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Abstract: The object of this manuscript is to investigate related to the geometry of distributions
on pointwise quasi hemi-slant submanifolds (abbr. PQHS) in cosymplectic manifolds. In this
context, the preconditions for such distributions to be integrable, totally geodesic foliation,
totally geodesic and mixed totally geodesic are obtained. In addition, we are going to present
several examples to guarantee these new types of submanifolds in cosymplectic manifolds.

Kosimplektik Manifoldlarin Noktasal Yar1-Egimli Alt Manifoldlari

Anahtar Kelimeler
Noktasal yari
egimli,
kosimplektik
manifold,

Oz: Bu makalenin amaci, kosimplektik manifoldlarda noktasal yari-egimli alt manifoldlar
(kisaltilmis PQHS) tizerindeki dagilimlarin geometrisiyle ilgili arastirma yapmaktir. Bu
baglamda, bu tir dagilimlarin integrallenebilir olmasi, tamamen jeodezik yapraklanma,
tamamen jeodezik ve karigik tamamen jeodezik olmasi i¢in 6n kosullar elde edilmektedir. Ek
olarak, kosimplektik manifoldlarda bu yeni alt manifold tiplerini garanti etmek i¢in birkag
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Tamamen jeodezik
yapraklanma

ornek sunacagiz.

1. INTRODUCTION

Differential geometry has been one of the most
outstanding branches of mathematics and physics since
the earliest times. Among the most outstanding topics in
the field of differential geometry in recent years is the
contact geometry. Contact geometry has a very important
place in physical and other mathematical structure.
Sophus Lie first mentioned contact structures in his work
on partial differential equations [1]. In recent years, the
geometry of contact Riemannian manifolds has received
great attention. In contact geometry, there have been
many classes of manifolds considered as odd-dimensional
analogs of Kahler spaces, the most important ones being
cosymplectic and Sasakian spaces. An odd-dimensional
equivalent of a Kahler manifold can be presented by a
cosymplectic manifold, locally a product of a Kahler
manifold having a line or a circle [2]. An obvious instance
of a cosymplectic manifold can be presented with the
product of 1-dimensional manifold with (2n)-dimensional
Kaéhler manifold.

On the other side, submanifold theory has got outstanding
characteristics in Mathematical, Mechanics and Physics.
In the recent twenty years, Kahler manifold applications
are widely known (in particular, in the target spaces for
non-linear ¢ -models having supersymmetry). Today,
submanifolds theory has an important place in computer
design, image processings, economic modelling.
Submanifolds geometry concept has started with the
concept of the extrinsic geometry of the surface and it is
developed for ambient space with time. In this context, the
submanifolds of a cosymplectic manifold have been
studied by G. D. Ludden [3]. Later on, A. Cabras et al. [4]
has given the proof of the fact that in a cosymplectic
manifold there is not ant extrinsic sphere which is tangent
to the structure vector fields. In 1990, Chen has put
forward the notion of slant submanifold, which totally real
submanifolds and generalizes holomorphic [5]. Then, the
theory of submanifolds is investigated by many geometers
like [6-14]. As a generalization of slant submanifolds;
semi-slant submanifolds, hemi-slant submanifolds, bi-
slant submanifolds, quasi bi-slant submanifolds, quasi
hemi-slant submanifolds, pointwise quasi bi-slant
submanifolds, PQHS submanifolds [15-29] and many
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others. In 2013, B. Sahin defined the concept of pointwise
semi-slant submanifolds [30]. In 2014, K. S. Park has
given the concept of pointwise almost h-semi- slant
submanifolds and pointwise almost h-slant submanifolds
in an almost quaternionic Hermitian manifold [31-32]. In
2020, Akyol et al. [33] initiated the study of quasi bi-slant
submanifolds of an almost contact metric manifold by
generalizing slant, semi-slant, hemi-slant and bi-slant
submanifolds (See also: [34]). Motivated by all those
work in the present article, we are going to investigate
PQHS submanifolds of cosymplectic manifolds.

The layout of the manuscript can be given as follows: In
the second section, the fundamental descriptions and
formulae about cosymplectic manifolds and the geometry
of submanifolds are given. The third section gives the
definition of PQHS submanifolds of cosymplectic
manifolds and we obtained some results for the next
sections. In the fourth section, we deals with main
theorems related to the geometry of distributions. Finally
in the last section, we proved two examples of such
submanifolds.

2. SOME BASIC CONCEPTS

This section presents a cosymplectic manifold definition
and some fundamentals about submanifolds theory.

An almost contact structure (¢,&,n) on a (2m+1)-
dimensional manifold N is defined by a (1,1) tensor field
@, avector field ¢ and a 1-form 7 satisfying the following
conditions:

PP=—1+nQ®¢& n) =1 n0p =0, 9 =0. (1)

One can always find a Riemannian metric <,> on an
almost contact manifold N which satisfies the conditions
given below

< U,V >=< U,V > -nU)nV) @)
nU) =< U,§& >,

where U,V are vector fields on N.

It is said that an almost contact structure (¢,¢,n) is
normal when the almost complex structure J on the
product manifold N x R is given by

JW,f9) = (9U = FENWU) D),

in which f is a C*-function on N x R without torsion
i.e., J is integrable. The condition for normality in terms
of ¢, & and n is [p, @] + 2dn ® € = 0 on N, in which
[@, @] is the Nijenhuis tensor of ¢ . Lastly, the
fundamental two-form & is defined @®(U,V) =<
U,V >.

If the almost contact structure (¢, &,7n,<,>) is normal
and both @ and 7 are closed, then this structure can be
expressed as cosymplectic [3, 35-37]. From the point of
the covariant derivative of ¢, the cosymplectic condition
can be specified by
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(Vy@)V =0, 3

for every U,V tangent to N, in which V stands for the
Riemannian connection of the metric <,> on N .
Furthermore, for cosymplectic manifold

Vyé =0. (4)

Let N be a Riemannian manifold isometrically immersed
in N and induced Riemannian metric on N is described by
the <, > throughout this manuscript. Let h and A denote
second fundamental form and the shape operator,
respectively, of immersion of N into N. If V is the
induced Riemannian connection on N, then the Gauss and
Weingarten formulae are presented by [5]

VyV =VyV+hU,V) (5)
and

forany U,V € T(TN), V € T(T*N) and V+ stands for the
connection on the normal bundle T+N of N.

If N is totally geodesic, then h(U,V) =0 for all U,V €
[(TN).

At this point, one has the following description from [38]:

Definition 2.1 A submanifold N of an almost Hermitian
manifold N is known pointwise slant if, for every point
p € N, the Wirtinger angle 8(U) is independent of the
selection of nonzero vector U € TN, where TN is the
tangent space of nonzero vectors. Under these conditions,
6 is known slant function of N.

Definition 2.2 A submanifold N is known (i) (D;,D,)-
mixed totally geodesic if h(Z,W) = 0, forany Z € ['(D,)
and W € T'(D,) (ii) D-totally geodesic if it is (D,D)-
mixed totally geodesic [34].

3. POINTWISE QUASI HEMI-SLANT
SUBMANIFOLDS OF COSYMPLECTIC
MANIFOLDS

In this section, we are going to present basic definitions
and lemmas related to PQHS submanifolds of
cosymplectic manifolds.

Definition 3.1 A submanifold N of cosymplectic
manifolds (N, @, §,1, <,>) is known PQHS if there exist
distributions D, Dg and D+ such that

()TN=DD Dy DD P< ¢ >.
(ii) The distribution D is invariant, i.e. 9 = D.

(iii) For a vector field which is different from zero U €
(Dg)p » p €N, the angle 6 between U and (Dg), is
slant function and is independent of the choice of the point
pand U in (Dg),.
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(iv) The distribution D* is anti-invariant, i.e., 9D+ <
T+N.

The 6 is known as a PQHS angle of N. A PQHS
submanifold N is known proper if its pointwise-slant
function satisfies 6 # 0, g and @ is not constant on N.

If we represent by k4, k, and k5 the dimension of D, Dq
and D+, respectively, thus with the usage of generalized
PQHS submanifold definition, one can easily see the
following particular cases;

(i) N is pointwise hemi-slant submanifold when k; = 0,
(if) N is semi-invariant submanifold when k, = 0,
(iii) N is pointwise semi-slant submanifold when k; = 0.

Let N be a PQHS submanifold of a cosymplectic
manifold N. Thus, for any U € I'(TN), one has

U=PU+ QU + RU +n(U)§, (M

in which P,Q and R stands for the projections on the
distributions D, Dy and D+, respectively.

oU =TU + FU, @)
where FU and TU are normal and tangential components
on N, respectively. By using (7) and (8), we get
immediately

@U =TPU + FPU +TQU + FQU + TRU + FRU,

in which due to the fact that ¢ = D, one has FPU = 0.
Therefore, one gets

@(TN) =D D TDy B FDy @ ¢D*
and
TN =FDy @ oD+ D 1,

in which u stands for the orthogonal complement of
FDg ® @Dt in TN and pu = u. At the same time, for
every Z € TN, one has

@wZ =BZ +CZ, 9)
in which BZ € T(Dg @ D) and CZ € T'(w).

When the condition (iii) given in Definition 3.1 is used
together with (8) and (9), one obtains the followings:

BFD' =D

T@l = {0}, BFDG = bg,

When Eqgs. (8) and (9) are used, one obtains the following
Lemma.

Lemma 3.2 Let N be a PQHS submanifold of an almost
contact metric manifold N. Therefore, one has

(a) T?U = —(cos20)U, (b) BFU = —(sin?6)U,

(¢) T2U + BFU = —U, (d) FTU + CFU =0,

forany U € Dy.

With the help of (3), (8) and (9) and Definition 3.1, one
obtains the following Lemma.

Lemma 3.3 Let N be a PQHS submanifold of an almost
contact metric manifold N. Then, we have

(i) <TU,TV >= (cos?6) < U,V >,
(ii) < FU,FV >= (sin?0) < U,V >,
forany U,V € T'(Dy).

Proof. One can follow a similar way presented in
Proposition 2.8 of [38].

When Egs. (3), (5), (6), (8) and (9) are used and the
normal and tangential components are compared, one has
the following:

Lemma 3.4 Let N be a PQHS submanifold of a
cosymplectic manifold N. Therefore, one obtains

VyTV — ApyU — TV, V — BR(U,V) =0
and

h(U,TV) + VEFV — F(VyV) — Ch(U,V) = 0,
forall U,V e T(TN).

Lemma 35 Let N be a PQHS submanifold of a
cosymplectic manifold N. Thus, one has

(vuT)V = AFVU + Bh(U, V),
(VyF)V = Ch(U,V) — h(U,TV),
forany U,V € T'(TN).

Lemma 3.6 N be PQHS submanifold of a cosymplectic
manifold N. Thus, one has

T([U,V]) = ApyU — ApyV
and
F([U,V]) = V59V — VyeU,
forany U,V € D*.
Proof. Let U,V € T(D4), then
(VU¢)V = VyoV — o(VyV).
Taking into account of (3) in the above equation, we have

~ApyU + ViV — TV,V — FY,V —
Bh(U,V) — Ch(U,V) = 0.

When the normal and tangential parts are compared in the
equation given above, one obtains

~ApyU —TVyV — Bh(U,V) = 0 (10)
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and
Vi@V — FV,V — Ch(U,V) = 0. (11)

From equations (10) and (11), one may conclude the the
statement of Lemma 3.6.

Lemma 3.7 Let N be a PQHS submanifold of a
cosymplectic manifold N. Under these assumptions, we
have

() <[U,V]E>=0,
(iiy <Vyv,&>=0,

forall U,V € (DD Dy ® D).

4. BASIC RESULTS

Theorem 4.1 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, D is integrable if and
only if

< h(V,TU),FQZ > —< h(U,TV),FZ >
=< V,TV =V, TU,TQZ >
+< TV,TU + Bh(V,TU),RZ >,

where U,V € T(D),Z = QZ + RZ € T(Dy @ D).
Proof. The distribution D is integrable on N if and only if

<[U,V],§>=0 and <[U,V],Z>,
for all U,V € T(D), Z = QZ + RZ € T(Dy D D). For
any Ver(®), one has <V,& >=0. Taking the
covariant derivative of (4) along U, one has

<VyV, &> +<V,V,E>=0. (12)
From the equations (4) and (12), we obtain

<[UV],E>=<V,V, & > —-<V,V,§>=0.
Next, for every U,VET(®D) and Z=QZ+RZ €
I'(D @ Dy). Using (5), (8)and FV = 0 forall V € T(D),
we get
<[UV],Z >=<VyoV,pZ > —< V,0U,¢Z >
=< V,TV,TQZ + FQZ > +< V,TV,FRZ >
—< V,TU,pQZ + @RZ >.
By using (9) in the above equation, we have
< [U,V],Z >=<VyTV,TQZ > +< h(U,TV),FQZ >
+< h(U,TV),FRZ > +< ¢(V,TU),RZ >
—-< V,TU,TQZ + FQZ >

=< V,TV =V, TU,TQZ > +< h(U,TV),FZ >
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+< TV, TU + Bh(V,TU),RZ >
—< h(V,TU),FQZ > (13)
The proof comes from (13).

Theorem 4.2 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, Dy is integrable if and
only if

sin(20) Z(8) < U,V > —cos?6 < VU,V >
=< AgpyV = VyBFU,Z >
+< V,TU,TPZ)—< V,BFU,V >,
where U,V € [(Dy), Z = PZ + RZ € T(D @ D*).

Proof. For every U,V € T'(Dg),Z =PZ+RZET(D D
DY), utilizing (2), (3), (8) and (9), one has

<[UV],Z>=<V,V,Z>-<V,U,Z>
=—<V,0U,@V > -<[U,Z],V >
—< VU, pZ >
=< V,T?U,V > +< V,FTU,V >
+< V,BFU + CFU,V > —< [U,Z],V >
<V, TU,pZ > —< V,FU, pZ >. (14)

On the other hand, taking into account of Lemmma 3.2,
using (5), (6), equation (14)

<[U,V],Z >=sin(20)Z(0) < U,V >

+cos? < V,V,Z > —sin?0 < [U,Z],V >
+< V,BFU,V > —< V,TU,TPZ >

+< VyBFU — AcryV, Z >

=sin(20)Z(8) < U,V > —cos?0 <V,U,V >

+<V,BFU,V > —-<V,TU,TPZ >

+< VyBFU — AcpyV, Z >. (15)
The proof comes from (15).

Theorem 4.3 Let N be a PQHS submanifold of a

cosymplectic manifold N. Then, D+ is integrable if and
onl if

< T([U,V]),TPZ — QZ >=< BF([U,V]), QZ >,
where U,V € T'(D1), Z = PZ 4+ QZ € T(D @ Dy).

Proof. For any U,V €T(D'), Z=PZ+QZ €T (DD
Dy), by using (2), (3), (6), one obtains

<[UV],Z>=<VyoV,0Z > -< V,@U,pZ >

=< A, U + VoV, pPZ >

111




Tr. Doga ve Fen Derg. Cilt 12, Say1 1, Sayfa 108-116, 2023

+< @(AyvU — VieV),QZ >
+< ApyV — ViU, TPZ >
+< @(VyoU — A,y V), QZ >.  (16)
By virtue of (8) and (9), equation (16)
<[U,V],Z >=< ApyV — ApyU,TPZ >
+< T(ApyU — ApyV), QZ >
+< B(V§oU — ViV),QZ >.
From Lemma 3.6, one has
<[U,V),Z >=<T(U,V]),TPZ — QZ >
—< BF([U,V]),QZ >. (17)
Hence the proof follows from (17).

Theorem 4.4 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, D defines a totally
geodesic foliation on N if and only if

< TVyTV + Bh(U,TV),QZ >=< h(U,TV),FRZ >
and
< VyV,TBW >=< FV,V + Ch(U,V),CW >,

where U,V €T(D), Z=QZ+RZ €T (Dy ® D) and
W € I(TN)*.

Proof. Forevery U,V €T'(D),Z=QZ+RZeT'(Dg D
1), utilizing (2), (5), (8) and (9), one has

<VyV,Z >=<V,0V,0Z >
=< V,TV,9QZ > +< V,TV,pRZ >
= —< @(VyTV + h(U,TV)),QZ >
+< h(U,TV), pRZ >
= —< TV,TV + Bh(U,TV),QZ >
+< h(U,TV),FRZ >. (18)
Now, for all W € T(TN)* and U,V € T'(D), we get
<VyV,W >=<V,V,BW + CW >
= —< VyV,BW + @CW >
= —< V,V,TBW > +< @V, V,CW >
= —< V,V,TBW >
+< FVyV + Ch(U,V),CW >. (19)

Thus from (18) and (19), which achieves the proof.
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Theorem 4.5 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, Dy defines a totally
geodesic foliation on N if and only if

cos?0 < [U,Z],V > +sin(20) Z(8) < U,V >
=< TV,TU + Bh(Z,TU),V >
and
< FApy U W >=< CVFV + VEFTV, W >,

where U,V €T(Dy),Z =PZ+RZ €T (DD DY) and
W € T(TN)-.

Proof. Forevery U,V €T (®Dy), Z=PZ+RZET(D D
D), utilizing (2), (5), (8) and (9), we have

<Vy\V,Z>=U<V,Z>-<V,V,Z>
=—<[U,Z],V>-<V,0U, @V >
—< V,FU, @V >
=—<[U,Z,V>+<TV,TU,V >
+< Bh(Z,TU),V > +< V,BFU,V >
+< V,CFU,V >.

Then from (6), Lemma 3.2 and using the property of slant
function, we get

<VyV,Z >=—<[U,Z] + TV,TU + Bh(Z,TU),V >
—< V,sin?0U — AgpyZ,V >
= —sin(260)Z(0) < U,V > —sin?4 < V,U,V >
—< [U,Z] + TV,TU + Bh(Z,TU),V >. (20)
From (20), we obtain
cos?0 < VyV,Z >= —cos?0 < [U,Z],V >
—sin(20)Z(8) < U,V >
+< TV,TU + Bh(Z,TU),V >. (21)

Now, for every W € T(TN)*, with the help of (2), (6),
(8) and Lemma 3.2, we have

<V, V, W >=<V,0V, oW >
= —< V, T2V =V, ,FTV,W >
—< @(—ApyU + VEFV), W >,
which gives

sin20 < VyV, W >=< FAp, U — V5FTV —
CVLFV,W >. (22)

Thus from (21) and (22), which achieves the proof .
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Theorem 4.6 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, D' defines a totally
geodesic foliation on N if and only if

< ApyU,TQZ > =< V§FV,FQZ >
and
< ApyU,BW >=< VFV,CW >,

where U,V €T(DY), Z=PZ+ QZ e T(D D Dy) and
W € I(TN)*.

Proof. For all U,V €T(DY), Z=PZ+QZ€eT (DD
Dyg), using (2), (6) and (8), one has

<VyV,Z >=<V,0V,0Z >
=< Vy,0V,9PZ + ¢QZ >
=< —A,yU + VoV, FPZ >
+< —ApyU + V5FV,TQZ + FQZ >
=—< ApU,TQZ > +< V5FV,FQZ >. (23)

Now, forevery U,V € I'(D*) and W € I'(TN)*, utilizing
(2), (6), (9), we get

<VyV,W >=<V,FV,BW + CW >
= —< ApyU,BW > +< V{FV,CW >.  (24)
The proof comes from (23) and (24).

Theorem 4.7 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, D is totally geodesic if
and only if

< TVyV + Bh(U,V),BW >
= —< FV,V + Ch(U,V),CW >,
where U,V € T'(D) and W € T(TN)*.

Proof. For any U,V € I'(D) and W € T(TN)*, by using
(2), (5), (8) and (9), we have

< (h(U, V), W >=< T, 0V, oW >
=< @VyV,BW > +< oV,V,CW >
=< TV,V + Bh(U,V),BW >
+< FVyV + Ch(U,V),CW >. (25)
The proof comes from (25).

Theorem 4.8 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, Dy is totally geodesic if
and only if

< AwU,BFV >=< V{W,CFV + FTV >,

where U,V € T(Dy) and W € T(TN)*.
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Proof. Forany U,V € T'(Dy) and W € T'(TN)*, by using
(2) and (8), we get

< h(U, V), W >= =<V, oW,V >
=< VyW, TV > +< V, W, FV >
=<V, ,W,T?V + FTV >
+< VyW,BFV + CFV >. (26)

Taking into account of (6) and from Lemma 3.2, equation
(26)

< h(U,V),W > = cos?0 < V,V,W >
+< VEW,FTV + CFV >
—< AwU,BFV > (27)
From (27), we obtain
sin20 < VyV,W >=< VEW,FTV + CFV >
—< Ay U,BFV >.
This implies
< h(U,V),W > = csc?0{< VEW,FTV + CFV >
—< AyU,BFV >}, (28)
Thus from (28), which achieves the proof.

Theorem 4.9 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, D* is totally geodesic if
and only if

< BVGW — TAU, TV >=< FAy,V — CY5W,FV >,
where U,V € T(DY) and W € T(TN)*.

Proof. Forany U,V € T(D*) and W € I'(TN)*, by using
(2), (6), (8) and (9), we have

< h(U, V)W >= —< V, oW, @V >

= —< @(—AyU + VEW), @V >

=< TAyU — BVEW,TV >

+< FAyV — CV5W,FV >, (29)
The proof comes from (29).

Theorem 4.10 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, D — Dg mixed totally
geodesic if and only if

< FApyU — VEFTV — CVEFV, W >=0,

where U € T(D), V € T(Dy) and W € T(TN)*.
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Proof. For any U € T(D), V € T(Dy) and W € T(TN)*,
by using (2), (5), (6), (8), (9) and from Lemma 3.2, one
can obtain
< h(U,V),W >=< V¢V, oW >
=< VyTV, oW > +< V,FV, W >
=< V,T?V + FTV,W > —< @V ,FV,W >
= cos?0 < V,V,W > —< V,FTV, W >
—< @VyFV, W >. (30)
From equation (30), we have
sin?6 < h(U,V),W >
=< FA;VU — V{FTV — CVEFV, W >,
which gives
< h(U,V),W >
= csc20{< FAp,U — V5FTV — CVEFV, W >},
which completes the proof.

Theorem 4.11 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, © — D+ mixed totally
geodesic if and only if

VyBW — AcyV € T(DY),
where U € T(D), V € T(D*) and W € T(TN)*.

Proof. For every UET(D), Ver(®') and W e
T(TN)*, by using (2), (5), (6), (8) and (9), we get

< h(U,V),W >= —< ¥V, oW, pU >

=—<V,BW + CW,TU >

= —< VyBW — AV, TU >. (31)
The proof comes from (31).

Theorem 4.12 Let N be a PQHS submanifold of a
cosymplectic manifold N. Then, Dy — D* mixed totally
geodesic if and only if

< ApyU,BW >=< VFV,CW >,
where U € T(Dg), V € T(DY) and W € T(TN)*L.

Proof. For every U€eTl(Dy), VET(D') and W e
T'(TN)L, by using (2), (5), (6), (8) and (9), one has

< h(U,V),W >=<V,0V, oW >
=< VyFV,BW + CW >
=< VEFV,CW > —< Ap, U, BW >. (32)

The proof comes from (32).
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Finally, we mention the following examples.

5. EXAMPLES

Example 5.1 For 6 € (0, g), consider a submanifold N of

a cosymplectic manifold N described by immersion f as
follows:

f,u,w,s,m,n,z) =
(ﬁ

2
By aid of simple calculations, one can easily control that
the tangent bundle of N is spanned by the set
{X1, X5, X3, X4, X5, X6, X7}, Where

X 0 in@ 9 0 g in@ 9
= —c0osf) — — sinf — — cosf — — sinf —,
! 0y3 0y, 0ys 0y,
X, =2 o +2 g +2 g +2 i
2T u6x3 u6x4 u6x6 u6x7'
_Vv3a9 190 0
372 0x, 20y, 7 o
_ @ 0 @
> Oxg’ dyg’ 7 0z

@ be the (1,1) tensor field defined by
( a ) _ d d _ d
¢ axi N ayi' ¢ 6}11 N Ox]-'

d
—) = <ij<8.
G =0 1=ij=8

If the linearity of ¢ and <, > is used, one has

=0, ni& =1,

< U,V >=< U,V > -nU)n¥),

PpP=—-1+1Q¢,

for every U,V €T(TN). Hence (N,¢p,&,n,<,>) is
almost contact metric manifold. At the same time, one can
easily illustrate that (N, ¢, &,n,<,>) is a cosymplectic
manifold of dimension 17. Thus we have

: a 0
(le=—cos@a—x3—smHa—xA}—cosHa—xe—smﬂa—x/
X 2 g 2 g 2 g 2 g

X, = —2u——-2u—-2u—-—2u—,
? dys T oya T dys 0y,
V3a 10 ]
X = Q5 5 T 53 X = -3
$ds 2 0y, 20x, $ia dys

¢X7 =0.

With simple computations, one can obtain D =
Span{Xs, X¢} is an invariant, Dy = Span{Xy,X,} is a

pointwise slant with slant function —cos‘l(Sige) and

w . .
w,0,0,— ;,uz, —sin#, u?, cosH, s, 0, u?, —siné, u?, cosd, m, n, z).
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Dt = Span{Xs, X,} is anti-invariant. Thus f defines a
proper 7 -dimensional PQHS submanifold in
cosymplectic manifold N.

Example 5.2 For ee(O,g) and k € R consider a

submanifold N of a cosymplectic manifold N described
by immersion y as follows:

yw,v,w,0,s,t,q) = (u,w,0,—

TG

cos(6 + k), —sin(8 + k),0,—

3 \F'Q)

One can obviously observe the fact that the tangent bundle
of N is spanned by the tangent vectors

Z—a Z—a Z—a
LT ox, 27 oy, 3 ’

d d
Z, = cos(6 + k)g —sin(8 + k) o
2

Y3
Zo=br L4 0y gL 00
V2 0x,  0ys V2 0xs 0y,

One can describe (1,1)-tensor field ¢ as

]
( —, Vij=1,..7.

( ay] ax,-'

ox) oy ¥
When the linearity of ¢ and <, >, one has

=0, ni =1,

<o@U,V >=<U,V > -nU)nY),

P =—1+1Q¢,

for every U,V €T(TN) . Hence (N,¢,&,1n,<,>) is
almost contact metric manifold. At the same time, it can
be obviously seen that (N, ¢, &, 1, <, >) is a cosymplectic
manifold of dimension 15. Thus we have

a a
7, = — 7, = —— Z
(p 1 ayl' (p 2 axl’ (p 3 ayz
0Z, =

x3'

7 1 0 0 7 _1 d d
$ss = 20y, 6x5)' P26 =7 Ve 6x7)'
(pZ7=0

Now, let the distributions © = Span{Z,,Z,}, Dg =
Span{Zs,Z,}, ©* = Span{Zs,Z;}. Then obviously D,
Dy and D* satisfy the definition of pointwise quasi hemi
slant of a cosymplectic manifold. Thus y defines a proper
7-dimensional PQHS submanifold of R*> with pointwise
slant function (6 + k).
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6. CONCLUSION

In this paper, we have presented a novel class of
submanifolds of cosymplectic manifolds that may be seen
as a generalization of quasi hemi-slant, hemi-slant, slant
etc. submanifolds. Moreover, conditions for such
distributions to be integrable, totally geodesic foliation,
totally geodesic and mixed totally geodesic are obtained.

REFERENCES

[1] Lie S. Geometrie der Beriihrungstransfor-mationen.
B. G. Teubner, Leipzig. 1896.
[2] Blair DE and Goldber SI. Topology of almost

contact manifolds. J. Differential Geom.
1967;1:347-354.
[3] Ludden GD. Submanifolds of cosymplectic

manifolds. J. Differential Geom. 1970;4:237-244.

[4] Cabras A, lanus S and Pitis GH. Extrinsic spheres
and parallel submanifolds in cosymplectic
manifolds. Toyama Math. J. 1994;17:31-53.

[5] Chen BY. Slant immersions. Bull. Aust. Math. Soc.
1990;41(1):135-147.

[6] Cabrerizo JL, Carriazo A, Fernandez LM and
Fernandez M. Semi-slant submanifolds of a
Sasakian manifold. Geom. Dedicata.
1999;78(2):183-199.

[7] Chen BY. Geometry of slant submanifolds.
Katholieke Universiteit Leuven. 1990.

[8] Lotta A. Slant submanifolds in contact geometry.
Bull. Math. Soc. Sci. Math. Roumanie.
1996;39:183-198.

[91 Matsumoto K, Mihai I, Tazawa Y. Ricci tensor of
slant submanifolds in complex space forms. Kodai
Math. J. 2003;26:85-94.

[10] Sahin B. Slant submanifolds of an almost product
Riemannian manifold. J. Korean Math. Soc.
2006;43(4):717-732.

[11] Sahin B. Slant submanifolds of quaternion Kaehler
manifolds. Commum. Korean Math. Soc.
2007;22(1):123-135.

[12] Sahin B and Keles S. Slant submanifolds of Kaehler
product manifolds. Turkish J. Math. 2007;31(1):65-
77

[13] Tastan HM, Sahin B and Yanan $. Hemi-slant
submanifolds. Mediterr. J. Math. 2016;13(4):2171-
2184,

[14] UddinS, Khan VA, Ozel C. Classification of totally
umbilical & CR-submanifolds of cosymplectic
manifolds. Rocky Mountain J. Math.
2015;45(1):361-369.

[15] Akyol MA, Beyendi S, Fatima T and Ali A.
Pointwise quasi bi-slant submanifolds. Filomat.
2022;36(19):6687-6697.

[16] Beyendi S, Akyol MA, Stankovi¢ MS. Pointwise
quasi hemi-slant ~ submanifolds. Filomat.
2023;37(1):127-138.

[17] Carriazo A. New developments in slant
submanifolds theory. Narasa Publishing Hause New
Delhi, India. 2002.

[18] Chen BY and Uddin S. Warped product pointwise
bi-slant submanifolds of Kaehler manifolds. Publ.
Math. Debrecen. 2018;92(1-2):183-199.

115




Tr. Doga ve Fen Derg. Cilt 12, Say1 1, Sayfa 108-116, 2023

[19] Etayo F. On quasi-slant submanifolds of an almost
Hermitian manifold. Publ. Math. Debrecen.
1998;53:217-223.

[20] Lone MA, Lone MS and Shahid MH. Hemi-slant
submanifolds of cosymplectic manifolds. Cogent
Math. 2016;3(1):120-143.

[21] Papaghuic N. Semi-slant submanifold of Kaehlerian
manifold. An. Stiint. Univ. Al. I. Cuza. Iasi. Math.
(N.S.). 1994;9:55-61.

[22] Prasad R, Verma SK and Kumar S. Quasi hemi-
slant submanifolds of Sasakian manifolds. J. Math.
Comput. Sci. 2020;10(2):418-435.

[23] Prasad, R, Singh PK and Rai AK. On quasi hemi-
slant submanifolds of nearly Kaehler manifolds.
Differ. Geom. Dyn. Syst. 2021;23:188-202.

[24] Prasad R, Verma SK, Kumar S and Chaubey SK.
Quasi hemi-slant submanifolds of cosymplectic
manifolds. Korean J. Math. 2020;28(2):257-273.

[25] Prasad R, Shukla SS, Haseeb A and Kumar S. Quasi
hemi-slant submanifolds of Kaehler manifolds.
Honam Math. J. 2020;42(4);795-8009.

[26] Prasad R, Akyol MA, Singh PK, Kumar S. On quasi
bi-slant submersions from Kenmotsu manifolds onto
any Riemannian manifolds. Journal of Mathematical
Extension. 2022;16(6):1-25.

[27] Siddesha MS, Praveena MM and Bagewadi CS. On
quasi hemi-slant submanifolds of LP-cosymplectic
manifolds. Math., Anal., Appl. 2021;3(3):39-49.

[28] Sahin B. Non-existence of warped product semi-
slant submanifolds of Kaehler manifolds. Geom.
Dedicata. 2006;117:195-202.

[29] Uddin S, Chen BY and Al-Solamy FR. Warped
product bi-slant immersions in Kaehler manifolds.
Mediterr. J. Math. 2017;14(2):1-10.

[30] Sahin B. Warped product pointwise semi-slant
submanifolds of Kaehler manifolds. Port. Math.
2013;70(3):252-268.

[31] Park KS. Pointwise slant and pointwise semi-slant
submanifolds in almost contact metric manifolds.
Mathematics. 2020;8(6):1-33.

[32] Park KS. On the pointwise slant submanifolds. In
Hermitian-Grassmannian Submanifolds. Suh, Y.,
Ohnita, Y., Zhou, J., Kim, B., Lee, H., Eds.; Springer
Proceedings in Mathematics and Statistics. 203;
Springer: Singapore. 2017.

[33] Akyol MA and Beyendi S. A note on quasi bi-slant
submanifolds of cosymplectic manifolds. Commun.
Fac. Sci. Univ. Ank. Ser. Al Math. Stat.
2020;69(2):1508-1521.

[34] Perktas SY, Blaga AM and Kilig E. Almost bi-slant
submanifolds of an almost contact metric manifold.
J. Geom. 2021;112(2):1-23.

[35] Blair DE. Contact manifolds in Riemannian
geometry. Lecture Notes in Mathematic. Vol: 509,
Springer-Verlag, Berlin. 1976.

[36] Akyol MA. Conformal anti-invariant submersions
from cosymplectic manifolds. Hacet. J. Math. Stat.
2017;46:177-192.

[37] Blair DE. The theory of quasi-Sasakian structure. J.
Differential Geom. 1. 1967;3(4):331-345.

[38] Chen BY and Garay OJ. Pointwise slant
submanifolds in almost Hermitian manifolds.
Turkish J. Math. 2012;36(4):630-640.

Tr. J. Nature Sci. Volume 12, Issue 1, Page 108-116, 2023

116




