Hacettepe Journal of Hacet. J. Math. Stat.
Volume 53 (4) (2024), 11021117
Mathematics & Statistics DOI : 10.15672/hujms.1223815

RESEARCH ARTICLE

Transitive permutation groups with elements of
movement m or m — 2

Mehdi Alaeiyan™@, Murtadha Ali Shabeeb@, Masoumeh Akbarizadeh

Department of Mathematics, Iran University of Science and Technology, Narmak, Tehran 16844, Iran

Abstract

Let G be a permutation group on a set {2 with no fixed points in 2 and let m be a positive
integer. If for each subset I' of  the size |I'Y \ I'| is bounded, for g € G, we define the
movement of g as the max|I'Y \ T'| over all subsets I' of 2, and the movement of G is
defined as the maximum of move(g) over all non-identity elements of g € G. In this paper
we classify all transitive permutation groups with bounded movement equal to m that are
not a 2-group, but in which every non-identity element has movement m or m — 2.
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1. Introduction

Let G be a permutation group on a set {2 with no fixed points in 2. If for each subset
I' of 2 and each element g € G, the size |I'Y \ I'| is bounded, we define the movement
of I as move(I') = maxgeq |[I'9\I'|. Let m be a positive integer. If move(I') < m for all
I' C Q, then G is said to have bounded movement and the movement of G is defined as
the maximum of move(I") over all subsets I'. This notion was introduced in [9]. Similarly,
for each 1 # g € G, the movement of g is defined as the max [I'Y \ T'| over all subsets I'
of Q. If all non-identity elements of G have the same movement, then we say that G has
constant movement (see [3]).

It is obvious that every permutation group in which every non-identity element moves
by m or m — 2, is a permutation group with bounded movement equal to m. Moreover,
according to Theorem 1 of [9], if G has movement equal to m, then Q is finite, and its size
is bounded by a function of m.

The intransitive permutation groups with bounded movement having maximum degree
were classified in [2]. For a transitive permutation group G on a set {2 with movement m,
where G is not a 2-group, the following bound on 2 was obtained in [9]. We note that for
x € R, |x] is the integer part of x.

Lemma 1.1. ([9], Lemma 2.2) Let G be a transitive permutation group on a set Q such
that G has movement equal to m. Suppose that G is not a 2-group and p is the least odd
prime dividing |G|, then |2 < [2mp/(p —1)].
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All transitive permutation groups G with bounded movement equal to m, such that G
is not a 2-group but in which every non-identity element has the movement m or m — 1
classified in [1]. There are several different kinds of transitive permutation groups that are
not a 2-group and have bounded movement equal to m, but in which every non-identity
element has the movement m or m — 2. For example, it is easy to see that any non-identity
member of permutation group G = Zg4;, has the movement 2p or 2p — 2 on a set of size
n = 4p, where p is an odd prime (see Lemma 3.1).

This paper’s goal is to classify all transitive permutation groups with bounded move-
ment equal to m that are not 2-groups, but in which every non-identity element has the
movement m or m — 2.

We denote by K x P a semi-direct product of K by P with normal subgroup K. The
semi-direct product Z, x Zg = (r,s|r™ = s?> = 1,7s = sr™!) is known as Dihedral group
and it is denoted by Da,.

We now have the following main theorem.

Theorem 1.2. Let m be a positive integer and G be a transitive permutation group on
a set Q with no fixed points in Q and also with bounded movement equal to m, in which
every non-identity element has movement m or m — 2. Moreover, suppose that G is not a
2-group and p is the least odd prime dividing |G|. Then G is one of the following groups:

(1) Ge {54,22 X Sy, Zo X Ay, (22)3 X Ay, (ZQ)2 X S4,SL(2,3)}, ’ Q ‘: 8 and m = 4;

(2) G = (Z2)* x Zs, | Q|=10 and m = 4;

(3) G e {S4,S5,A4,A5,ZQ X 54,22 X S5,ZQ X A4,Z2 X A5, (24)2 X Sg,(ZQ)2 X 54}, ’
Q|=12 and m = 6;

G € {S3 x A5, PSL(2,17)}, | Q |= 18 and m = §;

€ {(Z2)* x Zs, (Z2)* x D1g,Za x Fg}, | Q|=16 and m = 8;

—Z7><123, | Q]=21 and m = 9;

( ) Pl D107F5,Z2 X F5,Z4 X F5}, ‘ Q ’: 20 and m = 10,’

< {( ) X 73, (Z5) X Z5} ’ Q ‘: 25 and m = 10,

€ {Zas, Dso, Zs x Dio, (Zs)* x Qg, (Zs)?* X Ly, (Zs)* % Ly, (Zs)* x ZLs, (F5)*}, |
Q|=25 and m = 12;

(11) G e {Z4P,Z4 X DQP,DiCp = Zp A Z4, (Z2)2 X DQP,ZQ X ng,D4p}, ‘ Q ’: 4]0 and
m = 2p;

(12) G € {Zy x Zp X Ly, (Z2)* X Zp x Ly} where 4 | p—1,| Q |= 4p and m = 2p;

(13) G € {ZyxZp, AGL(1,q),Zg ¥ Lo, < AGL(1,q)}, where g = 4p+1 is an odd prime
and Zg, generated by two cycles of length 2p, | Q2 |=q and m = %;

(14) G:= Kx P, | Q |=4p forp > 5 and m = 2(p — 1), where K is a 2-group and

P =17, is fized point free on Q, K has p orbits of length 4 and each element of K

moves at least 4(p — 2) and at most 4(p — 1) points of Q.

Qan QQ

Note that all groups in part (2) and part (14) of Theorem 1.2, have the maximum degree
mentioned in Lemma 1.1.

2. Preliminaries

Let G be a transitive permutation group on a finite set Q. By Theorem 3.26 of [10],
often known as Burnside’s lemma, the average number of fixed points in € of elements
of G is equal to the number of G—orbits in Q. Since 1 fixes || points and Q| > 1, it
follows that there is some element of G which has no fixed points in {2. We shall say that
such elements are fixed point free on ().

Let 1 # g € G and suppose that g in its disjoint cycle representation has t non-trivial
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cycles of lengths I, 1o, ..., 1;, say. We might represent g as

g = (al,ag,... ,all)(bl,bg,... 7b12) s (21722,...,%).

Let T'(g) denote a subset of Q consisting of |l;/2] points from the i*" cycle, for each i,
chosen in such a way that I'(¢)? NT'(¢g) = @. For example we could choose

F(g) = {a27a47---7ak17b2ab47'"7bk27--->227Z47"'7Zkt}7
where k; = I; — 1 if I; is odd and k; = [; if [; is even. Note that I'(g) is not uniquely
determined as it depends on the way each cycle is written down. For any set I'(g) of
this kind we say that I'(g) consists of every second point of every cycle of g. From the
definition of T'(g), we see that
t
D)\ D(g)| = [D(g)] = S 1L:/2).
i=1
The next lemma shows that this quantity is an upper bound for |V \ T'| for an arbitrary
subset I' of Q.

Lemma 2.1. ([7], Lemma 2.1) Let G be a permutation group on a set Q and suppose that
I' C Q. Then for each g € G, |[TI\T| < ¢, [1;/2] where l; is the length of the it" cycle of
g and t is the number of non-trivial cycles of g in its disjoint cycle representation. This
upper bound is attained for I' =T'(g) defined above.

Remark 2.2. Let k£ > 1 be a positive integer, and let f be a cycle of length pk for some
odd prime integer p. We know that f* is k cycles of length p. We consider two cases for
k.

Case 1: k is odd. Thus k = 2t + 1, for some t > 1. So

move(f) = l%pj - L(%;l)pJ —tp+ ]%1?

-1
move(f*) = mgj = (2t + 1)]”T — move(f) — t.
Case 2: k is even. Thus k = 2¢, for some ¢ > 1. So

move(f) = |°2] = |22 = 1y
move(f*) = k| 2] = <2t)’%1 — move(f) — t.

Therefore move(f) — move(f*) = ng

Let m be a positive integer, and let G be a permutation group on a set €2 of size n with
bounded movement equal to m, in which every non-identity element has the movement m
or m — 2. Then we have the following important result.

Proposition 2.3. Let m be a positive integer, and let G be a permutation group on a
set ) of size n with bounded movement equal to m, in which every non-identity element
has the movement m or m — 2. Further, suppose that 1 # g € G and g = c1---¢s is the
decomposition of g into its disjoint non-trivial cycles such that |¢;| = 1l; for 1 < i < s.
Then one of the following holds:

(1) l:=1y =1y =" =I5, wherel is an odd prime or a power of 2;

(2) s =1, such that g is one cycle of length 25;

(3) s =1, such that g is one cycle of length 4p, where p is an odd prime;

(4) s =2, such that g has one cycle of length 4 and one cycle of length 5;

(5) s =2, such that g has one cycle of length 20 and one cycle of length 5;

(6) s =2, such that g has one cycle of length 15 and one cycle of length 3;

(7) s =2, such that g has two cycles of length 9;

(8) s =2, such that g has one cycle of length 9 and one cycle of length 3;
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(9) s =2, such that g has two cycles of length 2p, where p is an odd prime;

(10) s =2, such that g has one cycle of length 2, and and one cycle of length 2p where p
is an odd prime;

(11) s = 3, such that g has two cycles of length 2 and one cycle of length 5;

(12) s = 3, such that g has two cycles of length 3 and one cycle of length 4;

(13) s = 3, such that g has two cycles of length 3 and one cycle of length 5;

(14) s = 3, such that g has two cycles of length 3 and one cycle of length 12;

(15) s = 3, such that g has two cycles of length 10 and one cycle of length 5;

(16) s = 3, such that g has one cycle of length 10, one cycle of length 5 and one cycle of
length 2;

(17) s = 4, such that g has two cycles of length 2 and two cycles of length 3;

(18) s =4, such that g has two cycles of length 3 and two cycles of length 6;

(19) s = 4, such that g has one cycle of length 6, two cycles of length 3 and ane cycle of
length 2;

(20) g has one cycle of length 4 and (s — 1)-cycles of length a power of 2 for s > 2;

(21) g has two cycles of length 2 and (s — 2)-cycles of length a power of 2 for s > 3.
Moreover, the order of g is either 6, 9, 10, 12, 15, 20, 25, p, 2p, 4p or a power of 2.

Proof. Let 1 # g € G, and let I'(g) be the subset consisting of every second point of every
cycle of g. Then by Lemma 2.1, move(g) = X7_;|l;/2]. For each 1 < i < s, we consider
the element h := g% of G and compare the movement of h with the movement of g. As
above, we have

l; *
move(h) < ZL§J < ZLEJ = move(g).
J#i Jj=1

We now consider the following two cases:

Case 1. Suppose move(g) = m — 2. Then ¢g* = 1, forall 1 <t < 5. Hence | := [} =
lo = --- = ls. Suppose [ is not a power of 2, and let p be an odd prime such that [ = pk
for some positive integer k. Then by comparing the movement of ¢ and its power g* we
obtain

l -1
SL§J = move(g) = move(g*) = sk? 5

It can be easily verified that L%J =k(p—1)/2if and only if £ =1, and so [ = p.
Case 2. Let move(g) = m. Then move(g't) = m — 2 or g% = 1, for some 1 < ¢ < s.
Assume that there exists a 1 <t < s such that move(g") = m — 2.
Since g% = clf ---ck and by Remark 2.2, (It,1;) =1, 1 <i#t < s and I; is either 4,5, or
2,3. For the former case, g has just one cycle more than g*. Then we can suppose that
l:==l1=-=1l4_1 =141 = =ls. Thus

l

move(g) = (s — )| 5] +2, move(g") = (s~ )| .

l
Since move(g) — move(g') = 2 and move(g') = move(c}), we have (s — 1)| = | = 2. Hence

g is either one cycle of length 4 and one cycle of length 5, two cycles of length 3 and one
cycle of length 4, two cycles of length 3 and one cycle of length 5 or two cycles of length
2 and one cycle of length 5.
For the latter, ¢ has two cycles more than g*. As above, we can conclude that ¢ is either
two cycles of length 2 and two cycles of length 3, two cycles of length 2 and one cycle of
length 5, two cycles of length 3 and one cycle of length 4 or two cycles of length 3 and one
cycle of length 5.

Now suppose that ¢/ = 1, for some 1 <t < s. Then we must have two cases:
(D Ll foralll <i<sor (II)l:=l =lp =" =l
In the case (I) we have (l;,1;) # 1. First we suppose that p be an odd prime and l; = pk
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for some positive integer k > 1. If (p, k) # 1, then ¢g* is a non-identity element of G and
move(g) —move(g*) = 0 or 2. Hence by Remark 2.2, move(g) — move(g*) = |£| +e, where

e > 0 is an integer. Therefore, |5] = 1 or 2. If k is even, then |5] = £ implies that
k = 2 or 4, which is a contradiction. Hence L%J = % =1 or 2 implies that &k = 3 or 5,

respectively. If k = 3, then g is product of a cycle of length 3 and a cycle of length 9. If
k =5, then g is one cycle of length 25. Now we assume that (p, k) = 1 and g has A cycles
of length k, B cycles of length p and s — A — B cycles of length pk. Let ¢; be the cycle
of length pk. Since move(cs) — move(ct) = Lg], one has Lg] =1lor2 If L§j = 1, then
k=2or3. Thuss— A—B=1or?2.
Let k = 2. If s— A — B = 1, since move(g) — move(g¥) = A+ 1 and A > 0, then
move(g) — move(g¥) = 2, so A = 1. move(g) — move(gP) = 2 implies that p = 5,B = 1
or p = 3,B = 2. Therefore g is either one cycle of length 2, one cycle of length 5 and
one cycle of length 10 or one cycle of length 2, two cycles of length 3 and one cycle of
length 6. If move(g) — move(¢g?) = 0, then B = 0 and g is one cycle of length 2 and one
cycle of length 2p. If s — A — B = 2, with similar discussion as above, we have A = 0, so
p=3,B=2,p=5B=1o0r B=0,p> 3. Hence g is either two cycles of length 3 and
two cycles of length 6, one cycle of length 5 and two cycles of length 10 or two cycles of
length 2p.
Let k=3. Sop>3. If s— A— B =1, then g is one cycle of length 3 and one cycle of
length 15. If s — A — B = 2, then p = 3, a contradiction.
Let k = 4. Similarly we can conclude that g is either one cycle of length 5 and one cycle
of length 20 or two cycles of length 3 and one cycle of length 12.
If k=5,thens—A—B=1. SoA=0,and (B+1)(p—1) =4. By (p, k) =1, we conclude
that B =1,p = 3. Therefore g is one cycle of length 3 and one cycle of length 15.

Now assume that I, = 2. Thus [; = 2% such that b; < a. Since ngi is non-identity,
g is either (s — 2)-cycles of length a power of 2 and two cycles of length 2 for s > 3, or
(s — 1)-cycles of length a power of 2 and one cycle of length 4 for s > 2. Finally, we now
suppose that I; = 2%k such that (2,k) = 1 and g has A cycles of length 2°, B cycles of
length k and s — A — B cycles of length 2%k for some integers b < a. Then by comparing
the movement of g and its power g* we obtain

move(g) = A20~1 + BL;J + (s — A — B)2° 'k, move(gF) = A2071 4 k(s — A — B)2° L,

If k > 6, then move(g) — move(gF) = BL;J implies that move(g) — move(¢¥) > 2 or

B = 0, move(g) — move(g?") > 2, which is a contradiction. Therefore k¥ = 3 or 5. With
similar discussion as above, we can conclude that g is either two cycles of length 2 and
(s — 2)-cycles of length a power of 2 for s > 3, or (s — 1)-cycles of length a power of 2 and
one cycle of length 4 for s > 2, two cycles of length 6 and two cycles of length 3, one cycle
of length 12 and two cycles of length 3, one cycle of length 20 and one cycle of length 5
or two cycles of length 10 and one cycle of length 5.

For the case (II), suppose that [ is not a power of 2, and let p be an odd prime such
that [ = pk for some positive integer k. Then we obtain that

k -1 k

%J, d 5 and move(gP) = spL§j.

It is straightforward to verify that move(g*) < m — 2 for k > 6, a contradiction. Hence
we may assume that £ < 5.

If k = 1, then we have move(g)=move(g*) and [ = p.

If k£ = 2, then we have move(g) =move(gP) = sp and move(g¥) = s(p — 1), this implies
that s =2 and [ = 2p, that is, g is two cycles of length 2p.

If £ =3 and p # 3, then move(g”) < m — 2, a contradiction. Thus p = 3. It follows that

move(g) = s| move(g¥) = sk
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move(g) = 4s and move(g¥) =move(gP) = 3s. This implies that s = 2 and | = 9, that is,
g is two cycles of length 9.

If k = 4, then we have move(g) =move(gP) = 2sp and move(g*) = 2s(p — 1), thus we must
have s =1 and [ = 4p, that is, g is one cycle of length 4p.

Finally, if £ = 5, then move(g?) < m — 2 for p > 7, a contradiction. For p = 3, we have
move(g) = 7s, move(g*) = 5s and move(gP) = 6s, where is a contradiction for every s. For
p = 5, we have move(g) = 12s and move(g¥) =move(g?) = 10s. It follows that s = 1 and
I = 25, that is, g is one cycle of length 25.

Now suppose that [ = 2k, for some positive integer k. If £ be an odd integer, then
move(g) — move(g?) = sk — (sk — s) = s. This implies that s = 2. As ¢g* is k cycles of
length 2, we have move(g) — move(g¥) = k(s — 1). So s = k = 2, a contradiction. Thus k
is even. By comparing the movement of g and the movement of different powers of g, we
obtain g is either s cycles of order 2%, a > 2, or one cycle of length 4p for some odd prime
integer p. O

Fein et al. proved the following theorem about the finite transitive groups.

Theorem 2.4. (Fein-Kantor-Schachers theorem )[5, Theorem 1] Let G be a finite group
acting transitively on a set Q with | Q |> 2. Then there exists an element of prime-power
order in G acting on ) without fixed points.

3. Examples

Throughout this section, we assume that m is a positive integer and G is a transitive
permutation group on a set ) of size n with bounded movement equal to m, such that G
is not a 2-group but in which every non-identity element has the movement m or m — 2.
If for every 1 # g € G, move(g) = m, then G has constant movement which is not the
purpose of this paper. So in the rest of this section we can assume that G has at least one
element of movement m — 2.

Lemma 3.1. The group G = Zgp acts transitively on a set of size n = 4p, where p is an
odd prime, and in this action every non-identity element has movement 2p or 2p — 2.

Proof. Let 1 # g € G. Then it can be easily shown that g has order 2, 4, p, 2p or 4p.
Suppose that I'(g) consists of every second point of every cycle of g. If o(g) = 2, then g
has 2p cycles of length 2 and hence |I'(g)? \ I'(¢)| = 2p, that is, move(g) = 2p. If o(g) = 4,
then g has p cycles of length 4 and hence [I'(g)? \ I'(g)| = 2p, that is, move(g) = 2p. If
o(g) = p, then g has 4 cycles of length p and hence |I'(g)9\T'(g)| = 4p;1 = 2p — 2, that is,
move(g) = 2p — 2. Finally, if o(g) = 2p or 4p then g has 2 cycles of length 2p and a cycle
of length 4p, respectively. As above it is easy to see that move(g) = 2p. It follows that

every non-identity element of G has movement 2p or 2p — 2. (|

Lemma 3.2. The group G = Zo x Za), acts transitively on a set of size n = 4p, where p is
an odd prime, and in this action every non-identity element has movement 2p or 2p — 2.

Proof. Let 1 # g € G. Then g is either 2 cycles of length 2p, 4 cycles of length p or
2p cycles of length 2. Suppose that I'(g) consists of every second point of every cycle
of g. Therefore [T'(g)9 \ T'(g9)| = 2p,2p — 2, or 2p, respectively. This implies that every
non-identity element of G has movement 2p or 2p — 2. O

Let H be cyclic of order n and K = (k) be cyclic of order m and suppose r is an integer
such that r™ = 1(mod n). For i = 1,...,m, let (k")8 : H — H be defined by h(¥)? = p"*
for h in H. It is straightforward to verify that each (k%)f is an automorphism of H, and
that 0 is a homomorphism from K to Aut(H). Hence the semi-direct product G = H x K
(with respect to ) exists and if H = (h), then G is given by the defining relations:

R =1, k™=1, k'hk="n", with ™ = 1(mod n).
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Here every element of G is uniquely expressible as h'k?, where 0 < i < n—1, 0 < j < m—1.
Certain semi-direct products of this type (as a permutation group on a set 2 of size n) also
provide examples of transitive permutation groups where every non-identity element has
the movement m or m — 2, and the bound in Lemma 1.1 is not attained (as the following
lemma shows). We note that, if n = ¢, a prime, then by Theorem 3.6.1 of [11], this group
G is a subgroup of the Frobenius group AGL(1,q) = Zq X Zg—1.

Lemma 3.3. Let G = Zg X Zq—1 be the group defined as above of order q(q — 1), where
q:=4p+ 1 is an odd prime. Then G acts transitively on a set of size n = q and in this
action every non-identity element has movement 2p or 2p — 2.

Proof. By the above statement, the group G is a Frobenius group and has up to per-
mutational isomorphism a unique transitive representation of degree ¢ on a set ). Let
g € G,o(g9) = q. If I'(g) consists of every second point of the unique cycle of g, then
move(g) = qg—l = 2p. Since the order of each element of G is either 2,4, p, q,2p or 4p, so
by Lemma 3.1, every non-identity element has movement 2p or 2p — 2. O

Corollary 3.4. Let G < AGL(1,q) be a semi-direct product Zy x Zap, where p, ¢ = 4p+1
are odd primes and Zsa, generated by two cycles of length 2p. Then G acts transitively on a
set of size n = q and in this action every non-identity element has movement 2p or 2p — 2.

Lemma 3.5. Let G be a semi-direct product Z7 x Z3. Then G acts transitively on a set
of size n =21 and in this action every non-identity element has movement 7 or 9.

Proof. Let G be a semi-direct product G = Zy % Z,, where p,q are odd primes and

q = 2p + 1. Then as an immediate consequence of the above statement of Lemma 3.3, G

acts transitively on a set € of size pg whenever p | (¢ —1). Let 1 # g € G. So the order of
—1

g is either p or q. If o(g) = ¢, then g is p cycles of length ¢. Hence move(g) = qu = p.

-1
If o(g) = p, then g is ¢ cycles of length p. Hence move(g) = qp?. These are hold if and

only if p = 3, since every non-identity element has the movement m or m — 2. It follows
that m = 9. O

Lemma 3.6. Let G be a semi-direct product Zq x Zp,, where p,q = 4p + 1 are prime
integers. Then G acts transitively on a set of size n = q and in this action every non-
identity element has movement 2p or 2p — 2.

Proof. Let G be a semi-direct product G = Z; x Z, where, p,q are odd primes and
q = 4p+1, then G acts transitively on a set §2 of size q. Let 1 # g € G. Then the order of

-1
g is either p or ¢. If o(g) = ¢, then g is a cycle of length ¢q. So move(g) = qT =2p. If

—1
o(g) = p, then g is a product of 4 disjoint cycles of length p. So move(g) = 4pT =2p—2.
Thus every non-identity element of G has movement 2p or 2p — 2. O

Lemma 3.7. The groups Zos and G = Dsg act transitively on a set of size n = 25 and in
this action every non-identity element has movement 12 or 10.

Proof. Let M := (a) and N := () be two cyclic permutation groups on the set
Q= {1,2,...,25}, where « = (1 2 --- 25) and 8 = (1 3)(4 25)(5 24)--- (14 15). It is
straightforward to verify that M = Zos and Dsg = (M, N). Since M < G acts transitively
on a set €1, so G is a transitive permutation group on a set €). Let 1 # g € M, then it is
easy to see that g has order 5 or 25. Suppose that I'(g) consists of every second point of
every cycle of g. If o(g) = 25 then g is a cycle of length 25 and hence |I'(¢)9 \ I'(g)| = 12,
that is, move(g) = 12. Now, if o(g) = 5 then g has 5 cycles of length 5 and hence
IT(9)? \T'(g9)| =55 = 10, that is, move(g) = 10. Let 1 # g € (M,N), g ¢ M and g ¢ N.
Then g has 12 cycles of length 2 and similarly, move(g) = 12. This implies that every
non-identity element of G has movement 12 or 10. g



Transitive permutation groups with elements of movement m or m — 2 1109

Lemma 3.8. The group G = Doy, where n = 2p, acts transitively on a set of size 4p and
in this action every non-identity element has movement 2p or 2p — 2.

Proof. Let Zo, := ((1 2 ... 2p)(1" 2" ... 2p/)) and Zy := ((1 1')(2 2')...(2p 2p’)) be two
cyclic permutation groups on the set Q = {1,2,...,2p, 1,2/, ..., 2p'}. Then it can be easily
shown that the group G = Dy, = Zs, x Z2 acts transitively on a set € of size 4p and in
this action every non-identity element of G has movement 2p or 2p — 2. g

Lemma 3.9. Let p be an odd prime.The Dicyclic group Dic, = Z,, X Z4 acts transitively
on a set of size 4p and in this action every non-identity element has movement 2p or
2p — 2.

Proof. Let a be a positive integer and p be an odd prime. Then the Frobenius group
G = Zp X Zsa acts transitively on a set ) of size p2?. Every non-identity element of g € G

, 2
has order 2, p or 2/(1 < i < a). Hence move(g) = p2%~! L§J = p20-1 20 ng =207 1p_ga-l
7

.2
or p2%* ng = 2%~ 1p. Therefore, a = 2 and m = 2p. O

Lemma 3.10. Let p be an odd prime. Then The group G = Z4 x Doy acts transitively on
a set ) of size n = 4p, and in this action every non-identity element has movement 2p or
2p — 2.

Proof. Let 1 #£ g € G. Then g is either one cycle of length 4p, two cycles of length 2p,
four cycles of length p, p cycles of length 4, 2p — 2 cycles of length 2 or 2p cycles of length
2. Therefore every non-identity element of G has movement 2p or 2p — 2. (|

Lemma 3.11. Let p be an odd prime. Then The group G = (Z2)* x Doy, acts transitively
on a set § of size n = 4p, and in this action every non-identity element has movement 2p
or 2p — 2.

Proof. Let 1 # g € G. Then g is either two cycles of length 2p, four cycles of length p,
2p — 2 cycles of length 2 or 2p cycles of length 2. Therefore every non-identity element of
G has movement 2p or 2p — 2. O

Lemma 3.12. Let p be an odd prime such that 4p — 1. Then G = Z4 X Zy x Z4 and
T = (Z3)?* x L, X Ly act transitively on a set of size 4p and every non-identity element
has movement 2p or 2p — 2.

Proof. Since 4|p — 1, Z, x Z4 acts transitively on a set of size p. Hence G and T are
transitive groups on 4p points. Let 1 # g € G. Then g is either 2p cycles of length 2,
(2p —2) cycles of length 2, p cycles of length 4, (p— 1) cycles of length 4, 2 cycles of length
2 and (p — 1) cycles of length 4, 4 cycles of length p, two cycles of length 2p, or one cycle
of length 4p.

Every non-identity element ¢ € T is either 2p cycles of length 2, (2p — 2) cycles of length
2, (p — 1) cycles of length 4, 2 cycles of length 2 and (p — 1) cycles of length 4, 4 cycles of
length p, or two cycles of length 2p. Therefore every non-identity element of G and T has
movement 2p or 2p — 2. ]

Let N :=((i i)|i = 1,2, ...,p) be a permutation group of degree 2p on the set
0={1,1,2,2',..,p,p}.
Moreover, suppose that
M= (Zo)P ' =(zi=(ii)(i+1i +1)1<i<p—1),

is the subgroup of N of even permutations in N. Set

g=(12..p)(1'2..p)).
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Then g normalizes M and we consider the permutation group
G: =M XZ,= 21,22,.... Zp—1) X (g)

on Q. Now z] = zjy1, for 1 <7 <p—1,and z) | = z129...2p1. This group G provides
an example of transitive permutation group in which every non-identity element has the
movement m or m — 2, and the bound in Lemma 1.1 is attained.

As the group M is a 2-group, so by definition there is an element of movement equal to
2 in M. Also, the group Z, = (g) has constant movement equal to p — 1. Now, if every
non-identity element of G has movement m = p — 1 or m — 2, then m = 4 and p = 5.
Consequently, the group G = (Z3)* x Zs acts transitively on a set of size 10, and in this
action every non-identity element has movement 4 or 2. Therefore, we can conclude the
following lemma.

Lemma 3.13. Let G be a semi-direct product G = (Z3)* x Zs, as above. Then G acts
transitively on a set of size n = 10 and in this action every non-identity element has
movement 2 or 4.

Example 3.14. Let G = (Zs5)? xZj, acts transitively on a set 2 of size 25, where k € {3,5}
and in this action every non-identity element has movement 8 or 10.

3
Proof. Let 1 # g € G. If k = 3, then ¢ has order 3 or 5. Therefore, move(g) = 8L§j =8
b} )
Example 3.15. In [4] the transitive groups of degree up to 31 has been listed. So, we

know that there are more transitive groups on 25 points. By using Gap [6], we list the
ones in which every non-identity element has movement m or m — 2 in Table 1.

)
or 5L§J = 10. If k = 5, then the order of g is 5 and move(g) = 5|

Table 1. Transitive action on 25 points

Number of points = 25
Group: Zs X Djg ‘ Movement= 12
Element Description ‘ Movement of Elements
12 cycles of length 2 12
5 cycles of length 5 10
Group: (Zs5)? x Qg Movement= 12
Element Description Movement of Elements
12 cycles of length 2 12
6 cycles of length 4 12
5 cycles of length 5 10
Group: (Zs5)? x (Z4)? Movement= 12
Element Description Movement of Elements
12 cycles of length 2 12
10 cycles of length 2 10
6 cycles of length 4 12
5 cycles of length 4 10
2 cycles of length 2 and 5 cycles of length 4 12
5 cycles of length 5 10
one cycle of length 5 and 2 cycles of length 10 12
one cycle of length 5 and one cycle of length 20 12
Group: (Zs5)? x Zs Movement= 12
Element Description Movement of Elements
10 cycles of length 2 10
5 cycles of length 5 10
one cycle of length 5 and 2 cycles of length 10 12
Group: (Zs5)? x Z4 Movement= 12
Element Description Movement of Elements
12 cycles of length 2 12
6 cycles of length 4 12
5 cycles of length 5 10
Group: (Z5)% xZg Movement= 12
Element Description Movement of Elements
12 cycles of length 2 12
6 cycles of length 4 12
5 cycles of length 5 10
3 cycles of length 8 12
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Example 3.16. Let G € {Zy x Sy, Zo x Ayg}. If G acts transitively on a set of size n = 8,
then every non-identity element has movement 4 or 2.

Proof. Let 1 # g € G. If G = Zy x Sy, then g is either a product of 4 disjoint cycles
of length 2 or 2 disjoint cycles of length 2, a product of 2 disjoint cycles of length 3, a
product of 2 disjoint cycles of length 4, a product of two disjoint cycles, one cycle of length
2 and one cycle of length 6. If G = Zs x Ay, then g is either a product of 4 disjoint cycles
of length 2, a product of 2 disjoint cycles of length 3, a product of two disjoint cycles, one
cycle of length 2 and one cycle of length 6. Therefore, every non-identity element of G
has movement 4 or 2. g

Example 3.17. Let GG be a transitive group on 8 points which every non-identity element
has movement m or m — 2. By using [4] and Gap [6], all these groups and their elements
are described in Table 2.

Table 2. Transitive action on 8 points

Number of points =8
Group: Sy Movement= 4
Element Description Movement of Elements
4 cycles of length 2 4
2 cycles of length 3 2
2 cycles of length 4 4
Group: SLy(3) Movement= 4
Element Description Movement of Elements
4 cycles of length 2 4
2 cycles of length 3 2
2 cycles of length 4 4
one cycle of length 2 and one cycle of length 6 4
Group: (Z2)? x Ay Movement= 4
Element Description Movement of Elements
4 cycles of length 2 4
2 cycles of length 2 2
2 cycle of length 3 2
2 cycles of length 4 4
one cycle of length 2 and one cycle of length 6 4
Group: (Z2)? xSy Movement= 4
Element Description Movement of Elements
4 cycles of length 2 4
2 cycles of length 2 2
2 cycle of length 3 2
2 cycles of length 4 4

Example 3.18. From [4], all transitive groups on 12 points were determined. By using
Gapl6], we list the cases in which every non-identity element has movement 6 or 4 In the
Table 3.
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Table 3. Transitive action on 12 points

Number of points = 12
Group: Sy Movement= 6
Element Description Movement of Elements
4 cycles of length 2 4
6 cycles of length 2 6
4 cycles of length 3 4
2 cycles of length 2 and 2 cycles of length 4 6
Group: Ay Movement= 6
Element Description Movement of Elements
6 cycles of length 2 6
4 cycles of length 3 4
Group: S; Movement= 6
Element Description Movement of Elements
6 cycle of length 2 6
4 cycles of length 2 4
4 cycles of length 3 4
2 cycle of length 2 and 2 cycles of length 4 6
2 cycles of length 5 4
2 cycles of length 6 6
Group: Aj; Movement= 6
Element Description Movement of Elements
6 cycle of length 2 6
4 cycles of length 3 4
2 cycles of length 5 4
Group: (Z4)? x S3 Movement= 6
Element Description Movement of Elements
4 cycles of length 2 4
4 cycle of length 3 4
2 cycles of length 4 4
2 cycles of length 2 and 2 cycles of length 4 6
one cycle of length 4 and one cycle of length 8 [§
Group: (Z2)? xSy Movement= 6
Element Description Movement of Elements
6 cycles of length 2 6
4 cycles of length 2 4
4 cycle of length 3 4
2 cycles of length 2 and 2 cycles of length 4 6
Group: Zs X Sy Movement= 6
Element Description Movement of Elements
6 cycles of length 2 6
4 cycles of length 2 4
4 cycle of length 3 4
2 cycles of length 2 and 2 cycles of length 4 6
2 cycle of length 6 6
6 cycles of length 2 6
4 cycles of length 2 4
4 cycle of length 3 4
2 cycles of length 2 and 2 cycles of length 4 [§
2 cycle of length 4 4
2 cycle of length 5 4
2 cycle of length 6 6
one cycle of length 2 and one cycle of length 10 [§
Group: Zs X Ay Movement= 6
Element Description Movement of Elements
6 cycles of length 2 6
4 cycles of length 2 4
4 cycle of length 3 4
2 cycle of length 6 6
Group: Zs X Aj Movement= 6
Element Description Movement of Elements
6 cycles of length 2 6
4 cycles of length 2 4
4 cycle of length 3 4
2 cycle of length 5 4
2 cycle of length 6 6
one cycle of length 2 and one cycle of length 10 6

Example 3.19. From [4], all transitive groups on 14, 16 and 18 points were determined.
By using Gapl6], we list the cases in which every non-identity element has movement m
or m — 2 in the Tables 4, 5 and 6, respectively.
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Table 4. Transitive action on 14 points

Number of points = 14
Group: ATL;(Fs) [ Movement= 6
Element Description ‘ Movement of Elements
4 cycles of length 2 4
4 cycles of length 3 4
2 cycles of length 7 6
one cycle of length 2 and two cycles of length 3 and
one cycle of length 6 [
Group: (Z)? x Z; = Fg Movement= 6
Element Description Movement of Elements
‘ 4 cycles of length 2 ‘ 4 ‘
‘ 2 cycles of length 7 ‘ 6 |

Table 5. Transitive action on 16 points

Number of points = 16
Group: (Z2)T x Dy Movement= 8
Element Description ‘ Movement of Elements
8 cycles of length 2 8
6 cycles of length 2 6
4 cycles of length 4 8
3 cycles of length 5 [§
Group: Zy x Fg (Fg = (Z3)? x Z7) Movement= 8
Element Description Movement of Elements
8 cycles of length 2 8
2 cycles of length 7 6
one cycle of length 2 and one cycle of length 14 8
Group: (Z2)" x Zs Movement= 8
Element Description Movement of Elements
‘ 8 cycles of length 2 [ 8 |

6

3 cycles of length 5

Table 6. Transitive action on 18 points

Number of points = 18
Group: S;3 x Aj [ Movement= 8
Element Description ‘ Movement of Elements
8 cycles of length 2 8
6 cycles of length 2 6
6 cycles of length 3 6
3 cycles of length 5 6
2 cycles of length 3 and 2 cycles of length 6 8
One cycle of length 2 and One cycle of length 5 and
One cycle of length 10 8
One cycle of length 3 and One cycle of length 15 8
Group: PSL(2,17) Movement= 8
Element Description Movement of Elements
8 cycles of length 2 8
6 cycles of length 3 6
4 cycles of length 4 8
2 cycles of length 8 8
2 cycles of length 9 8
One cycle of length 17 8

Example 3.20. By Lemma 3.9, [4] and Gap [6], we can describe all transitive group on
20 points which every non-identity element has movement m or m — 2 in the Table 7.



1114 M. Alaeiyan, Murtadha A. Shabeeb, M. Akbarizadeh

Table 7. Transitive action on 20 points

Number of points = 20
Group: Zs X Zy [ Movement= 10
Element Description ‘ Movement of Elements
10 cycles of length 2 10
5 cycles of length 4 10
4 cycles of length 5 8
Group: Zg X F5 (Fs5 :=Zs5 x Zs) Movement= 10
Element Description Movement of Elements
10 cycles of length 2 10
8 cycles of length 2 8
5 cycles of length 4 10
4 cycles of length 5 8
2 cycles of length 10 10
Group: Z4 x F5 (F5 := Zs X Zy) Movement= 10
Element Description Movement of Elements
10 cycles of length 2 10
8 cycles of length 2 8
5 cycles of length 4 10
4 cycles of length 4 8
2 cycles of length 2 and 4 cycles of length 4 10
4 cycles of length 5 8
2 cycles of length 10 10
one cycle of length 20 10
Group: (Z2)T x Dy Movement= 10
Element Description Movement of Elements
8 cycles of length 2 8
2 cycles of length 2 and 4 cycles of length 4 10
4 cycles of length 5 8

4. Proof of Theorem 1.2

Now, we are ready to complete the proof of Theorem 1.2:
Let G, Q and m be as in Theorem 1.2, with n := |Q| and move(G) = m. We consider the
following two possibilities:
Case 1: n is the maximum possible degree as in Lemma 1.1.
A transitive permutation group of degree 3m (which is the bound of Lemma 1.1, for p = 3)
with bounded movement equal to m, were classified in [8] and the examples are as follows:
(a) G:= 83, m=1;
(b) G:= Agor A5, m =2;
(¢) G is a 3-group of exponent 3.
It can be easily verified that the movement of all of these groups are not m or m — 2,
which is a contradiction.
But for p > 5, by Theorem 1.2 of [7], one of the following holds:
(1) |2 =p, m=(p—1)/2 and G := Zy x Zaa, where 2%|(p — 1) for some a > 1.
(2) 19 = 2°p, m =2"p—1), 1 <2° < p, and G := K x P with K a 2-group and
P =7, is fixed point free on €2; K has p-orbits of length 2%, and each element of K moves
at most 2°(p — 1) points of .
(3) G is a p-group of exponent bounded in terms of p only.
By Theorem 1.1 of [3], all groups in part (1) and part (3) are examples in which every
non-identity element has the same movement equal to m. In part (2), suppose that each
element of K moves at least 2°k points of 2, where £ < p — 1 is an integer. Now, if
every non-identity element of G has movement m = 25~(p — 1) or m — 2 = 25!k, then
2571(p — 1 — k) = 2. Hence s < 2. According to Lemma 3.13, we have G = (Z2)* x Zs for
s = 1. If s =2, then we have kK = p — 2 but we do not know any examples.
Case 2: n is not the maximum possible degree as in Lemma 1.1.
Let 1 # g € G. Then by Proposition 2.3, g in its disjoint cycle representation has either
one cycle of length 4p, one cycle of length 25, one cycle of length 4 and one cycle of length
5, two cycles of length 9, one cycle of length 20 and one cycle of length 5, two cycles of
length 2p, one cycle of length 2 and one cycle of length 2p, two cycles of length 2 and one
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cycle of length 5, two cycles of length 3 and one cycle of length 4, two cycles of length 3
and one cycle of length 5, two cycles of length 3 and one cycle of length 12, two cycles
of length 10 and one cycle of length 5, two cycles of length 2 and two cycles of length 3,
two cycles of length 3 and two cycles of length 6, one cycle of length 15 and one cycle of
length 3, the disjoint product of three cycles, one cycle of length 2, one cycle of length 5
and one cycle of length 10, the disjoint product of four cycles, one cycle of length 2, two
cycles of length 3 and one cycle of length 6, (s — 1)—cycles of length a power of 2 and one
cycle of length 4 for s > 2, (s — 2)—cycles of length a power of 2 and two cycles of length
2 for s > 3, multiple cycles of length ¢ (for some prime ¢) or multiple cycles of length
a power of 2, say 94p, 9255 94,55 99,9, 920,55 92p,2ps 92,2ps 92,2,5, 93,3,4, 93,35, 933,12, 910,10,5,
92.3,2,3, 936,365 93,155 92,5105 93,2,3,6, J3a 45 G3a 2,95 Jg» J3a, respectively.
Let G be a transitive permutation group on a set {2 and move(G) = m. By definition of
move(G) and Proposition 2.3, we have,
m € {2,4,6,8,12,2p,p+ 1,2+ (s — 1)2%1,2 4+ (s — 2)20~ 1, ‘g(q;l), 2011,
First suppose that m = 12. Then gos, g20,5, 910,105, 95 (s = 12), g5(s = 12) or gi (s = 7)
could belong to G. If g5(s = 12) € G, sine G is transitive, then G must have an element
whose form is a cycle of length 36, say g/, hence move(g/) = 18, which is a contradiction.
Hence from Lemma 1.1, | Q [< [2 x 12 x 5/(5 — 1)| = 30. Therefore, by Lemma 3.7 and
Example 3.15 G = Zss, D5g or GG is one of groups listed in Table 1.
Let m = 10. Then g9, g2 * (s = 10),93 * (s = 10),910,10,91(5 = 5),9122(s = 6) could
belong to G. Thus by Lemma 1.1 | € | is at most 30. Therefore, by Lemmas 3.1, 3.8, and
3.10, Examples 3.14 and 3.20 G is Zsg, Don,n = 10, Zy x D1g, (Z5)? x Zj, where k = 3,5
and one of groups listed in Table 7, respectively.
Let m = 8. Then g99, 933,12, 93,6,3,6, 93,15, 92,5,10, 92,14 could belong to G. Sine the least
odd prime dividing |G| is either 3,5 or 7, by lemma 1.1, | Q | is at most 24. Thus by [4]
and [6], G is one of the groups listed in Tables 5 and 6.
Let m = 6. Then gs6, 912, 92,10, 93.2,3.6, 92,2.4.4, 94,8, 95 (s = 6),95(s = 2), g{3(s = 1) could
belong to G. Hence G is a transitive group on 12,13 or 14 points and the least odd prime
dividing |G| is 3 or 5. So by lemma 1.1, | Q |< 18. Therefore by Lemmas 3.1 - 3.10 and
Examples 3.18 and 319, G is Zu, Zlg A Zlg, Zlg X ZG: Zl3 bl Zg, D12, Z4 X DG or one of the
groups listed in Tables 3 and 4.
Let m = 5. Then g9 3 € G and |  |< 15. However, by [4] there is not such a group G.
Let m = 4. Then g44, 945, 92,6, 92,2,5, 93,345 93,35, 92,2,3,3, Y4,22(s = 3), 93(s = 4), g5 (s = 2)
could belong to G. If g4 5,9225 € G, since G is transitive, then by Theorem 2.4 G must
have an element whose form is a cycle of length 9, say g, hence move(g3) = 3, which
is a contradiction. Therefore GG is either transitive on 10 points and by Lemma 3.13,
G = (Z2)* x Zs, or G is transitive on 8 points and G is one of the groups in Examples
3.16 and 3.17.
If m = s2¥ (s > 1) and G consists precisely of the elements of the form g3, then G is a
2-group, which is not included in our classification. Since every non-identity element of G
has the movement m or m — 2, s must be a prime integer and |  |= 2¥*1s. Therefore by
case 1 (2), k=0,s =5 and G = (Z3)* x Zs.

s(g—1)

Let m = —5 and g; € G, then G is transitive on sq points. Let G is not a g¢-

group. If G has an element whose form is a cycle of length sq, say ¢, then (g/)q is
a product of ¢ disjoint cycles of length s, and move((g')?) = qL%J If s is even, then

Imove(g') — move((g')9)| = ; Thus s = 4 and by Lemma 4.7 of [3], n is the maximum
possible degree and the groups satisfying in this case are those mentioned in Case 1. If s is
odd, then |move(g') —move((g')9)| = |move(g') — move((g)*)| = 2 implies that s = p = 5,
which is a contradiction. Let ¢ ¢ G and g;,9; € G . Then by Lemmas 3.5 and 3.6,
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G = Z7 x Z3 and Zg % Z, where p,q = 4p + 1 are prime integers.

Let m = 2p. If g4, € G, then with this guess that G is a cyclic group we have G = Zy,.
Otherwise, G must consists precisely of those elements whose forms are gap 2y, g, (s = 4)
and g5 (s = 2p) and it also has a subgroup isomorphic to Zs x Z,. Hence by Lemmas 3.10
and 3.12 G = Zy4 x Doy, and Zy X Z;, X Z4, respectively.

If g; € G, where ¢ = 4p+ 1 is prime, then G is transitive on 4p + 1 points and by Lemma
3.3, Corollary 3.4 and Lemma 3.6, we have G = Zg X Zgq_1,Zq X Lop, Lg X Ly (4| p — 1),
respectively. If gap, gap+1 ¢ G, then gop 9, € G and by Lemmas 3.2, 3.8, 3.9, 3.11 and 3.12
G = ZoxZap, Doy (n = 2p), ZyxZy, (Z3)*xDapand (Z2)?>xZ,xZ4(4 | p—1), respectively.
Now suppose that gup, gap+1,92p.2p & G. Then g, (s = 4),g5(s = 2p), g5.(s = p) € G, and
by Lemma 3.9, G = Zg X Zj.

If m = p+ 1, where p is prime, then | Q |= 2p + 2 or 2p + 3. By Theorem 2.4, there
exists an element g € G of prime-power order without fixed points. First suppose that
| Q |= 2p + 2. From Proposition 2.3, we have o(g) = 9,25 or ¢, where ¢ is an odd
prime. Therefore 2p + 2 = 18,25 or sq for some s > 0, respectively. Since p is prime,

—1
2p + 2 # 18,25. Hence 2p + 2 = sq and move(g) = s Ass> 0, move(g) #p+ 1. So
qg—1

S

= p — 1. This implies that s = 4. Hence p = 5,¢ = 3 and G is one of the groups

listed in Table 3, or from the previous case, we have G = Zyq, Zy X Z4 or Doy, where
n = 2q. Suppose now that | Q |= 2p + 3. By the same argument there exists an element
g € G of prime-power order without fixed points. So o(g) = 9,25 or ¢ and 2p + 3 = 18,25
or sq for some s > 0. Clearly, 2p + 3 # 18. if 2p 4+ 3 = 25, then m = 12 and the argument
given above for m = 12 implies that G = Zss5, Ds5p or one of the groups in Table 3. If

. If move(g) = p+ 1, then

2p + 3 = sq, where ¢ is an odd prime, then move(g) = sq

s =1 and o(g) = 2p + 3 is prime. However, by case 1 (1) every non-identity element has
q —_—

the same movement equal to p + 1. Therefore move(g) = s = p — 1. This implies

that s = 5. Since 4 | 2p + 2, we can assume ¢ — 1 = 2% (a > 2) and G has an element g
bq—1 =5+ i This implies
q—1 q—1

that ¢ — 1 | 4. Therefore ¢ = 5 and G is a transitive group on 25 points, which is classified
in the case m = 12.

Let m = 2+ (s —1)2* ! and g3., € G (s > 1,a > 2). Since G is not a 2—group,
there is a prime number p and an element h € G such that plo(h). By Proposition
2.3, h can be one of the elements ga)2p, 922y Or g,. Since we have already checked the
assumption that move(h) = m, we only deal with move(h) = m — 2. If h = g2 25, G2,2p,
then m — move(h?) = 4, which is a contradiction. Thus let h be the product of A disjoint
cycles of length p. So move(h) = A% =m —2=(s—1)2%"1. By Theorem 2.4, we have
Ap<|Q| =4+ (s —1)2% If Ap=|Q| =4+ (s —1)2%, then

as a product of k disjoint cycles of length ¢ — 1. So k =

Ap=|Q|=4+(s—1)2"=44+Ap—-1) = A=4 = m=2p.

If Ap < |Q] =4+ (s —1)2%, then A < 4.

Let A =1, then |Q] = p+3,m = # and G = (gp, g5a 4), where 2%[p — 1. Now let
A = 2. Then |Q] = 2p+ 2,m = p + 1, which has already been discussed. If A = 3, then
Q=3p+1,m= % and G = (g,(s = 3), g5a 4), where 2%|p — 1, 3|s — 1.

Let m =2+ (s —2)2° ! and g. 55 € G (s> 2,a>1). A similar argument to the above
paragraph implies that |Q| = 4p,m = 2p, or |Q| < 4p. The former case has been checked.
In the latter case, we have Ap < [Q =4+ (s —2)2° =4+ A(p — 1). therefore A < 4.
If A=1, then |Q =p+3,m = % and G = (gp, g3a 99), where 2%|p — 1. If A = 2,
then [ = 2p+2,m =p+1, G = (gpp,Ga02) and gop ¢ G, Finally, if A = 3, then
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Q| =3p+1,m=32 G= (95 (s = 3),93a 9.9) Where 2%|p — 1,3|s — 2 and g3 ¢ G. This

2

completes the proof of Theorem 1.2.

1]
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