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Abstract. The Pyatov-Salamov Method (PM) has been used to study the Gamow-Teller (GT) transitions for chosen iron 

isotopes. The eigenvalues and eigenfunctions of the restored Hamiltonian have been solved within the framework of proton-

neutron quasiparticle random phase approximation (pn-QRPA). The allowed GT beta decay half-life values have been 

calculated for the nuclei under consideration. The results have been compared with the schematic model (SM) calculations 

and corresponding experimental data. 
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1. INTRODUCTION  

The charge-exchange excitations in nuclei play an active role in the research of the nuclear structure. 

Reliable evidence on the Gamow–Teller (GT) strength distribution at relatively low energies is of great 

importance in understanding the basic astrophysical processes such as nucleosynthesis, stellar collapse, 

r process, 2 decay and supernova formation [1,2]. Theoretical descriptions of the GT strength 

distributions in medium and heavy mass nuclei are given in many studies [3-9]. Kuzmin and Soloviev 

calculated the fragmentation of the GTR in heavy nuclei within the framework of the quasiparticle 

phonon model [3]. Their results showed that the GTR spread only up to the excitation energies of∼30 

MeV. Unlu studied GT 1+ states using the method developed by Pyatov and Salamov [7]. 

In the present study, the broken super symmetry property of the pairing interaction between nucleons 

was restored and the effect of restoration on the GTR for 46-52Fe isotopes was studied within the 

framework of the pnQRPA method with the separable residual GT effective interactions in the particle–

hole (ph) and particle–particle (pp) channels. The same calculations were performed in the 

phenomenological shell model basis also (schematic model_(SM)). The obtained results in both methods 

were compared with each other and with the corresponding experimental data. 

2. THEORETICAL FORMALISM 

The schematic model (SM) Hamiltonian (the schematic model Hamiltonian does not include ℎ0 term) 

for GT excitations in the quasiparticle representation is usually accepted in the following form: 

𝐻𝑆𝑀 = 𝐻𝑠𝑞𝑝 + ℎ𝑝ℎ + ℎ𝑝𝑝,        (1) 

where 𝐻𝑠𝑞𝑝 is the single quasiparticle (sqp) Hamiltonian, ℎ𝑝ℎ and ℎ𝑝𝑝 are respectively. The GT effective 

interactions in the ph and pp channels. As known, the effective interaction constants in the ph and pp 

channels are fixed from the experimental value of the GTR energy and the 𝛽 decay log ft values between 

the low energy states of the parent and daughter nuclei. The super symmetry property of the pairing part 
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in total Hamiltonian was restored according to the Pyatov's method. In this respect, certain terms which 

naturally do not commute with the GT operator were excluded from total Hamiltonian and the broken 

commutativity of the remaining part due to the shell model mean-field approximation was restored by 

adding an effective interaction term ℎ0 as follows [51]: 

[𝐻𝑆𝑀 − (ℎ𝑝ℎ + ℎ𝑝𝑝) − (𝑉1 + 𝑉𝐶 + 𝑉𝑙𝑠 + ℎ0, 𝐺1𝜇
± )] = 0    (2) 

or 

[𝐻𝑠𝑞𝑝 − 𝑉1 − 𝑉𝐶 − 𝑉𝑙𝑠 + ℎ0, 𝐺1𝜇
± ] = 0      (3) 

where 𝑉1,  𝑉𝐶  and 𝑉𝑙𝑠 are the isovector, Coulomb and spin orbital term of the shell model potential, 

respectively. The restoration term ℎ0 in eq. (3) is included in a separable form: 

ℎ0 = ∑
1

4𝛾𝜌
𝜌=± ∑ [(𝐻𝑠𝑞𝑝 − 𝑉1 − 𝑉𝐶 − 𝑉𝑙𝑠), 𝐺1𝜇

𝜌
]

†
𝜇=0,±1 [𝐻𝑠𝑞𝑝 − 𝑉1 − 𝑉𝐶 − 𝑉𝑙𝑠, 𝐺1𝜇

𝜌
]. (4) 

The strength parameter 𝛾𝜌 of the ℎ0 effective interaction is found from the commutation condition in 

eq. (3) and the following expression is obtained fort his constant. 

  𝛾𝜌 =
𝜌(−1)𝜇

2
⟨0| [[𝐻𝑠𝑞𝑝 − 𝑉1 − 𝑉𝐶 − 𝑉𝑙𝑠, 𝐺1𝜇

𝜌
], 𝐺1𝜇

𝜌
] |0⟩  

Let us consider a system of nucleons in a spherical symmetric average field with pairing forces. In this 

case, the corresponding quasiparticle Hamiltonian of the system is given by  

𝐻𝑠𝑞𝑝 = ∑ 𝜀𝑗𝜏
𝛼𝑗𝜏𝑚𝜏

†
𝜏,𝑗𝑚

𝛼𝑗𝜏𝑚𝜏
,             𝜏 = n, p      (5) 

where 𝜀𝑗𝜏
 is the sqp energy of the nucleons with angular momentum 𝑗𝜏, and 𝛼𝑗𝜏𝑚𝜏

†
 (𝛼𝑗𝜏𝑚𝜏

) is the 

quasiparticle creation (annihilation) operator. The GT operator in the quasiparticle space according to 

quasiboson approximation is given as follows: 

𝐺1𝜇
− = ∑ [�̅�𝑛𝑝𝐶𝑛𝑝

† (𝜇) + −11+𝜇𝑏𝑛𝑝𝐶𝑛𝑝(−𝜇)]𝑛𝑝 ,               𝐺1𝜇
− = [𝐺1𝜇

− ]
†
, 

where 𝐶𝑛𝑝
† (𝜇) and 𝐶𝑛𝑝(𝜇) are the quasiboson creation and annihilation operators. 

𝐶𝑛𝑝
† (𝜇) = √

3

2𝑗𝑛 + 1
 ∑ (−1)𝑗𝑝−𝑚𝑝⟨𝑗𝑝𝑚𝑝1𝜇|𝑗𝑛𝑚𝑛⟩𝛼𝑗𝑛𝑚𝑛

† 𝛼𝑗𝑝−𝑚𝑝

†

𝑚𝑛,𝑚𝑝

 

and 𝐶𝑛𝑝(𝜇) = [𝐶𝑛𝑝
† (𝜇)]

†
.            

These operators satisfy the following commutation rules in the quasiboson approximation: 

[𝐶𝑛𝑝(𝜇), 𝐶
𝑛′𝑝′
† (𝜇′)] = 𝛿𝑛𝑛′𝛿𝑝𝑝′𝛿𝜇𝜇′ ,      [𝐶𝑛𝑝(𝜇), 𝐶𝑛′𝑝′(𝜇′)] = 0.                                  (6)  

The ℎ0,  ℎ𝑝ℎ  and ℎ𝑝𝑝 effective interactions in quasiboson approximation are described in the following 

forms: 

ℎ0 =   ∑
1

2𝛾𝜌
𝐸𝑛𝑝

𝜌
𝐸

𝑛′𝑝′
𝜌

[𝐶𝑛𝑝(𝜇) + 𝜌(−1)1+𝜇𝐶𝑛𝑝
† (−𝜇)]𝑛𝑝𝑛′ 𝑝′ 𝜇𝜌    
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⋅ [𝐶
𝑛′𝑝′
† (𝜇′) + 𝜌′(−1)1+𝜇′

𝐶𝑛′𝑝′(−𝜇′)],      (7) 

ℎ𝑝ℎ = 2𝜒𝑝ℎ    ∑ [�̅�𝑛𝑝𝐶𝑛𝑝
† (𝜇) + (−1)1+𝜇𝑏𝑛𝑝𝐶𝑛𝑝(−𝜇)]𝑛𝑝𝑛′ 𝑝′ 𝜇𝜌    

⋅ [�̅�𝑛′𝑝′𝐶𝑛′𝑝′(𝜇′) + (−1)1+𝜇′
𝑏𝑛′𝑝′𝐶

𝑛′𝑝′
† (−𝜇′)]     (8) 

ℎ𝑝𝑝 = −2𝜒𝑝𝑝   ∑ [𝑑𝑛𝑝𝐶𝑛𝑝
† (𝜇) − (−1)1+𝜇�̅�𝑛𝑝𝐶𝑛𝑝(−𝜇)]𝑛𝑝𝑛′ 𝑝′ 𝜇𝜌    

∙ [𝑑𝑛′𝑝′𝐶𝑛′𝑝′(𝜇′) − (−1)1+𝜇′
�̅�𝑛′𝑝′𝐶

𝑛′𝑝′
† (−𝜇′)],     (9) 

where 𝐸𝜌, �̅�, 𝑏, 𝑑,̅ 𝑑 are the reduced matrix elements. The complete expressions of these matrix elements 

are given in refs [10]. Thus, the total Hamiltonian of the system according to PM is given as 

𝐻𝑃𝑀 = 𝐻𝑠𝑞𝑝 + ℎ𝑝ℎ + ℎ𝑝𝑝 + ℎ0.       (10) 

The eigenvalues and eigenfunctions of the Hamiltonian solved within the framework of the pnQRPA 

method (see detailed in refs [10]) and the 0+ → 1+   ± transition matrix elements are calculated using 

the following expressions: 

𝑀𝛽−
𝑖 (0+ → 1𝑖

+) = ⟨1𝑖
+, 𝜇|𝐺1𝜇

− |0+⟩ = ⟨0|[𝑄𝑖(𝜇), 𝐺1𝜇
− ]|0⟩    

                                      = − ∑ (𝜓𝑛𝑝
𝑖 𝑏𝑛𝑝 + 𝜑𝑛𝑝

𝑖 �̅�𝑛𝑝)𝑛𝑝     (11) 

𝑀𝛽+
𝑖 (0+ → 1𝑖

+) = ⟨1𝑖
+, 𝜇|𝐺1𝜇

+ |0+⟩ = ⟨0|[𝑄𝑖(𝜇), 𝐺1𝜇
+ ]|0⟩    

                                     = ∑ (𝜓𝑛𝑝
𝑖 �̅�𝑛𝑝 + 𝜑𝑛𝑝

𝑖 𝑏𝑛𝑝)𝑛𝑝      (12) 

The 𝛽± recuded matrix elements are given by 

          𝐵𝐺𝑇
± (𝜔𝑖) = ∑ |𝑀𝛽±

𝑖 (0+ → 1𝑖
+)|

2

𝜇 .      (13) 

The 𝛽± transition strengths (𝑆±) must fulfill the Ikeda sum rule (ISR). 

          𝑆± = ∑ 𝐵𝐺𝑇
± (𝜔𝑖)𝑖 ,        (14) 

          𝐼𝑆𝑅 = 𝑆(−) − 𝑆(+) ≅ 3(𝑁 − 𝑍).      (15) 

The ft values for the allowed GT β transitions are finally calculated using 

𝑓𝑡 =
𝐷

(
𝑔𝐴
𝑔𝑉

)
2

4𝜋𝐵𝐺𝑇
± (𝐼𝑖→𝐼𝑓,𝛽−)

        (16) 

3. RESULTS AND CONCLUSIONS 

The allowed GT β-decay half-lives have been investigated for chosen iron isotopes. The fixed values of 

the strength parameters of the ph and the pp interactions are given in Table 1 and the same values are 

used both PM and SM calculations. It should be noted that the agreement between theory and experiment 

depends on the choice of the strength parameters of the ph and pp interaction. In numerical calculations, 

the Woods-Saxon potential with Chepurnov parameterization has been used and the pair correlation 

constants have been chosen as Cn = Cp = 12/A1/2 for open shell nuclei [12]. The basis used in our 
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calculation contained all the neutron-proton transitions which change the radial quantum number n by 

n = 0, 1, 2, 3. The reliability of our basis was tested by calculating the Ikeda Sum Rule. The calculations 

has been obtained without any quenching factor. The calculated values of the half-lives are given in 

Table 2. The results have been compared with the experimental data [11]. The calculated half-lives in 

PM are closer to the corresponding experimental values. This shows that the restoration term is 

important in understanding the GT 1+ states. The fixed ph value in PM is greater than that in SM and 

the fixed pp value in PM is smaller than that in SM. Both PM and SM give a good agreement with the 

corresponding experimental data depending on the choice of the ph and pp parameters. The restoration 

of supersymmetry property of the pairing interaction is physically important.  

 

Table 1. The fixed parameter values of the PM and SM for iron-50 and iron-52 isotopes. The ph and pp values are in units of 

5.2A-0.7 MeV and 0.52A-0.7 MeV, respectively.  

A ph pp 

50 

52 

1.0 

1.0 

0.1 

0.1 

 

 

Table 2. Allowed GT β-decay half-lives for 50,52Fe isotopes calculated using the pn-QRPA (SM) and pn-QRPA (PM) models. 

A Exp [11] pn-QRPA (PM) pn-QRPA (SM)  

50 

52 

0.155 s 

8.275 h 

0.245 s 

10.32 h 

1.548 s 

0.145 h 
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