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Abstract

This article attempts to present the generalized Fubini polynomials F, (x,y,z,q). The results obtained here include
various families of multilinear and multilateral generating functions, various properties, as well as some special
cases for these generalized Fubini polynomials F,(x,y,z,q). Finally, we get several interesting results of this
generalized Fubini polynomials and obtain an integral representation.

Keywords: Generalized Fubini polynomials, Generating function, Multilinear and multilateral generating function,
Recurrence relations.

2010 AMS: Primary 11B68, 11B83, Secondary 33C45.

1. Introduction

Numerous studies on families of special polynomials, including the Bernoulli, Euler, Genocchi, and Fubini polynomials, as well
as their generalizations and unifications (see, for example, the most recent works in [1]- [6], have gained significant popularity
due to the wide range of their applications in various branches of mathematics, including p-adic analytic number theory, umbral
calculus, special functions, and mathematical analysis. The special functions of mathematical physics have undergone a major
evolution in recent years, especially in their generalized and multivariable forms. Thus, research on the multivariate Fubini
polynomials was done for this work. Now let’s go through the fundamental terms and theories that we will be using for the
duration of the entire study.
Forn > 0, let

n
Fy =Y k!'S(n,k),
k=0

where S(n,k) denotes the Stirling numbers of the second kind [11]. In [12], the Fubini numbers F;, were connected with
preference arrangements and the recursion for F,, was derived. In [12], [13], the exponential generating function
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and an asymptotic estimate for F,, were established. In [14], the Fubini polynomials F,(y) were defined by
n
F.(y) = Z k!S(n,k)yk
k=0

and generated by

1 - "
— Y EO)-.
I—y(el—1) r;) "(y)n!

It is clear that F,,(1) = F,,. Due to the relation

() =Rt =i (1) i<
dy) 1—-y &= 1—y "\1-y)’

in [15], one also calls F,(y) the geometric polynomials. In [16], the Fubini polynomials F;(x,y) of two variables x, y are defined
by means of the generating function

Xt L tn

= Z Fn(xvy)*'

-yl —1) &S n!

e

It is apparent that F;,(0,y) = F,(y). In Particular, the special polynomials of two variables provided new means of analysis
for the solution of large classes of partial differential equations often encountered in physical problems. Most of the special
function of mathematical physics and their generalization has been suggested by physical problems (see, e.g., [7]-[10] and the

references therein). In [17], the bivariate Fubini polynomials Fn(r) (x,y) of order r, generated by

ext 0 n

v e
[l_y(et_l)]r ,;]Fn (xay)n!y reN

were studied. It is obvious that ") (x,¥) = Fy(x,y). The generating functions of F,, F,(y), F,(x,y) and F" (x,y) remind us to
consider the generating function
ev > "
VY E(@(yn9)—, xgeR 1.1
S n;) n(®2.2,q) 5, %4 (1.1)

and the generalized Fubini polynomials F;(x,y,z,q) of four variables x, y, z, ¢ [18]. It is clear that, since

e _ b e
e=y(e =D 21— (y/2)(e =T
we have
F,(x,y,z,9) = M

Zr

The aim of this paper is to derive various families of multilinear and multilateral generating functions for the polynomials
F,(x,y,z,q) given by (1.1). We present some special cases of our results and also obtain some other properties for these special
cases.

2. Multilinear and Multilateral Generating Functions

The goal of this section is to derive several families of multilinear and multilateral generating functions for a class of polynomials
in four variables given by equation (1.1) with the help of the method considered in refs. [20], [21].

Lemma 2.1. The following addition formula holds for the generalized Fubini polynomials F,(x,y,2,q) :

n

n
Fo(xi+x2,5,q1+q2) = Y (m>Fn—m(X17y71,Q1)En(x27yaZ,612)~ (2.1)

m=0
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Proof. Replacing x by x =x1 +xp and g by ¢ = g1 +¢» in (1.1), we obtain

oo " et t+xot

Fn(x1+x27)’a‘]1‘|"I2)* =
n;) n! 2=y (el = 1)1
exlt ele
(e - [z—y(ef -1
oo tm
= ZF X1, Y52, C]l ZF X2,0,%, QZ)i
n=0
) oo tn+m
- Z ZFn(-xl7yaZ>qI)Fm(-x27y7Zaq2)ﬁ
== n!l.m!
lJ’l
- Z Z m n m xly)’,Z ql)Fm(-x27y7Zaq2)7‘
n=0m= n
From the coefficients of " on the both sides of the last equality, one can get the desired result. 0
Theorem 2.2. Corresponding to an identically non-vanishing function Qy (s1,...,sr) of r complex variables sy, ...,s, (r € N)
and of complex order U, y, let
Apy(st, ., 558) = ZakQquWk(sl,...,s,)(:k,
k=0
[n/pl g
Q,ﬁbw(x,y,z,q;sl ) -~-’Sr;§) = Z aan—pk(xay7Z7q)Q#+ll/k(s] ) "'7Sr)7"
= (n—pk)!

where a; # 0, n, p € N and the notation [n/p| means the greatest integer less than or equal p € N. Then, for p € N we have

ext

Z elﬁ}’l”(xvy7zaq;sl7"-asr; tﬂp)tn =

— = oy v S si ), (2.2)

provided that each member of (2.2) exists.

Proof. For convenience, let S denote the first member of the assertion of Theorem 2.2. Then,

o [n/p] ‘ tnfpk
S= aka k\X, Y, 2,4 Q k(ST ooy SP)T -
n;()k;() n—p ( ) U+ ( f) (I’l—pk)'

Replacing n by n+ pk; we may write that

o0 oo }
S = Z Zaan(-xayvzvq)Qp+1l/k(S17...’s )nkﬁ
n=0k=0 ]
- Zanyqu Zak QH+Wk(Slv S )nk
n=0
exl
B 71\ een ; s
i—y(e— 1)) wy(STsey$i31)

which completes the proof.
Using Lemma 1, we have the following theorem.

Theorem 2.3. Corresponding to an identically non-vanishing function Q (si,...,s) of r complex variables s, ...,s, (r € N)
and of complex order U, y, let

[n/p]
Aﬁﬂﬁl/(xl +x27y7Z7q1 +972§Sla---75r§t) = Z aan*[?k(xl +.X2,y,q] +q2)'§2#+lﬂ/k(sl7"'asr)tk
k=0
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where ai # 0, n, p € N. Then, for p € N, we have

n [k/p] n— pl p
Z Z a ( 3 > nk (X1, 2,2, 91) B pi (X2, 9,2,G2) Ly (1,557 )1
= /\u,’fy(m+xz,y,z,cn+qz;S1,...,sr;t)7 (2.3)

provided that each member of (2.3) exists.

Proof. For convenience, let T denote the first member of the assertion of Theorem 2.3. Then, upon substituting for the
polynomials Fy, (x| +x2,,2,q1 + ¢g2) from the (2.3) into the left-hand side of (2.1), we obtain

[n/pln—pl

pl
r = Z Z ( ) n—k— pl(x1;y7z QI)Fk(xL)’aZ QZ)QIJJH[/Z(SIV",SF)[Z

ol oo npl l
= Y aq Z( )Fnkpl(xl7yvzaQI)Fk(x27)’7ZaCI2) Qi (51,08t

= \iso\ k

[n/p] ,
= Y aFp(x1 X2, 1 +q2) iy (s1, ., 8,1

=0

n,
= AR (x1+x2581,.0,8051),

which completes the proof. O

3. Special Cases

When the multivariable function €, yx(s1,...,5,), k € No, r € N is expressed in terms of simpler functions of one and more
variables, then we can give further applications of the above theorems. We first set

Quyi(81,.-587) = Téi‘v}z,zi;l"a’;a)(sl, ey 5p38)
in Theorem 2.2, where the Lagrange-based Apostol- type polynomials T(OCl 02 )(xl , - Xr3X) [19], generated by
o (00100 O L) - 2/t ’
Z;)Tn,zl,i 2B (g 0" = Hl(l —xjt)~% (/le’()’“) e (4; @ €C) 3.1)
n= j=

We are thus led to the following result which provides a class of bilateral generating functions for the Lagrange-based

Apostol- type polynomials 7, ..,Xr;x) and the generalized Fubini polynomials Fy(x,y,z,q).

Corollary 3.1. If
A,UJI/(Sh 813 S5 C Z Milll;‘/lel e )(sl,...,s,;s)ck (ak 750) #v‘l/ec)

then, we have

oo [n/p] ((Xl o, a 'lX) nk ln ext
arFn o6, 2,9)T, 0 (ST S 8) == = Ay w(Sty . 858:1), (3.2)
’;”;) n p( ) utwkALl ( r )t[)k(n_pk)! [Z_y(et_l)}q #v/( r )

provided that each member of (3.2) exists.

Remark 3.2. Using the generating relation (3.1) for the Lagrange-based Apostol-type polynomials TW1 02O )(sl,

and getting ay = 1, W =0, w = 1 in Corollary 1, we find that

s 8r3S)

Zi )T oy st L
Fo ok (X, 3,2,q) T, 572 TSy ey SN ———
= n—pi kAl T (n—pk)!

ev r Ca 2l o S
N (H(lsm) -’) (W) ¢ (AeC;a;€C).
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In the particular cases when [ =0, / =1 in the Corollary 1 and Remak 1, we have bilateral generating functions the

Lagrange-based Apostol-Bernoulli polynomials B,y ., Sr;8), the Lagrange-based Apostol-Genocchi polynomials

G,(:j{ 0 O )(sl, ..,8r;s) and the generalized Fub1n1 polynomials [28].
If we set r =4 and

Qi (51,52,53,82) = Fupyr(s1,52,53,54)
in Theorem 2.2, we have the following bilinear generating functions for the generalized Fubini polynomils.

Corollary 3.3. If

Ay (s1,52,53,54C) = Y arFuyk(s1,52,53,54) 85, (ax #0 p,y € C)

k=0
then, we have
o [1n/p] k n Xt
n t e
apky, - k(xvyazaQ)F + k(S],Sz,S3,S4)7 = A , (51352753754;77% (3.3)
ngbkgb r v Pk (n—pk)!  [e—y(el =17 Y

provided that each member of (3.3) exists.
Remark 3.4. Using the generating relation (1.1) for the generalized Fubini polynomials F,(x,y,z,q) and getting

1
ak:H,u:O,l]/:I

in Corollary 2, we find that

i[”/zp]l ‘ tnfpk
Fopi (%,3,2,q) Fi(51,52,53,54)N"
n=0 k= kP (n*pk)!
oo P oo T'k
= ZFn (-LY,Z,Q);ZFk(Sl,SZ,S3,S4)F
n=0 * k=0 :
ext eslt

ey (@D s (=D
If wesetr=1and
Qi (s1) = Fuyi(x3,,2,93)
in Theorem 2.3, we have the following summation formula for the generalized Fubini polynomials.
Corollary 3.5. If

[n/p]

AR (1 +x2,3,2,q1 + 92503, 9,2,93:1) 1= Y, axF (31 +X2,3,2,q1 + 2) Fuye(33,5,2,93)1"
k=0

(%7507/47‘#/6@)7
then, we have

n_[k/pl
Z Z az( ) n—k (X1, 3,2, 91) Fe—pi1 (%2, %, 2,G2) Fu -+ yi (%3, , 2, g3)n'

= /\u,w(m +X2,5,2,q1 + 425 %3,%, 2,43 M), (3.4)
provided that each member of (3.4) exists.
Remark 3.6. Using (2.1) and taking

k
01:17”:()31//:1717:17 nl<l>

in Corollary 3, we have

Z Z ( > ( ) k(X1 2,91) F—1(x2, 9, 2,q2) F1 (x3,9,2,43) = Fp(x1 +x2 +X3,9,2,q1 + 2 + ¢3)-
=01=0



Miscellaneous Properties of Generalized Fubini Polynomials — 24/30

Furthermore, for every suitable choice of the coefficients a; (k € Ny), if the multivariable functions Q y(s1,...,s-), 7 €N,
are expressed as an appropriate product of several simpler functions, the assertions of Theorem 2.2, Theorem 2.3 can be applied
in order to derive various families of multilinear and multilateral generating functions for the family of the generalized Fubini
polynomials given explicitly by (1.1).

4. Miscellaneous Properties

In this section, we give some properties for the generalized Fubini polynomials F;, (x,y,z,¢) given by (1.1).

(r)(

Firstly, recall that the classical Frobenius-Euler polynomials H, ’ (u;x) of order r are generated by (see, e.g., [22]-[26])

[t W < I PN
(ef—u> e :nE:OHn (u,x)n!, “4.1)
where u # 1.

We note that, for » = 1 in (4.1), the H,Sl) (u;x) = Hy(u;x), which denotes the Frobenius-Euler polynomials and for
u=01in (4.1), the H,Er) (0;x) = H,(,r) (x), which denotes the Frobenius-Euler numbers of order r. For x = —1 in (4.1), the
H,,(r) (u;—1) = E,(u), which denotes the Euler polynomials (cf. [27]).

Theorem 4.1. Forn >0, y, z # 0; we have

H,<,q) (Zi’—yx)
Fu(x,y,2,9) = — 4.2)

Proof. Using (1.1) and (4.1), we obtain
> t" e

ngan(xvyaZaq),T! = m

1 — &1
— Y Xt
I P
y

_ z+y t"
— q —
= 2 H n'

Hence, we have

Hy(ﬂ)(mx

] )
Fn(xvyaZ7Q):Z7;a (y7 Z#O)v

or

HY )(Ziiy x) =71F,(x,y,2,9).

Some special cases of Theorem 4.1 are examined below.
Corollary 4.2. Forn>0,q=1, z, y # 0; we have

Z+y. z+y

HM( ;X) =Hn(? %) = 2 (3,2, 1)

Corollary 4.3. Forn >0, z= —y # 0; we have

HAD (052) = HY (x) = (=) Fa (., —,q)-
Corollary 4.4. Forn>0,z,y#0, x=—1; we have

z+
J) :Zan(_13y7Z7q)'
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We now discuss some miscellaneous recurrence relations of the generalized Fubini polynomials.

Theorem 4.5. The following (differential) recurrence relation for the generalized Fubini polynomials holds:

d
5;1%(%yﬂLQ)::”fﬁflﬁﬁyﬂQQ) (43)
and degF,(x,y,2,q) =n
Proof. 1If we take the derivative of (1.1) with respect to x both sides of the expression, we have
0 [ & " d e
5. Fn(x,)@Z,q)* = A |::| )
dx (2;0 n! dx | [z—y(e —1)]?
> d " te"
- F NKNGq) S = o v’
n;)ax 'l i [e—y(e' = 1))
> d " & "
;)aFn(xa)’vZﬂ)H = tr;Fn(xayazvq)i‘a
< ) " t"+1
Snerza) s = ) By
n;) ox " n! n;)
> d " > "
—F (X,Y»Zﬂ)* = anl(xa)@Zaq)i'
n; ox " n! n; (n—1)!
On equating like powers of ¢” in the above expression, which completes the proof. O
Theorem 4.6. The following (differential) recurrence relation for the generalized Fubini polynomials holds:
d d
(Z+y)ay Fu(x,,2,9 +qZF X,%,2,4) =Y Z Fyp(x,y.2,9) +4 Z » afyFn—p(x,y,z,q) 4.4)
and degF,(x,y,z,q) = n.
Proof. If we take the derivative of (1.1) with respect to y both sides of the expression, we have
J & " e
a3 FVO@%Z7Q):{]1
9y,§6 " n! dy |[z—y(e —1)])*
Y L Rerea)s =t g a—y(e — 1)) (~1)E ~1)
n:() ay n 114 n! )
> 0 i ev qle' —1)
Fix.y,2.9) ;
L5, “E@ O i@ - D)
> A tn ) 0 oo tn+p tn
(Z+y)ZaF(xy,zq yia n(X..2,9)— Zﬁ—qZZany,zq an h(xy29)
n=09Y n! n=0 tp= 0P n=0p=0
< 0 tn+p © 9 tn+p t”
(24+3) ) 5-Falxy,2,0)— —yZ Z F W03 5a) =4 ), Y SRl y59) —qZF X,,2:4)
n=0 y ! n=0p=0 n=0p=0 y n! P
(Z+y)iaaF(xyyzq *—yZ Z N Fop(6,3,2,9)
n=09Y ! n=0 p=0 ( p) p
o0 n [n tn
= ——Fa- s d) T Sy F sl d)
q). L p(xyzq)(n_p)!p! qngo (6,3,2,0)—

n=0p=0
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a i‘l
ol (Xy,zq +qZF 02, 61)

o n 8 t" oo n a tn
= L LG L 5 G

}’l

(z+) Za n(X,9,2,9)— +qZny,2q)

yZZ() Fup(x,9,2,9) '+qZZ(> npxy,zq)tn

n=0p=0 n=0p=0

which upon comparison of the coefficients of % yields our stated result (4.4). O

Theorem 4.7. The following (differential) recurrence relation for the generalized Fubini polynomials holds:
d
(2+3) 5 Fax3.2,9) yZ Fop(%,7,2,9) — gF(x,7,2,9)

and deg F(x,y,2,q) =n

Proof. If we take the derivative of (1.1) with respect to z both sides of the expression, we have
i Folx,y q z" 0 [ et }
7Z 5 T 7/ 4  1\1q b
= 1™ 9z k=@ — 1]

tn

ri();an(X,y,Z,q)m — [exz (_C] [Z—y(el B 1)} 7q71>:| |

= P o
—F X, 0.2,4)— = — )
L 5: e = T ey 1)
. > d " > "
(Z*y(e 71)) Z aian(xayaZWI)a 7qun(x7y,Z,Q)a7
n=0 n=0
P o o 5 P
*qZF X,9,2,q) _Zza W(x:2,4) yZZaFn(w,zq +y2(9 W(xy70)
n=0 n=0p=0 z
°"F t”_°"8F " ””8F " °°8F "
_qngo n(x7y7zﬁq)a_z}/§()jz il(x7yaz7q>a_yngopzzoaiz n—p(%%%‘ﬂm +yr;)jz n(xayaZ7CI)E~
= 5 P o n 9 P oo Py
(Z+y) 7Fn(xayazaq)7 =Yy = Fu- (xayazﬂ’])i*q Fn(x,y,z,q)f,
,;’)32 n! ng’)pg’o&z b (n—p)!p! n;o n!

oo (=] n rl
z+y2 xy,zq—y22(> npxy,zqf—q):F xy,zq)
= : n=0 p=0
From the coefficients of ;1, on the both sides of the last equality, one can get the desired result. O

Theorem 4.8. The following (differential) recurrence relation for the generalized Fubini polynomials holds:

o n m+1
aaq ERXNIEDY Z( )(;y) (m+ 1) Fp(x,3,2,q) = In(2+y)Fa(x,3,2,9)

m=0 p=0

and degF,(x,y,z,q) = n.



Miscellaneous Properties of Generalized Fubini Polynomials — 27/30

Proof. If we take the derivative of (1.1) with respect to g both sides of the expression, we have

5 = " P L
% Y Fn(x,y,z,Q)a ~ g {[z—y(ef—l)]q] 7

n=0

ti’l

Y 2 Fenza) = (1) f-y(e 1] Uin—y(@ 1)),
n=0 %4 n:

= 0 " —et ye'

= F X, ¥,2, —=—————-In -+ 1— s
,,;)aq n( Y Q)n! [Z_y(et_l)]q ( y)( Z+y)
i a [n o tn yet
7Fn X, ¥,2,4) — = — Fn X, ¥,2,4 |:1n Z+y +In(1— ):|,
Y 5 lenza) g == Y Az In) (- 2
= 9 " ) m ye’ I m
—F XN0:8,4) = —In Z+y F X08.49) —In(1— ) F, (X,y,z,q)f,
L ag sy @09 L Faley )y =il =270 D n!

= d n d " ye' ye' t”
;)a—q&(x,y,z,q)a =—1n(z+y)n§) n(63,2,9) { P F(1,1;2; P ZF X,3:2,4)
ol
© 5 M o 1" y > (1)m(1)m (7}<i )m - "
—F(x,3,2,9) = = —In(z+y) Y Fu(x,9,2,9) = + ——¢' — Fu(x,y,z, q)
ngb&] " n! n;) " n!  z+y ngh 2)m m! nz‘{)
! M oo y l(ez)m+1 "
—F,(x,y,2,q)— = —In(z+ (X9, 2, + F.(x,y,z, mel
n;)aq w60 2,0) ( Y)n;) ¥ q ;)MZ 0 (%,,2,4)( +y) o

= P oo o 22 xyzq y tp(m-‘rl)ptn
Y gl n5a) = Iz +y) Y Fu(xy.z, q + Yy y —= ) —
n=0 :

n=0 ! n=0m=0 p=0 m+1 Z+y p! I’l!’

) , - S Y s (1
Zy (6.3,2,9) 5 = =In(z+y) Y F(x.3.2,9) +Z Y Y Fxyzq)(——)"! —
n=0 n=0 ! n=0m=0 p=0 zty p: n:
= 9 " < "R Y ey (P

5 By z,q) 5 = —In(z+y) }, Fa(xyz.0) - + Fop(x,,2,q " 7
n;)aq n( ) ( )Zb ) V;)EOEO n-n( () o i)
- J " - Y \m+l1 p—1 "
Z8—Fn()€,y,z,q)f‘:*1n(2+y)ZF 7yan +Z Z Z F I’( IRZES) q)( ) (m+1) o
n=0 24 n: n=0 n=0m=0 p=0 2ty n:

On equating like powers of % on both sides in the above expression and after some simplification, we arrive at our desired
result. O

Theorem 4.9. The following recurrence relation for the generalized Fubini polynomials holds:

n+1 n
n
(24 )Pt (x,3,2,9) = x(2+ ) Fa(x,3,2,0) =y Y Fiem1(6,3.2,9) + (q—x)y ) <m> Fym(X,,2,9)-

m=0 m=0
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Proof. If we take the derivative of (1.1) with respect to ¢ both sides of the expression, we have

= "9 e
r;)Fn(xJaqu)a_ = E |::| )

o [t=y(e' =1}

) tn—l- . 1 , - o
[Z”Fn(xayaza@n! = Xxe [[z—y(e’—l)]q} —q[z—y(e—l)] [—ye}e ,

n=1

oo

o0 tnl Zm Zn Fo(rnz,
[Z n(%:3:2,) ]ZXZF(xy,zq) L Do B Falxy 9 ’

n—0 z—y(e—1)

o0 tn 1 oo I
[t—y(e—1) Z (x,%.2,9) =x[z—y(e’—1)}ZF(Xy,zq) +qu Zanxmq)( ol
n=1 n=0 n=0m=0 e

oo tnfl
(Z—y(el— 1)) ZFn(x7y7ZuQ) n!
n=1
© n 1"
— x(z+y) nZF X, 92,4 7_xy”2‘bmz Fom(x%,,2,9) ( )‘m' +qyr;)n;0Fn—m(x7y,Z,61)m7

I oo n+l "

@+ Y Fui(x,y,2,9 f—yZ Y Friom(xyz, 61)
n=o n=0m=0

oo oo tﬂ
= x(z+y) Z n(x,3,2.q f—xyZ ZFn “m(X%,3,2,9) , ,+61y2 ZFn (X, ),2,4)
n=0 n=0m= ( )m n=0m=0 ( m)m

which yields our stated result. O
Theorem 4.10. The following integral representation
B

/Fn(x,y,z,q)dx* "+1(B Yy 2, q’1+1n+1( 7yazvq) 4.5)

04
holds for n > 0.

Proof. From (4.3), we derive that

1 d
/F;l(xmyvzaq)dx = m/aFnJrl(xa)’»LQ)dx
o [0

Fn+1(ﬁ7y7Z7Q) _FVH‘I(a?y?Z’q)
n+1

which means the asserted result (4.5). ]

)

5. Conclusion

In this paper, we have established some generating functions for the generalized Fubini polynomials by using series rearrange-
ment techniques. Also, some summation formulae for that polynomials are derived by using certain operational techniques and
by using different analytical means on its generating function. Further, many generating functions and summation formulae for
the polynomials related to generalized Fubini polynomials are obtained as applications of main results. The approach presented
in this paper is general and can be extended to establish other properties of special polynomials.



Miscellaneous Properties of Generalized Fubini Polynomials — 29/30

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for

their helpful comments and suggestions.

Author’s contributions: All authors contributed equally to the writing of this paper. All authors read and approved the

final manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under

the CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organizations for

this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and

ethical principles were followed and all the studies benefited from are stated in the bibliography.

(1]

[2]

[3]

(4]

[51

(6]

[71

[8]

91
[10]

[11]

[12]
[13]
[14]

[15]

[16]

[17]

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of data and materials: Not applicable.

References

N. Acala, A unification of the generalized multiparameter Apostol-type Bernoulli, Euler, Fubini, and Genocchi polynomials
of higher order, Eur. J. Pure Appl. Math., 13(3) (2020), 587-607.

N. Kilar, Y. Simsek, A new family of Fubini type numbers and polynomials associated with Apostol-Bernoulli numbers and
polynomials, J. Korean Math. Soc., 54(5) (2017), 1605-1621.

H. Ozden, Y. Simsek, H. M. Srivastava, A unified presentation of the generating functions of the generalized Bernoulli,
Euler and Genocchi polynomials, Comput. Math. Appl., 60(10) (2010), 2779-2787.

Y. Simsek, Computation methods for combinatorial sums and Euler type numbers related to new families of numbers,
Math. Methods Appl. Sci., 40(7) (2017), 2347-2361.

Y. Simsek, New families of special numbers for computing negative order Euler numbers and related numbers and
polynomials, Appl. Anal. Discrete Math., 12 (2018), 1-35.

H. M. Srivastava, R. Srivastava, A. Muhyi, G. Yasmin, H. Islahi, S. Araci, Construction of a new family of Fubini-type
polynomials and its applications, Adv. Differ. Equ., 36 (2021), 25 pages, https://doi.org/10.1186/s13662-020-03202-x.

P. Agarwal, R. Agarwal, M. Ruzhansky, Special Functions and Analysis of Differential Equations, 1st ed.; CRC Press:
Boca Raton, FL, USA, 2020.

V. Akhmedova, E. Akhmedov, Selected Special Functions for Fundamental Physics, Springer Briefs in Physics; Springer:
Cham, Switzerland, 2019.

J. Seaborn, Hypergeometric Functions and Their Applications, Springer: New York, NY, USA, 1991.
L. Sneddon, Special Functions of Mathematical Physics and Chemistry, Oliver and Boyd: Edinburgh, UK, 1956.

F. Qi, Diagonal recurrence relations, inequalities, and monotonicity related to the Stirling numbers of the second kind,
Math. Inequal. Appl., 19(1) (2016), 313-323.

O. A. Gross, Preferential arrangements, Amer. Math. Monthly, 69 (1962), 4-8.
R. D. James, The factors of a square-free integer, Canad. Math. Bull., 11 (1968), 733-735.
S. M. Tanny, On some numbers related to the Bell numbers, Canad. Math. Bull., 17(5) (1974/75), 733-738.

K. N. Boyadzhiev, A series transformation formula and related polynomials, Int. J. Math. Math. Sci., 3(23) (2005),
3849-3866.

L. Kargin, Some formulae for products of Fubini polynomials with applications, arXiv preprint (2016), available online at
https://arxiv.org/abs/1701.01023.

D. S. Kim, T. Kim, H.-I. Kwon, J.-W. Park, Tivo variable higher-order Fubini polynomials, J. Korean Math. Soc., 55(4)
(2018), 975-986.



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]
[26]

[27]

[28]

Miscellaneous Properties of Generalized Fubini Polynomials — 30/30

F. Qi, On generalized Fubini polynomials, HAL preprint (2018), available online at https://hal. archives-ouvertes.fr/hal-
01853686v1.

H. M. Srivastava, M. A. Ozarslan, C. Kaanoglu, Some Generalized Lagrange-Based Apostol-Bernoulli, Apostol-Euler and
Apostol-Genocchi polynomials, Russian J. Math. Phys., 20(1) (2013), 110-120.

N. Ozmen, Some new properties of the Meixner polynomials, Sakarya University Journal of Science, 21(6) (2017),
1454-1462.

N. Ozmen, E. Erkus-Duman, Some families of generating functions for the generalized Cesdro polynomials, J. Comput.
Anal. Appl., 25(4) (2018), 670-683.

L. Carlitz, Some polynomials related to the Bernoulli and Euler polynomials, Utilitas Math., 19 (1981), 81-127.

G.-W. Jang, T. Kim, Some identities of ordered Bell numbers arising from differential equations, Adv. Stud. Contemp.
Math. (Kyungshang), 27(3) (2017), 385-397.

N. Kilar, Y. Simsek, A new family of Fubini type numbers and polynomials associated with Apostol-Bernoulli numbers and
polynomilas, J. Korean Math. Soc., 54(5) (2017), 1605-1621.

T. Kim, Identities involving Laguerre polynomials derived from umbral calculus, Russ. J. Math. Phys., 21(1) (2014), 36-45.
T. Kim, Degenerate ordered Bell numbers and polynomials, Proc. Jangjeon Math. Soc., 20(2) (2017), 137-144.

B. Kurt, Y. Simsek, On the generalized Apostol-type Frobenius-Euler polynomials, Adv. Differ. Equ, 2013(1) (2013), 9
pages, doi:10.1186/1687-1847-2013-1.

W. A. Khan, M. S. Abouzaid, A. H. Abusufian, K. S. Nisar, Some new classes of generalized Lagrange-based Apostol type
Hermite polynomials, . J. Inequal. Spec. Funct., 10(1) (2019), 1-11.



	Introduction
	Multilinear and Multilateral Generating Functions
	Special Cases
	Miscellaneous Properties
	Conclusion
	References

