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ABSTRACT

In this paper, the matrices related to Fibonacci, Lucas, Pell, and Pell-Lucas numbers have been examined. By using
these matrices new identities related to these integer sequences have been investigated.

Keywords- Matrix Method, Fibonacci Numbers, Pell Numbers, Lucas Numbers, Pell-Lucas Numbers

0z

Bu caligmada, Fibonacci, Lucas, Pell ve Pell-Lucas say:1 dizileri ile ilgili matrisler incelendi. Bu matrisleri
kullanarak bu tam say1 dizileri ile ilgili yeni 6zdeslikler arastirildi.
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I. INTRODUCTION

The investigation of Fibonacci, Lucas, Pell, and Pell-Lucas numbers is one of the most important research
areas in the number theory. Especially, the matrix applications of these numbers are used in many areas such as
the coding theory, security systems, electric network theory. The authors have investigated applications of
Fibonacci, Lucas, Pell and Pell-Lucas sequences by using matrices in [1-4]. The authors examine the relation
between the suborbital graphs and Fibonacci numbers [5,6]. Then, the author finds new matrices and identities
related to Fibonacci and Lucas numbers [7]. The relation between Pell and Pell- Lucas numbers and the suborbital
graphs has been investigated in [8]. As a result, the authors produce new matrices related to these integer
sequences.

In this paper, these matrices have been characterized. Firstly, the characteristic roots of these matrices
have been found in terms of values of ¢, 8,y, 8. Then, by using A-function method and the matrices, the new
identities related to these integer sequences have been found. Let A = (a;j)nxn and A" = (a;; + k)pxpn, Where k €

Z. A— function for matrix A is written as 1(4) = |A*| — |A|. For example, for matrix A = [Z Z L A(A) =a +

a b c
o _|late—-b—-d b+tf—-c—e
d — b — c and for matrix B = Z Z ]i‘,/l(B)— d+h—g—e e+l._h_f|aretaken[9].

Let's introduce to the special integer sequences which we use in the paper.

For initial conditions Fy, = 0 and F; = 1 by recurrence relation F,, = F,,_; + F,_,, n = 2, {F,} is called
a Fibonacci sequence. Here, n** Fibonacci number is F,. Similarly, the nt" Lucas number is L, for recurrence
relation L, = L,,_; + L,_,, n = 2, where initial conditions are L, = 2 and L, = 1. For details, see [10]. From
both integer sequences, there are a lot of identities which have been discovered. Let us give some of them.

Fy_1Fn41 — E,? = (=1)",n = 1(Cassini Formula), 1)
Fyp = F,L,, n>1, 2
Ly =Fyq + Fupa = Fyo — Fap, n=2, (3)
L2 =5E*+4(-1)" n=>1, (4)
Fp_1FFpiy = E3 + (D" 'E, n=>1, (5)
EnFy = FrgicFpoe = GO *FrggnFo - =1 (6)

1+V5

Let o = - and g = 1_2—‘5 The characteristic equation for the recurrence relation of Fibonacci numbers
is x2 —x — 1 = 0. So, its solutions are ¢ and 8, which are characteristic roots of this equation. Also, from the

n_pn
Binet formulas, E, = £ \/EB

and L, = @™ + B™, where ¢ is known as golden ratio.

P, is the nt" Pell number which satisfies the recurrence relation P, = 2P,_; + P,_,, n = 2 by initial
conditions P, = 0 and P, = 1. Similarly, Q, is the nt" Pell-Lucas number by Q, = 2Q,_; + Qn_,,n = 2 and

initial conditions Q, = 1, Q; = 1. Binet-like formulas for B, and Q,, are B, = y;:gn and Q, = yn_;_sn‘ n=2,
where y = 1 ++/2 and § = 1 — +/2. For Pell and Pell-Lucas numbers, the following identities hold [11]:
B+ Py = Qp ()
Qn + Qn-1 = 2P, ®)
Ppsa + Pooq = 20y, 9)
Pyn = 2F,Qn, (10)
Qns1 + Qnoq = 4P, (10)

wheren > 1,n € N.
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Il. MATRICES WITH INTEGER SEQUENCES

In this section, we introduce the matrices which are examined in the paper:

Theorem 2.1. [6] If E, is the n" Fibonacci number, then

(D" 'y (FD)"Fpp —-1\"
Sp = ( (_1)n+1;,2n2 (—1)nF2121+2) = ((1) _é) , (12)

wheren > 1.

Lemma 2.2 [8]If L,, is the n** Lucas number and tr[S,,] is trace of matrix S,,, then
Lyn = (—D)"tr[S,],n €N,

wheren > 1.
By using matrix S,,, we have the following lemma:

Theorem 2.3 [8] If L,, is thent® Lucas number, then

-3 2y(0 —1\" <(_1)n_1L2n—2 (=D)"Lyy )
T, = = , 13
= (5 QQ %) D™y (=) "Lonsz =
det(T,) = L2n2 — Lyn_sLlonyz = -5, (14)
wheren > 1.
Theorem 2.4 [5]Let E,be the nt" Fibonacci number, then we have the following equation as
(_1)nFn—1 0 (_1)n+1Fn
Pt =|3[(-D)"'F,—1] 1 3[(-1)"F,-y—1] ) (15)
(_1)n+1Fn 0 (_1)nFn+1
0 0 1
where P = (0 1 —3) andn>1,n€eN.
1 0 -1

Theorem 2.5 [8] Let E,and L,be the nt" Fibonacci number and the nt* Lucas number, respectively. So, we have
the following matrix equation as

n-1 —
532 (LZ"'Z Lan ), if n isodd,

n L2n _L2n+2
2 =3
X, =(5 73) = (16)
3 -7 n _Fz -2 Fz . .
52( " n ), if n iseven,
k _FZn F2n+2 f
wheren € Nandn > 1.
Theorem 2.6 [8] If P, is the nt" Pell number, then
prt D"
Pon—z =P 0 —-1\"
- 2 2 —
e TSR N b Gy (17)
2 2n T, 'an+2
Theorem 2.7 [8] If Q,, is the nt" Pell-Lucas number, then we get
-6 2y(0 —1\" (2(—1)"‘1QZn_z 2(=1)"Qzn )
W, = = , 18
=5 DG Zo) = Caciymign 2c0r0me a9

wheren = 2,n € N.
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Now, the characteristic roots of S,,,T,,,P™ and X,, matrices are examined.. To find the characteristic roots,

we use same motivation in [4]. Since |Q™ — AI| = 2> — L,A + (—1)™ = 0, then the characteristic roots Lnt 5Py _

Ln—5Fy

n
@™ and >

. L . F. E
= B™ are obtained by using identity F,_;F,F,,; = E3 + (—1)"E,, where Q" = ( ;“ P n )
n n-1

Theorem 2.8 [10] The characteristic roots of Q™ are ¢™ and ™.
Firstly, to determine the characteristic roots of S,,, let us find the characteristic equation. So,

(_1)n_1F2n—2 -4 (_1)nF2n
(_1)n+1F2n (_1)nF2n+2 -4

= ((—D)" 1 F_, = D((—D) " Fapyp — ) — (1) "y (- 1)™FLF,,
= —Fon2Foniz = Al(-D)" ' Fonp + (m 1) Fonya] + A2 +

|Sn — Al| =

=22 — (m1)"L, A + 1.

Hence, the characteristic equation is A* — (—1)"L,,A+ 1 = 0. Then, characteristic roots as,, =
COMantMn 4 (~1) MLy tVEFsn
2

2
is written:

are found by using identityL,,> = 5F,* + 4(—1)". Thus, the following corollary

Corollary 2.9 The characteristic roots of S,, are,

2n 2n : i .
{(p and (", if niseven; (19)

—B?" and — @3?", if n isodd.

Secondly, the characteristic roots for the matrix T,, with even terms of Lucas numbers are examined. The
characteristic equation of T,, is,

D" g, =2 (=D Lyy
(_1)n+1L2n (_1)nF2n+2 -2

= ((—1)n_1L2n_2 - A)((_l)nl‘zn_'_Z — /‘l) — (_1)27’1+1L%n
=—=5—-A(-1D)"(Lzns2 — Lan-2) — A2
=22 — (=1)"5F,,A — 5 = 22 = (~1)"5F,,A — 5 = 0.

T — Al =

By using identity F,,_,F,F,,, = E2 + (—1)""'E,, the characteristic roots are given as

(—1)"5F;, + V5L,
> :

Therefore, the following corollary is written:

/11,2 =

Corollary 2.10 The characteristic roots of T,, are,

{\/g(pzn and —+/56%", if n iseven; (20)

V587" and —+5¢2%", if n isodd.

Finally, to find the characteristic roots of P™ matrix, let us give the characteristic equation:

(_1)nFn—1 -1 0 (_1)n+1Fn
1Z" = M| = [k[(-D™ ' Fop = 1] 1-2 k[(=1)"Fpy — 1]
(_1)n+1Fn 0 (_1)nFn+1 -1

= (Fac1Fpsr — B =AD" MFooy + Frq ] + 29 (1 = 2)
=2 - 2(-D"L, + (=1™) (1 = ).
Then, the characteristic equation isA> — A(—=1)"L,, + (—1™) = 0. By using identity L,* = 5F,* + 4(=1)", the

characteristic roots are given as
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—1)"L, + V5F,
2,1 = 1 and 2.2'3 = ()nfn.
Consequently, the following corollary is given:
Corollary 2.11 The characteristic roots of Z" are,

n n i 5 .
{1,<p and B™, if niseven; 1)

1,B" and — ", if n isodd.

By the same motivation, if the characteristic roots of X,,, ¥, and W, are examined,the following corollary
is written:

Corollary 2.12 The characteristic roots of X,,, V, and W, are,

z 2n z 2n ; ; .
{52<p and 52", if niseven; 22)

5282" and — 522", if n is odd,

{yzn and 6%", if n iseven; 23)

8% and —y*, if n isodd,

{4\/51/2” and — 4287, if n is even; (24)

426%™ and — 42y?", if n isodd,
respectively.
111. FINDING IDENTITIES WITH FIBONACCI AND LUCAS NUMBERS
In this section, some new identities of Fibonacci, Lucas, Pell, and Pell-Lucas numbers are found.
Theorem 3.1. For all n > 1, let E,be the n*" Fibonacci number. Then,
Fan-1[Fansa + Fon] = 14 Fyy. (25)

Proof. To prove the equation, we will use A- function of a matrix [9]. According to paper, when we write A-
function for S,, matrix; we get A(S,) = (—1)" *Fpp_y + (1) "Fopyy — (—1D)"Fop, — (=D 'F,, = (-1)"Ly,
by using recurrence relation of Fibonacci numbers and identity L, = F,_; + Fy 41 = Fyyz — F_pand |S,,"| =
S| + kA(S,), where k = (—1)"F,, and S,," = S, + k;

= ((_1)n_1F2n—2 + (D" (D" + (D) )
" D"+ (—1)"Fy, (D) "Fapgy + (—1)"Fp/

The determinant of matrixS,, is |S,,| = Fzn* — Fan—2Fsns2 = 1 and the determinant of matrix S, *is

_FZn—Z + FZn 2FZn

S =1(=D"
15271 = 111 T

| = Fon-1[Fons2 + Fonl-

If we write them in the equation [S,,"| = |S,,| + kA(S,,) and use the identity F,, = Ly, We get Fpp_1[Fonsz +

Fopl =1+ (=D)"Fon(=1D)" Loy = 1 + Fyy

Theorem 3.2For alln > 1,n € N, let E,and L, ben'"Fibonacci number and n*"* Lucas number, respectively, then
Lon-1[Lan+z + Lan] = 5[—1 + Fyp]. (26)

Proof.For the proof, we will use the same motivation as proof of Theorem 3.1. When we take matrix T,,, then we
get T = ITul +kA(T)  and  A(T,) = (—1)" Lon_z + (= 1)"Lansz — (=1)"Lay — (=1)" " Loy After
simplification, that is A(T,,) = 5(—1)"F,,. From equation (2.1), we get |T,,| = —5. Therefore, |T,"| =1+
k(—1)"L,,. Now, if k = (—1)"L,,, then for T,,” = T, + k,

T*= ((_1)n_1L2n—2 + (_1)nL2n (_1)nL2n + (_1)nL2n )
" (_1)n+1L2n + (_1)nL2n (_1)nL2n+2 + (_1)nL2n

and

213



BSEU Fen Bilimleri Dergisi / BSEU Journal of Science, 2023, 10(1): 209-216
U. Akbaba

—Lp o, +L 2L
T* — _1n 2n-2 2n 2n
T, = 1(=1)"| : Ly 4L

are obtained. If we write them in the equation |T3,°| = |T,| + kA(Ty), Lan-1[Lansz + Lan] = =5+
(=1)"L,,5(—1)"F,, is obtained. By using identity F,,, = E,L,, thatis Ly,_1[Lopsz + Lon] = 5[—1 + F4,.].

Theorem 3.3 For all n > 1, let F,be the n** Fibonacci number. Then,
F2n + 2Fn2 = FnFn+3 (27)
holds.

Proof. Here, we will use A- function for 3 x 3 types of matrices. If we take P™ matrix, we have |P""| = |P™| +
kA(P™)and

AP™) = 3(-1)"Fp2 + (=D"F-y +4 3(-1)"Fpy + (-1)"F, — 4
T B(=DMIF, L, — (FD™E, -4 =3(=1)"Fyy + (—1)"Fyyy + 41

When we use identity F,,,nFnirx — FaFnanex = (F1)"FLFy, then A(P™) = (—1)"[4F,5 — 1]

is obtained and from Cassini formula|P™| = (—1)™ is written. Therefore,|P""| = (—1)" + k(—1)"[4F,,3 — 1].

Now, if k = (—1)"E,, then from P™* = P" + k,

(_1)nFn—1 + (_1)nFn (_1)nFn 0
P = | 3(=1)"'F,_, + (-1)"FE, =3 1+ (=1"E, 3(=1)"F,_; + (-1)"F, —3 |
0 (=D"F, (=D)"Fp + (DF,

By using identities L, = F,,_1 + Fyiq = Fpyp — Fpop, By + Py = Q. @y + Q-1 = 2B,and Cassini formula;
that is |P""| = 4F,,, + 8F,* + (—=1)"® — 5F,. S0, 4F,,, + 8F,* + (-1)®* — 5F, = (-1)" +
(—=1)"E,(—1)"[4F, 5 — 5]. After simplification, that is F,,, + 2F,* = F,F, 5.

IV. SUM OF MATRICES RELATED TO INTEGER SEQUENCES
Byusingsum of thematricesS,, and X™, new identitiescan be obtained;
Theorem 4.1The following equalities are provided for n,m € Z™,
L Fomizn = FanFomsz2 — Fan—2F2m

1. Fon—a2m = FonFomiz — Fons2Fom-

Proof.By using matrix S,,, matrix S™*™is written as

gnam _ ((—1)n+m_1an+2m—2 D™ Fyniom ) 28)
(_1)n+m+1F2n+2m (_1)n+mFZn+2m+2

Now, let us take multiplication of the matrices S™ and S™,

F. F. - F,,F F,.,F. —F F.
SnSm — _1 m+n< 2n-242m-2 2nt2m 2nt 2m+2 2n-2 2m>. 29
( ) F2nF2m+2 - F2n+2F2m F2n+2F2m+2 - FZnFZm ( )

By comparing equation (4.1) with equation (4.2), a new identity F,,,42n = FonFoma2 — Fan—2Fam 1S Obtained.
Now, let us take the inverse of the matrix S™™,

g-m — ( (D" Fymy2 (D)™ F,p, )
(—D)™2Fynis (D)™ Fyp /)

When we compute the equality S*™~™ = S™S™™, by using the same motivation as above, the following identity is
obtained;Fop—om = FonFam+a = Fan+2Fam-

Theorem 4.2 The following equalities are provided for n,m € Z*;

I 5Fymi2n = LomLontz = Lom—2Lon,
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” Lomion = LomeaFon — LomFon—2,
. Lom-2n = Lom—2Fon — LomFon_2,
Iv. 5Fm—an = LomLon—2 — Lom—2Lon.

Proof. For the proof we use the matrix X,,. Here, we represent that matrix as X. Firstly, let’s write the matrix X™*™;

% (L2m+2n—2 —Lymion >
L2m+2n _L2m+2n+2 ’
xmn — (30)
m_+n _FZ — F
52 ( m+2n-2 2m+2n )’

_F2m+2n F2m+2n+2
When we take odd n and m values, we get the following matrix for X" X™,

if m+nisodd,

if m+n iseven.

5"‘;"5_1 <L2m—2L2n—2 —Lamlon  —Lam—zlon + LamLong, ) (31)
LZmLZn—Z - L2m+2L2n _LZm—ZLZn + L2m+2L2n+2 l
By comparing the matrices in (4.3) and (4.4), the following equation is given:
S5Fymizn = LamLonsz — Lam—2Lon.
For even m and odd n values or odd m and even n values, we write for X" X™,
5% (_LZm—ZFZn—Z + LomFon  Lom—2Fon — LZmF2n+2) (32)
_LZmFZn—Z + L2m+2F2n LZmFZn - L2m+2F2n+2

When we compare the matrices in (4.3) and (4.5), the following equation is obtained;L,,,12n = Lomaz2Fon —
LomFon—2.NOW, let us take inverse of the matrix X",

n-1 )

52 ( n+2 n ), if nisodd,
L2n _LZn—Z

X =

n/—F. F. ’
572 ( n+2 n ), if n iseven.
_F2n FZn—Z f

\

So,

5m—;1—1 (Lzm_Zn—z —Lam-2n )' if m—n isodd,

L2m+2n _L2m+2n+2

xm-n —

m-n _F F
—_ 2m—-2n-2 2m-—2 . .
52 ( n n), if m-—n iseven.

k _FZm—Zn FZm—2n+2

is written. When we examine for odd m and even n, we obtain L,,,_2n = Lom—2Fon — LomFan—2,
for odd m, n values, we get 5F,,,_2n = LomLon—2 — Lom—2Lon-
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