) 4 Do(T) + Ds(T) + Da(T),
in which

) = (VB2 ) M1 000+ B0 14V 10
Y (\/?T + “ST) 1) oy
- (%)
DA(T) = M (\E + “?) RERT

A2<T>=H[h(tn—lH{nql(t)uc[o,mm (ZA ) R e e

1 1 1 /T
—l—aM ngm(az)HLz(QD + EM HIZJ,/,@)HLQ(O,U + a\/;M fo(%t)HLZ(DT)} } )
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By(T) = pr(T) H[h(t)rlHC[o 7] (i AEI) 5 (1 " \TF>
k=1

Dy(1) = (D) (0] (fﬁ A;?> “u
’ k=1

1 /T
x (HugmtwcmHLm + aﬁ Hgm,wuwﬂ) ,

45(T) =[] HC[OT||{uqz<t>|rc[o,ﬂ+pz (ZA ) M| Dllonn],, 0,

1 1 1 /T
+oM 1" (@)l 1, 0,1) + ﬁM 19" @) £y 0,0) + a\/;M fo(x’t)HLQ(DT)] } ’

By(T) = D) [0 (i A;1> ().
’ k=1

D01 | (E57)
’ k=1

1 /T
x (H||gm<x,t>ucm,T]HL2m + aﬁ ng(a:,t)nLQ(DT)) ,

T>:H[h<t>]1HCW{quawcm,ﬂwz (ZAk) M1 Ol o0,

1 1 1 /T
—l—aM HSD/,/(:E)HLQ(OJ) + ﬁM }’w,//($)||L2(0,1) + oz\/;M fo(%t)HLQ(DT)] } )

D01 (357) (14 ,5)
O [0 (X57) 20

(HHQ:E z,t) HC’OT]H 1) \/ ||9x z,t)| ., DT))

Let us denote by Kg a closed ball in the space E:%’l centered at zero, of radius R.
Theorem 3.3. Suppose that the conditions S1) - S5) and
(A(T)+2)((A(T)+2)B(T)+D(T)) < 1 (3.21)
are satisfied. Then, problem (1.1)—(1.3), (1.11), (1.12) has a unique solution in the ball
Kpc B (R=A(T)+2).

Remark 3.4. Inequality (3.21) is satisfied for sufficiently small values of T+||[h(t)] || clo.T-
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Proof. Let us consider the following operator equation

z =Pz, (3.22)

3
in the space E%’l whose z = {u,a,b,c} and the components ®; (i = 1,2,3,4) of oper-
ator ®(u,a,b,c) defined by the right side of equations (3.6), (3.12), (3.13), and (3.14),
respectively.
Similarly to (3.20), we obtain that for any z,z1, 29 € Kg the following two estimates
hold:

||‘I)ZHE;/2;1 < A(T) + B(T)([la(®)[| oo,

+ 160 ego,r) 1 B vz + DT el epoy (3.23)
2 = @], < BAO)R(lar(t) = axOllcioy + I01(8) = boOllcpo
T
s () = wa(a,8)gayz) + DIT) lea(t) = e2(®)lpo - (3.24)

Then (3.21), (3.23), and (3.24) implies that the operator ® acts in the ball Kr and is
contractive. Therefore, the operator ® has a unique fixed point {u, a,b, c} in the ball Kg.
Consequently, z = {u,a,b, c} is the unique solution of system (3.6), (3.12), (3.23), (3.14)
in the ball Kg. ,

Thus, we obtain that the function u(x,t) as an element of the space B; ; is continuous
and has continuous derivatives uz(x,t), Uz (x,t), ur(x, t), and ug(x,t) in Dp.

Exploiting the inequality (2.2), from (3.2) we get

1

(Z ()\k\/EHuZ(t)HC[O,T]V> 2 <V2 [; (Z (Ak\/T’f||“k(t)|C[07T})2> 2

k=1 k=1

1) + O, 0) + (Ot (0,0 + eOgal2,) 1|

whence it follows that wy(x,t) and g, (z,t) are continuous in the region Dp. Further-
more, it is not hard to verify that equation (1.1), and conditions (1.2), (1.3), (1.11), and
(1.12) are satisfied in the usual sense.

Consequently, {u(z,t),a(t),b(t), c(t)} is a solution of problem (1.1)—(1.3), (1.11), (1.12),
and by Corollary 3.2 this solution is unique in the ball Kg. O

Finally, from Theorem 1.2 and Theorem 3.3 we arrive at the following desired result
Theorem 3.5. Assume that the assumptions of Theorem 3.3 and compatibility conditions
Ui(p) = hi(0), Ui(y) = hi(0) (i =1,2,3)
hold. Then problem (1.1)~(1.5) has a unique classical solution in the ball Kr of space

3

5,1
E27

T -

4. Conclusions

In the work, the classical solvability of a nonlinear inverse boundary-value problem for
a one-dimensional pseudohyperbolic equation with nonclassical conditions was studied.
First, the considered problem was reduced to an auxiliary inverse boundary-value prob-
lem in a certain sense, then using the Fourier method and contraction mappings principle,
the existence and uniqueness theorem for auxiliary problem is proved. Further, on the
basis of the equivalency of these problems, the existence and uniqueness theorem for the
classical solution of the original inverse coefficient problem is established.



16 E.I. Azizbayov, Y.T. Mehraliyev

Acknowledgment. The authors sincerely thank the anonymous reviewers of the Hacettepe
Journal of Mathematics and Statistics for their insightful comments and constructive sug-
gestions.

References

[1] A.N. Tikhonov, On stability of inverse problems, Doklady Akademii Nauk SSSR.
39(5), 195-198, 1943. (in Russian)
[2] M.M. Lavrentiev, Inverse problems of mathematical physics, Utrecht: VSP, The
Netherland, 2003.
[3] V.K. Ivanov, V.V. Vasin and V.P. Tanana, Theory of Linear Ill-posed Problems and
Its Applications, Moscow, 1978. (in Russian)
[4] A.G. Ramm, Inverse Problems, Springer, 2005.
[5] M.I. Ivanchov, Inverse Problem for Equations of Parabolic Type, Monograph Series,
Lviv:VNTL Publishers, 2003.
[6] V.G. Romanov, Investigation methods for Inverse Problems, Inverse and Ill-Posed
Problems Series, De Gruyter, 2002.
[7] A.L Prilepko, D.G. Orlovsky and I.A. Vasin, Methods for Solving Inverse Problems
in Mathematical Physics, Marcel Dekker, 2000.
[8] G.K.Namazov, Inverse Problems of the Theory of Equations of Mathematical Physics,
Baku, 1984 (in Russian).
[9] A.I. Kozhanov, Composite Type Equations and Inverse Problems, Inverse and ill-posed
problems series, VSP, Utrecht, 1999.
[10] D. Lesnic, Inverse Problems with Applications in Science and Engineering, Chapman
and Hall/CRC, 2021.
[11] S.S. Voyt, A distribution of the initial consolidations in the viscous gas, Scientists
Notes of MSU. Ser.: Mechanics, 4 (2), 125142, 1954. (in Russian)
[12] K. Longren, Ezperimental Study of Solitons in Nonlinear Transfer Problems with
Dispersion, Solitons When in Use, Mir, Moscow, 1981. (in Russian)
[13] H. Ikezi, Experimental Study of Solitons in Plasma, Solitons When in Use, Mir,
Moscow, 1981. (in Russian)
[14] J.S. Rao, Advanced Theory of Vibration: Nonlinear Vibration and One Dimensional
Structures, John Wiley & Sons, Inc., 1992.
[15] V.V. Bolotin, Vibrations in Technique: Handbook in 6 volumes, The vibrations of
linear systems, Engineering Industry, Moscow, 1978. (in Russian)
[16] A.B. Beylin and L.S. Pulkina, Task on longitudinal vibrations of a rod with dynamic
boundary conditions, J. Samara State Univ., Natural Science Series, (3), 9-19, 2014.
(in Russian)
[17] A.B. Beylin, The problem of oscillations of an elastically fized loaded rod, J. Samara
State Tech. Univ., Ser. Phys. Math. Sci., 20 (2), 249-258, 2016. (in Russian)
[18] S.V. Kirichenko, Nonlocal problems with integral conditions for the hyperbolic, pseu-
dohyperbolic and mixed type equations, PhD thesis, Samara, 2014. (in Russian)
[19] G.B. Whitham, Linear and Nonlinear Waves, John Wiley and Sons, New Jersey,
1974.
[20] A.L. Kozhanov and R.R. Safiullova, On some class of the pseudohyperbolic equations
with an unknown coefficient, Chelyab. Fiz.-Mat. Zh. 7 (2), 164180, 2022. (in Russian)
[21] Ya.T. Megraliev, On solvability of the inverse problem for the fourth order pseudo-
hyperbolic equation with additional integral condition, University proceedings. Volga
region, Ser. Physical and mathematical sciences (1), 19-33, 2013. (in Russian)
[22] G.V. Namsaraeva, Inverse problems of recovering external sources in the equation of
longitudinal wave propagation, J. Appl. Ind. Math. 10(3), 386-396, 2016.



23]

[24]

On an inverse boundary-value problem for the pseudohyperbolic equation... 17

A K. Kurmanbaeva, Inverse problems for pseudohyperbolic equations, PhD thesis,
Bishkek, 2002. (in Russian)

E.L. Azizbayov, A time non-local inverse coefficient problem for the longitudinal wave
propagation equation, News of Baku University, Series of Physico-Mathematical Sci-
ences, (4), 39-51, 2019.

E.I. Azizbayov and Y.T. Mehraliyev, Inverse boundary-value problem for the equation
of longitudinal wave propagation with non-self-adjoint boundary conditions, Filomat,
33 (16), 5259-5271, 2019.

A. Das, M. Rabbani, S.A. Mohiuddine and B.C. Deuri, Iterative algorithm and theo-
retical treatment of existence of solution for (k,z)-RiemannLiouville fractional inte-
gral equations, J. Pseudo-Differ. Oper. Appl., 13, (3), Article no. 39, 2022.

S.A. Gabov and B.B. Orazov, The equation g—;[um—u]—}-um = 0 and several problems
associated with it, Comput. Math. Math. Phys. 26(1), 58-64, 1986. (in Russian)
Yu.D. Pletner, The mathematical structure of the solution of the equation g—;[um —
B%u] + wdug, = 0 and problems connected with it, Comput. Math. Math. Phys. 30
(3), 161-171, 1990.

N.Yu. Kapustin and E.I. Moiseev, Convergence of spectral expansions for functions of
the Holder class for two problems with a spectral parameter in the boundary condition,
Differ. Equ. 36 (8), 10691074, 2000. (in Russian)

K.I. Khudaverdiyev and A.A. Veliyev, Investigation of One-Dimensional Mized Prob-
lem for a Class of Pseudohyperbolic Equations of Third Order with Nonlinear Operator
Right Side, Chashyoghly, Baku, 2010. (in Russian)



