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On Carnot’s Theorem in the Plane R2,
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Abstract
In this paper, we consider the relationship between iso-taxicab distance and Euclidean distance and give Carnot’s
theorem in the plane Rfﬂ, the theorem can also be thought of as a generalization of the Pythagorean theorem.

Keywords and 2020 Mathematics Subject Classification
Keywords: The plane R2, — Carnot's theorem — Pythagorean theorem
MSC: 51F99

12 Department of Mathematics and Computer Science, Eskisehir Osmangazi University, 26480, Eskigehir, Ttirkiye
! =zakca@ogu.edu.tr, > Mselahattinnazlio1@gmail.com

Corresponding author: Ziya AKCA
Article History: Received 21 December 2022; Accepted 27 December 2022

1. Introduction

Pythagorean theorem, the well-known geometric theorem that the sum of the squares on the legs of a right triangle is equal
to the square on the hypotenuse (the side opposite the right angle) or, in familiar algebraic notation, a*> + b*> = 2. Although
the theorem has long been associated with Greek mathematician-philosopher Pythagoras, it is actually far older. Carnot’s
theorem (named after Lazare Carnot) describes a necessary and sufficient condition for three lines that are perpendicular to the
(extended) sides of a triangle having a common point of intersection. The theorem can also be thought of as a generalization of
the Pythagorean theorem.

Iso-taxicab geometry is a non-Euclidean geometry defined by K. O. Sowell in 1989 in [1]. In this geometry presented by
Sowell three distance functions arise depending upon the relative positions of the points A and B. There are three axes at the
origin; the x-axis, the y-axis and the y’ -axis, having 60° angle which each other. These three axes separate the plane into six
regions. The iso-taxicab trigonometric functions in iso-taxicab plane with three axes were given in [2,3]. A family of distances,
drp, that includes Taxicab, Chinese-Checker and Iso-taxi distances, as special cases introduced and the group of isometries of
the plane with dr, metric that is the semi-direct product of D,, and T'(2) was shown in [4]. The trigonometric functions and
cosine and sine rules in taxicab plane are given in [5]. Also, taxicab lengths under rotations introduced in [6]. The shortest
distance of a point to the line in R,zﬂ and the versions of some Euclidean theorems in the plane R,zﬂ were given in [7, 8].

2. Distance in the plane R2,

Definition 1. (See [4]) Let A = (x1,y1) and B = (x2,y2) be any two points in R?, a family of dy, distances is defined by;

. . (k—)m k—1)m
dnn(A,B) = sir}E (‘sm%’r fsm%’ |x1 —x2| + ’cos% fcos%” [v1 fyz\) ,
where
n—1 (k=1)m ¥2-1 kx
1<k<[%51],k€eZ , tan =22 < | Stanf
il
k=[] , tan[ 2n] < iifill < oo OF X| = X3.
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For n =3 and accordingly k = 1, k = 2, we obtain the formula of dr3-distance between the points A and B according to the
inclination in the plane ]wa as

. (k=1 k-1
dn3(A,B) = Sir}% (‘sm%”—sm%“xl —x2|+’cos%—cos%ﬂ [v1 —yz\),
where
_ Y2-)1 T
k=1 , 0< fosrs <tan3
k=2 tan%ﬁ‘){::ﬁ < oo Or x| =X
or
| o
i —xal+ J5lvi—yal , 0< R <V3
dz3 (A’B) - 2 »2-)1
ﬁ|y1—yz| , V3< xzfx]’<ooorx1:x2.

Theorem 2. (See [8]) The shortest distance of a point Py = (xo,yo) to the line | given by
ax+by+c=0

in the plane R,Zw is

dn3(Po,1) = p(—)de (P, 1).

—1
m

Carnot’s theorem (named after Lazare Carnot) describes a necessary and sufficient condition for three lines that are
perpendicular to the (extended) sides of a triangle having a common point of intersection. The theorem can also be thought of
as a generalization of the Pythagorean theorem.

3. Carnot’s theorem in the plane R2,
Now we consider Carnot’s theorem in any triangle in the Euclidean plane.

Theorem 3. For a triangle ABC with sides a,b,c consider three lines that are perpendicular to the triangle sides and intersect
in a common point P. If P,, P,, P, are the pedal points of those three perpendiculars on the sides a,b,c, then the following
equation holds:

AP.]* + |BP,|* +|CPy|* = |BP.|” + |CP.|* + |AR, .

The converse of the statement above is true as well, that is if the equation holds for the pedal points of three perpendiculars
on the three triangle sides then they intersect in a common point. Therefore, the equation provides a necessary and sufficient
condition.

We give Carnot’s theorem in any triangle in the plane Rjzﬁ.

Theorem 4. For a triangle ABC in the plane Rjzﬁ, let P be a fixed point in this triangle, the feet of the perpendiculars descending
from the point P to the sides of the triangle ABC be the points K, L and M, the line segments that these perpendiculars separate
on the sides be az3 = d,,;3(B,K), Xg3 = d,,;3(K,C), bpy = dﬂ3(C,L), V3 = dn-3(L7A), Cp3 = d;;3(A,M), n3 = d;;3(M,B). Ifthe
slopes of the line segments BK and KC are mg, and the slopes of the line segments CL and LA are my, and the slopes of the line
segments MA and MB are m., then the relationship among the lengths of the line segments separated by the perpendiculars
descended from the point P to the sides of the triangle is

1 2 1 2 1 2 1 2 1 2 1 2
(pawmrams) "+ (o) + (pogems)” = (orrms) + (siyms) + (siyems)
Proof. The relationship between the dr3-distance and the Euclidean distance in the plane is given by the equation

dr3 (AaB) = p(m)dE(AaB)
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From here

p(m)

can be written. From the previously found values p (m)

VI 0 < m <3

dE(AvB): dﬂ??’(AﬂB)

1 1+%\m|’

_— m2
plm) | Y, M VI<m
VAN If m — oo

can be written. To prove the theorem, we assume that the slopes of each side of any triangle ABC are m,, m; and m, on the
2
plane R ;.

Fig. 1. Three perpendiculars on triangle sides intersect in a common point P

i. If my, my,, m. # oo, then we have

1 2 3 /1L m2
dg(B,K) = a= <l+ma> apz or dg(B,K)=a= <W> ans,
m

Tl 2l

1/1+m,2, V3 1—|—mi
dp(C,L) = b= || bm ordg(C,L)=b= bas,

1+ 75 my 2 |my|

\/1 2 3./1 2
dg(A,M) = c= # cmy or dp(A,M) =c= V3V1tm: Cmy,s

1+—3|mc| 2 |me|

dE(L,A) = Yy=

dg(K,C) = x= (ng>xn3 or dg(K,C)=x=

/ 2
dg(M,B) = Z<+m¢‘
me|

If each situation here is examined separately;

Case I If O < |my|,|mp|, |m.| < /3, from Carnot’s theorem in the plane R?,

14+m] 2 Ltmj 2 14m? 2
< — 2>“n3+< — 2>bn3+ e | ens
L+ Jglmal ) (1+J5mel) (1+J5mel)

1+mg 2 + lerlz7

2 1+m? 2
e R v Yt T 2
(1+ L5 lmal) (1 L5 1)

(o)) ™
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is found.
Case I If 0 < |my|,|mp| < /3 and v/3 < |m,|, from Carnot’s theorem in the plane R?,

14+ 2 Ly 2 3.014m2)\ 2 _ 14m3 2 Lty 2 3.(14m3)\ 2
( | 2) an3 + ( 1 2 bn3 + 4.|m? Cn3 = 1 7 | X3t | ol R 4.|m.? Zn3
(1 L5 mal) (1 L5 msl) (1 L5 lmal) ()

is obtained.

Case III If 0 < |my| < V3and V3 < |mqa|,|me|, from Carnot’s theorem in the plane R?,

3.(14m2)\ 2 1+m > 3.(14m2)\ 2 (3.(4mH)\ 2 1+m? 5 3.(14m2)\ 2
( 4~‘ma‘2 >aﬂ:3+ < : bﬂ3+ 4'|mc|2 Cﬂ3 o 4~|ma‘2 xn3 + : y71:3+ 4~|mc|2 “x3

(1+ i) (1+Fiml)

is found.

Case IV If 0 < |mp|,|m.| <+/3 and v/3 < |mg|, from Carnot’s theorem in the plane R?,

3.(14m2)\ 2 14m? > 14m?2 2 (3.0+md)\ 2 14m? 2 1+m? 2
( pypy )%3 + ( 7 | brst Lo )T Cage ) ——7 |yt T2 | Zas
(14 Ly ml) (14 Ly mel (14 L5 ) (14 L5 me )

is found.

Case V If /3 < |my|, |mp| ,|m.|, from Carnot’s theorem in the plane R?,

3‘(1-&-m§)) ) 3.(14m2) \ ;2 (3.(1+mg)) 2 _(3.(1+mg)) > 3.(14m2) \ o (3.(1+m§>> )
<4.\ma\2 T\ T ) oot e )m = G ) T Gt )2 T Ui ) 3

is found.

Case VI If 0 < |m. <+/3and /3 < |my|,|my|, from Carnot’s theorem in the plane R?,

3.(1+m§)> ) 3.(14m2) \ ;2 1+m?2 ) 7(3.(1+m§)) > 3.1+m2) \ o 1+4m? >
(4~\ma\2 3+ 4.|my|? bﬂ3+ Cn3 = 4.|my|? a3 4.|myp|? a3+ ( \)2 “x3

2
(14 Lsmel) 1+ = e

is found.

Case VII If 0 < |my]|, |m.| < V3 and v/3 < |my|, from Carnot’s theorem in the plane R?,

1+m? 3.(14m3) 1+m2 1+m? 3.(14m?) 1+m?
i | dgs + )bt | — g | = | e | s 2 )yt | g | 2
141 4.|mp| 141 141 4.|my| 141
(1+Jgmal) (1+ gl (1+ 5 mal) (1+ el

is found.

Case VIII If 0 < |m,| < /3 ve v/3 < |mp|,|mc|, from Carnot’s theorem in the plane R?,

_lmg ) 2 3.(14m) \ 12 3(4m)\ 2 _ 14m2 2 3.(14mp) \ 2 3.(14m2)\ 2
< 1 2) a71'3 + ( 4-|mb‘é’ ) bﬂ?S + 44""6‘2 CTC3 = 4] 0] xn-3 + 4-|mb‘f yn-3 + 4“m5|2 ZTIS
(H'ﬁ‘ma‘) (1+ﬁ\ma|>

is found.
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ii. If m, — oo, then we obtain

dE(B,K) =a=
dE(K,C) =X=

1+m? V3. 14m?
dE<C7L):b: <l+l}’:>bﬂ3 OrdE(C L) b= <2mh|b> 1971:37

de (A, M)—c—( L e )Cm ordg(A,M) =c= (fJHT) Cr3,

o

1+ L[] 2[mc]|
1+m? V3, /14m?
dg(LA)=y= 1+1m"|)yn3 ordg(LA)=y= |~ | ym,
3 b
2 /
dg(M,B) =z = <1+1+’:f|> zz3 or dg(M,B) =z = <fz»1¢+|m(>
\/i c

If each situation here is examined separately (In this case, it is clear that there cannot be mj, — oo and m, — o );

Casel If |m,| = oo, /3 < |my|and 0 < lmc| < /3, from Carnot’s theorem in the plane R,

3) 2 3.(14mp) \ 12 1m? 2 _ (V3 2 3.04m3) \ 2 14m2 2
(%) 3 T < 4] ‘5’ >bn3+ 7”!2 Cr3 = (%)’%fr 4] ‘ﬁ’ Yazt % Zn3
o (1+ 5 mel) mp (145 el

is obtained.

Case II If |m,| = oo, V3 < |me| and 0 < |m,| < /3, from Carnot’s theorem in the plane R?,

V3\ 2 L4m3 2 3.0+m2)\ 2 _ (V3) .2 14+m} 2 3.04m2)\ 2
(7) a3 ( i 2) bﬂ3+( 4.\m:1\12 3= \7 )t o mt 4.\m:\12 <3
(lJrﬁlmh\) g <l+ﬁ\mh|)

is obtained.

iii. If my, — oo, then we write

dg(B,K)=a= <l+ﬂ:’;a>aﬂ; or dp(B,K) =a= (W) -
dg(K,C) =x = (Hﬂ:ni)xm or di(K,C) = ( ﬁz,,,lj’"‘z‘) =
dg(A,M) =c= (HII:";iI) cr3 or de(A,M) =c = (\/gzrrl:m%) Cr3,
dg(M,B) =z = (H\L‘jril) zz3 or dp(M,B) =z = (W) Zn3-

If each situation here is examined separately (In this case, it is clear that there cannot be m, — o and m, — o0 );

Case I If |my| = o, v/3 < |m,| and 0 < |m,| < +/3, from Carnot’s theorem in the plane R?,

() e (8 (525 ) (S28) e (9) (2225 )&

is obtained.

Case IT If [m| = o, /3 < |m.| and 0 < |m,| < v/3, from Carnot’s theorem in the plane R,

L2 3.(14m2 1+m2 3.(14m2
(( Tma >2> agr3+(§)b72r3+( 4(.\;:72“))923 = << Tma 2>x§3+(\f)y,2,3+( 4-(~|;:TZC))Z7213

1+ﬁ\ma 1+ﬁ\ma\>
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is obtained.

iv. If m. — oo, then

dp(a,M) = = () ez,
dp(M.B) =z= () 2,
dg(B,K)=a= <1+v 11+';f> an, or dp(B,K) =a= (ﬁz W) a3,
V3 a
2 2
(K, €)== () or de(,0) == (24 )
V3 Ma
L 14+m? PR R AIVA R
dp(C,L) = b= <1+;§mb> bas or dp(C,L) = b= ( Vo ) b,
o 1/1+m% o V3 1+m%
dp(L,A) =y = <1+\}§mb|> yu3 or dp(L,A) =y = <2mb| yr3-

If each situation here is examined separately (In this case, it is clear that there cannot be m, — oo and m;, — oo );
Case I If |m.| = o, v/3 < |my| and 0 < |m,| < /3, from Carnot’s theorem in the plane R?,

1+m2 3.(14m2) 3 1+m2 3.(14m?) 3
(i ) e () o (9) = () e (G0 e (9)

(1+%\ma\)2 (“%‘ma‘)z

is obtained.

Case II If |m | = oo, \/3 < |m,| and O < |m;| < /3, then from Carnot’s theorem in the plane R?,

2 1 2 2 1 2
(3.(1+m§1)>a72r3+ +mj, b727;3+(§) C727;3: (3.(1+m§)>x7213+ +mj 2 y§3+(73)z,213
4.mq| 4.mq| (1+L‘mb‘)

(15 iml)” v

is obtained. u

4. Conclusions

The plane ]R?t3 is constructed by simply replacing the Euclidean distance function dg by the distance function dr3. Therefore it
seems to study the plane wa analogues of the topics which include the concept of distance in the plane R?. We give Carnot’s
theorem in any triangle in the plane Rfﬂ.
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