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Abstract

Let X1, Xo,--- be a sequence of independent and identically distributed random variables
which are supposed to be observed in sequence. The nth value in the sequence is a k-
record value if exactly k of the first n values (including X,,) are at least as large as it.
Let Ry denote the ordered set of k-record values. The famous Ignatov’s Theorem states
that the random sets Ry(k = 1,2,---) are independent with common distribution. We
introduce one new record named recent-k-record in this paper: X, is a j-recent-k-record
if there are exactly j values at least as large as X, in X,,_, Xp—gy1, -+, Xp—1. It turns
out that recent-k-record brings many interesting problems and some novel properties such
as prediction rule and Poisson approximation are proved in this paper. One application
named "No Good Record" via the Lovasz Local Lemma is also provided. We conclude this
paper with some possible extensions for future work.
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1. Introduction

Let X, Xy, - be a sequence of independent and identically distributed (i.i.d) random
variable following the common probability mass function P(X = j) = p;, j € ZT. For a
set A, the number of its elements is denoted by |A|. Suppose that these random variables
are observed one by one and X, is called a k — record value if

i€ {1,2,-- ,n}: X; > X,}| = k.

In other words, X,, is one value with exactly k values (including itself) as large as it in
the sequence X7, Xo,---,X,. For fixed k, a random ordered set R which includes all
the k-record values in the sequence can be defined. In fact, the set

Rl — {Rla R27 R3a"'}
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can be regarded as the observation values that are the largest yet seen when they appear,
and one can think about the set Ro of observation values that are the second largest on
their appearance, and so on. For instance, if the data sequence is

X1=2, Xo=5, Xg=1, X4y =6, Xs=9, Xg=8, X9o=3, Xg=4, Xg=1, X190 =T7.
Then
R = {X1, X2, X4, X5},Ro = {X¢},R3 = {X3, X109}, Rs = { X7, X5}, Rg = {Xp}.

The famous result which is called Ignatov’s theorem states that not only do the se-
quences of k-record values share the same probability distribution for all k, but also these
sequences are independent of each other. One can easily identify the Ry for given sequence
observed via one technique used in the proof of the famous Ignatov’s Theorem by defining
a series of subsequence of the data sequence X1, Xa,- -, for example, see [13]. Later there
are many variants and developments related to this topic, see [3,6,9,10,12,14,17].

In this paper, we will introduce one novel random variable called recent-k-record (RkR)
for some fixed integer k > 1: instead of considering the whole past story, we only consider

the values of X, _k, Xp_k+1, -+, Xn_1, i.e., the k values before X,,(do not include itself).
And let us define X, be a j-RkR if there are exactly j values at least as large as X, in
Xon—ky Xn—k+1, "+, Xn—1. In other words, X,, is a j-RkR if

H{p: Xnp > Xp, 1 <p <k} = .

We will denote that i € Ré? if i is a j-RkR. In other words, there exists a subsequence with
length k 4 1 such that X,, =% and

’{p:Xno—p2i71 Spﬁk}! = 7.
for some ng > k + 1. We can consider the usual j-record as one "dynamic version" of
j-RkR, i.e., k = n for X, in that case.

Actually, RkR can be found applications in many areas: for example, to assess one
athlete’s recent condition and achievements, one proper way is to check the results in his
recent records and not necessary to get the whole story(it may be nothing with his records
ten years or even five years before). For the k-records application in statistics for athletes,
see [15].

The remainder of this paper is organized as follows. In Section 2, we calculate the
conditional probability for RkR. The Poisson approximation for RkR and one interest-
ing application via the Lovasz Local Lemma are presented in Section 3 and Section 4
respectively. We conclude this paper with some possible extensions for future work in
Section 5.

2. Prediction probability for RkR

Theorem 2.1. Let X1, Xo, -+ be a sequence of i.i.d random variable following the com-
mon probability mass function P(X = j) = p;, j € Z*. Moreover, let k > 1 and
0<j<kn>k+1 8 =PX >i) = >,ps and C; = P(X < i) = 3% pj.
We have the following observations

(i) P(i S Rj-: m (Xl,Xg, s ,Xk_|_1)) = (’;)Sg(ci_l)k_jpi;

(ii) P(Z c R;?Jrl m (XQ,Xg, v ,Xk+2) | i€ Rgf m (Xl,XQ, s 7Xk+1)) = (Ci_l)pz‘;

(iii) P(i € RY in (X2, X3,--+, Xpp2) | i € RY in (X1, Xo, -+, Xpy1)) = Sipi;

(iv) PG ¢ RE in (X1, Xs, -+, Xp)) = (1= (5) 87 (Comn)* ) pi+ (1= pi);
(v) An upper bound for the probability of the event A = {i € R;-“ in (X1, X2, -+, Xpn)}

18

P(A) < (n—k) (f) S{(Ci_ﬁ’“_jpi.
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Proof. (i) From the definition of j-RkR, the event
{ie R¥in (X1,X2,++, Xp41)}

means: Xiy1 = ¢ and there are j elements in (X, X9, -, X%) which are not
smaller than 1.

(ii) From the definition of j-RkR, the event
{ie R,  in (X9, X5, Xpp9) | i € R in (X1, X2, , Xppy1)}

means {X; < i, X2 =1}
(iii) From the definition of j-RkR, the event

{i € R in (Xg, X3, , Xpy2) | i € Ry in (X1, X2, , Xpi1)}

means {X; > i, Xpy2 =i}
(iv) From the definition of j-RkR, the event

{Z ¢ R? in (X17X25 o 7Xk‘+1)}

={i ¢ R} in (X1, X2, , Xp1), Xpsr = i} U{i € R} in (X1, Xo, -+, Xppr), X1 # i)
(v) It is easy to see that
A= Unm:k—f—lAmv

in which A4,, = {i € R;? in (Xpm—k, Xm—k+1,- -+ s Xm—1,Xm)} and then the result
can be obtained by

P(A) = P(Up—py14m) < (n —F) <I;> S} (Cim1)*pi.

O

Next, we present Theorem 2.2, which gives the probability of the nth observation X,
will be some j-RkR, as well as some conditional probability related.

Theorem 2.2. With same conditions as in Theorem 2.1, we have

B I . iy
P(X, € BY) = (a) > S (Cra)

=1

As a result, we have

ky ¢d k—j
Sz Ci— Ipi
Qi:P(Xn:i|XnER§): fzj k(j y — i=12-
=1 ()91 (Ce)*pi

Proof. The result is easy to get by conditioning on X,

+00
P(X, € R}) =Y P(X, € Rf | X;, = )P(X,, = 1)
=1
“+00
k\ . .
= () S (Cry) Iy (2.1)
=1 \J
_ k = J k—j
= () > SH(C-)
=1

And the second result is obtained by Bayes’ rule. O
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From Theorem 2.2, we can assert that the £ random variables
Rk,RS,--- ,R’,ﬁ

do not have the same distribution and of course they are not independent either. In other
words, our result here is completely different with the famous Ignatov’s Theorem.
In the following result, we predict X,, 1 based on the states of X, for n > k + 1.

Theorem 2.3 (Prediction rule). With same conditions as in Theorem 2.1,

= () (6)7))

m>i m<1

+oo
P(Xn—H € R? ’ Xn S Rf) = ZQZ' (Szpz +pm (
i=1

Proof.
P(Xni1 € RY | X, € RY)
=P(Xnt1 € R}, X = Xpy1 | Xn € R) (2.2)
+P(Xps1 € RS, Xy # Xng1 | Xp € RY)

Then we use the following formula of conditional probability

P(A| B) = SSP(AC: | B) = S P(A | C,B)E(C | B)
C; C;

in which {C;};>1 is a partition of the corresponding sample space €.
Then the equation (2.2) can be written by letting Q = >,(X,, = 9)
=Y P(Xpi1 € RY, Xy = Xp41, Xy =i | X, € RY)
i
+ Y P(Xp41 € R X, # X1, X =i | X, € R)

=Y P(Xnt1 € R}, X = Xpp1 | Xpn =i, X, € RY)P(X,, =i | Xp € R))

+Y P(Xn41 € RE, Xy, # Xng1 | X =14, X, € RYP(X, =i | X, € RY)
i

=> P(Xpp1=i€R} [ Xp=i€R)g+Y P(Xny1 € RY, X # Xop1 | X, =i € Rf)g;
i i

=Y P(Xn1=i€R}| Xy =i€R)g+> Y P(Xpu=meRj|X,=icR))q
)

(2.3)
Actually, the first part of the formula 2.3 is easy and we have
Y P(Xpy1=i€R) | X, =i€R)P(X, =i| Xn€R) =D Sipigi. (2.4)
i i
Then we will analyze the second part in several steps as follows:
Y P(Xpp1i=meRy | Xy,=icR)=> P(X,s1=meR;|X,=icR})
m##i m>i (2 5)
+ Y P(Xnp1=m€RY| X, =i€R})
m<1t

Then we discuss the two different cases accordingly:
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(i) For the case m > i: we have

(a)

> P(Xp1=meRV|X,=i€R)

m>i

=Y P(Xpp1=m€eR}, Xy <i|X,=i€cR) (2.6)
m>i

+ Y P(Xpy1=meER}, Xy >i| X, =i€R))
m>i

Conditioning on the event {X,_r < i}: the event {X,, = i € Rf} in-
dicates that there are exactly j elements which are at least as large as

X, =i in Xy g1, Xpn—gyo, -, Xp—1; the event {X,41 = m € R;“} in-
dicates that there are exactly j elements which are at least as large as
Xpt1 =min Xy g1, Xpn—gyo, -+, Xp—1. To sum up: the event {X, 41 =

m € R;?,Xn_k <i,X,=1¢€ Rf} means: there are j elements which are at
least as large as X,,+1 = m and k—1—j elements which are strictly less than
% in Xn_k+1,Xn_k+2, s ,anl, and Xn—k < Z,Xn = ’i,Xn+1 =m. i.e.,

P(Xp1=m€ RS X, <i|X,=i€ R

_ P(Xpp=meR X, <i,X,=i€R))

B P(X, = i€ RY)

(kzl)sgn(cz 1)k 1= ]C’L 1PiPm (27)
() S (Cia ) p;

~(5) (%)

Conditioning on the event {X,,_r > i}: the event {X,, =i € Rf} indicates
that there are exactly 7 — 1 elements which are at least as large as X,, =i in

Xn—kt1, Xn—k2, -+ Xn1; the event {X,,11 =m € Rf} and X, =i < m
indicates that there are exactly j elements which are at least as large as
Xnt1 =m >t in Xy p41, Xn—k+2, -+, Xn—1. This is not possible, so the

probability is zero.

(ii) For the case m < i: we have

(a)

Y P(Xpp1=meRy|X,=icR)

m<1

=Y PXpp1=meR;, Xy <i|X,=i€cR)) (2.8)
m<3

+ Y P(Xpp1=mERY, Xy >i| X, =1i€RS)
m<i

Conditioning on the event {X,,_; < i}: the event {X,, =i € Rk} indicates
that there are exactly j elements which are at least as large as X,, = i
in Xp_ga1, Xn—kt2, -, Xn—1, which means there will be j7 + 1 elements
which are as large as m in X, 11, Xpu_g+2, -+, Xn, contradicting the event
{Xn+1 =mc R‘I;}

Conditioning on the event {X,_j > i}: the event {X,, =i € Rf} indi-
cates that there are exactly 7 — 1 elements which are at least as large as

X, =tin Xy py1, Xpn—kio2, -+, Xn—1; the event {X,11 = m € Rf} indi-
cates that there are exactly 7 — 1 elements which are at least as large as
Xn+1 =min Xy gy1, Xp—ga2, -, Xpn—1. To sum up: the event {X, 11 =

m € R?,Xn_k <i,Xp=1E€ Rf} means: there are j7 — 1 elements which are
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at least as large as X,, =¢ > m and k — 1 — j elements which are strictly less
than m in Xn—k—i—l’Xn—k-l—Qv T aXn—l) and X’n—k > /LvXn = iaXTL-‘rl = m.
i.e.,

P(Xpy1=m€ RS, X, >i| X, =i€R))
_ P(X,p1=me R, X, >i, X, =icRY})
N P(X, = i€ RF)
B (’;:i)sgil(cmfl)k_jsipipm (2.9)
- () SH(Cia)*ip;
Crm-1\* (J
B ( Ci— ) <k> bm
Finally, we put all the pieces together, we can have

P(Xni1 € R} | Xp € RY) =) P(Xn41 € R}, X, = Xpy1, Xn =i | Xn € R))
7

+ Y P(Xpi1 € RY, Xy, # X1, Xn =i | X, € RY)
7

— ;% (Sipi-i-pm (Z (iﬁ:‘)j k;j +3 (Cci»:l)k_j 2)) '

m>i m<s

Remark 2.4. Actually, the more general case of the conditional probability

P(Xn1 € R} | Xn € RY)

1

for j1 # jo is a little complicated. To see this fact, we have
P(Xn41 € RY, X, € RY)
k
P(X, € Rjz)
YR P(Xpq1 € RE X, € R X, =)
21 P(X, € RE X, = 1)
B Yo P( Xy € Rfl,Xn € R;?Q | X, = )P(X,, = 1)
21 P(X, € RY | X = )P(X,, = 1)

. 2.11
XE P(X1 € R X € RE | Xy = i) (211)

k j2 ~k—j
i1 (jQ)SgQCi—lj2pi
YR P(Xpg1 € RE X, =i € RE))pi
= L
21 ()87 C T pi

YR X P(Xg1 =5 € R, X, =i € RE))pip;

21 ()P O s

P(Xn11 € RS | X, € RY) =

2

The probability P(X,,11 = j € R;?l,Xn =i€ Réz) is very difficult to obtain and have no
neat expression.

3. Poisson approximation for R}

The asymptotic properties of sum of random variables are very important in probability
and statistics. It is well known that convergence to a Poisson distribution can occur
if the individual means of Bernoulli random variable are all small even if they are not
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independent, more detailed information can be found in [8]. In this section, we will give
the Poisson approximation for Ré‘? using the Stein-Chen method, see [7].

We will give the definition of dependency graph first and then give the Poisson approx-
imation Lemma based the dependency graph.

3.1. Dependency graph in general and Poisson approximation Lemma

Let (I, E) be a graph with finite or countable vertex set I and edge set E. For i,j € I,
we denote i ~ j if (i,j) € E. Fori e I,let N; = {i} U{j € [ :i ~ j}. The graph (I,~)
is called a dependency graph for a collection of random variables (&;,i € I) if for any two
disjoint subsets I, Is of I such that there are no edges connecting I; to I, the collection
of random variables {&;,7 € I;} is independent of {&;,7 € I3}. The notion of dependency
graphs gives a very useful to express some rare-independence, which is a technique to
generalize the independence.

The Lemma below gives the total variance of two distributions by Stein-Chen technique
with the help of the dependency graphs.

Lemma 3.1 ([5]). Suppose {&,i € I} is a finite collection of Bernoulli random variables
with dependency graph (I,~). Set p; := P(& = 1) = E(&;), and set p;; = E(&¢;). Let
A=) i1 Di, and suppose X is finite, let W := 3,1 &. Then

dpy(W, Po(\)) < min(3,\™ (Z Z Pij + Z Z pzp]) .

i€l jeN(@)\{i} i€l jEN(7)

In which drv(§,m) = supucy | P(§ € A) —P(n € A) | for two integer-valued random
variables £&,m and Po(\) is the Poisson distribution with parameter \.

3.2. Poisson approximation for RkR

For fixed ig € Z*, we define a series of random variables as follows:

€ — 1 iinER;? in (Xg, Xiy1, -, Xigr),
¢ 0 else.

Which means the random variables ; are indexed by the (k+1)-set {X;, Xiv1,- -+, Xitx}-
For instance, set ig = 3,k = 3,7 = 1 and the data sequence is

X1=2, Xo=5, Xzg=1, Xy=1, X5=2, X =8, X7=3, Xs =2, Xg=1, Xy0=3.
Then we have

Sa=&=1 & =0, forj¢{47}

There are many interesting properties on these random variables &;.

Theorem 3.2. For fized ig € Z™, we have the following results:
(1) B(&) =P(& =1) = (5 (1 = Sip)"pig;
(i) E(&&y1) = (';:})S‘Z;(l — Sio)*Ipd
(iii) For |iy —i2] = m >k,
P& =1,86, =1) =P(& =1DP(&, =1), E(& &) = E(&)E(E,);
(iv) For |iy —igl =m € {1,2,--- ,k},
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¢m = E(§z1£zz)

min{k—m,j—1} (

. ) -1 L )
rn_,L t) Sijo t(l - Sio)m_]+t < -m )S:L?o ' 1(1 - Sio)m_J—H
t=max{0,j—m—1} J J

k—m o (3.1)
( t >S’fo(1 - SZO)k tplzo

min{k—m,j—1}
_ Z J m m—1 k—m ng_t_l(l Gy )R 2
j—t)\j—t—1)\ ¢ )7 “ "

t=max{0,j—m—1}

X

Proof. (i) It is easy to see that {{; = 1} means that: X, = ip and there at j
random variables in X;, X;41,---, X;1x—1 which are not smaller than ig. That
is,

E(&)=P&=1)= (f) ST (1= 8i) piy.

(ii) It is easy to see that {& = 1,&41 = 1} means that: X, p = X; 111 = d0, and
there are 7 — 1 random variables in X; + 1, X;4+1,---, X;yx—1 which are not
smaller than iy while X; should also not smaller than ig. In other words,

kE—1 . .
P& =184 =1)=5; (j B 1)530 Y1 = 8;,)p3

(iii) From definition of &;, we can see that the value of ¢ is determined by the
status of X;, Xiy1,---, X;+k- To be specific, the value of random variable
&, depends on X;,, X; 41, -+, X;, 4% and &, depends on X;,, Xip41, -, Xiptk-
Xi1aXi1+17 cee ,XilJrk, XizyXi2+17 <o 7Xi2+k are i.1.d. when ‘21 — 22‘ > k.

(iv) It is easy to see that {&, = 1} means X, ;1 = ip and there are j values which
are not not smaller than io in X, X, 41, -, Xi+k—1; the event {&, = 1}
means X;,yr = to and there are j values which are not not smaller than iy in
Xiy, Xigt1, -+, Xigtk,- The events {§, = 1} and {&, = 1} are not indepen-
dent when [i; — ia] = m < k since they both depend on the status of X;, =
Xis4ms -+ 5 Xiy+k- We classify the event {&;, = 1,&, = 1} into different cases by

the number of values twhich are not smaller than i in X;, 4, -, X;,+x—1. To be
more precise, if there are ¢ variables which are not smaller than ig, {§, = 1,§, =
1} implies there are j —t values which are not smaller than 7o in X, -+, Xj, 4m-1
and there are j—t—1 values which are not smaller than ip in X;, 4 5+1, -, Xiy4k—1
as well as X;, 4+ = X, = t0. The result is obtained by summing all the different
cases.

O

We then define the dependency graph for RkR as follows:

Let J,, be the set of all (k + 1)-sets {X;, Xit1---, Xipx} of {X1,Xo, -+, Xpqx}. It is
easy to see that the size of J,, is n. For each element i € J,,, let N; be the set of j € J,, such
that i and j have at least one element in common. And let i ~ jif j € N; but i # j. In
other words, N; = {i} U{j € J,, : i ~ j}.Then ¢ is independent of §; except when j € Nj,
and as a result the graph (J,, ~) is a dependency graph for &, i =1,2,--- ,n.

As a consequence of Lemma 3.1 and Theorem 3.2, we can get the following result easily:

Theorem 3.3. Let ig € ZT be fized, then the number of iy € R? in the sequence
(X1, X2, , Xpyr) is &€ = >ivq &, which has an asymptotic Poisson distribution with
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parameter \ := n(];) Sf;)(l — Si)¥ I ps,. To be more precise, we have

k
dry(€, Po(\) < nmin{3, A1} <Z s + (k + 1)p2> )

s=1
In which ¢s = E(&;,&,) when |iy —ia] = s <k and p = (?)Sfo(l — Si)* Iy,

Proof. Tt is easy to get that P(§; =1) = (I;)Sfo(l — Si,)*Ip;, = p, leading to

A=E(6) = S E(E) = np
=1

We then get
>o> pij= ZZ% —nZ%
i€Jn JEN()\{i} 1€7, s=1
and
> > pwj=n ) E& = 1) = n(k+1)p’
1€Jn JEN(7) JEN(4)
Then by Lemma 3.1, we complete the proof. ]

4. "No Good Record" via the Lovasz Local Lemma

Let E; be the event that ig € Rf in (X, Xig1, -, Xivk), (4 = 1,2,--+ ,n). In this
section, we will show that there are positive probability that igp will not be one RkR in the
sequence { X1, Xo,- -, Xpik}, i.e., the events N}, E; can happen with positive probability
once p;, is chosen properly Our result bases mamly on one version of the famous Lovasz
Local Lemma which can be checked in [11].

Lemma 4.1 (Lovasz Local Lemma). Let Ey,--- , E, be a set of events, and assume that
the following hold:

(1) fO’)” all ia ]P(EZ) <p;
(ii) the degree of the dependency graph given by Ey,---, E, is bounded by d;
(iii) 4dp < 1.
Then
P(N"_, E;) > 0.

Our result goes as follows:

Theorem 4.2 ("No Good Result" Theorem). Let E; = {ip € R? in (X Xit1, -, Xivw) s
where 1 =1,2,--- ,n. There exists some p;, > 0, such that

In other words, there exists some one with "no good record" in the whole story with positive
probability.
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Proof. Let p; = E(E;), then we have

AP 4
4kp; = 4k (j) Sgo(l — Sio)kfjpio

ke\J . iy
Ak (j> S (1= 5i0)* s,

IN

- (Z)j (ZSiO :(Z'i)‘(lk)si:yp o (4.1)
(5] (b,

< 4k (T)j max { <kk_‘7)k , (‘;)k}on

= C(k, J)pio-

Since C'(k, 7) is some constant depending on k, j, one can choose p;, accordingly to make
sure

C(k?,j)pio < 1.

5. Conclusion

Records and related problems are very interesting topics in applied probability as well as
general mathematics, see [1,4]. One novel record named recent-k-record was introduced in
this paper and some interesting properties of the recent-k-record were explored. It will be
glad to see more variants of records in the classical case and their corresponding statistical
properties like ones mentioned in [2,16] in the future.
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