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Abstract

In this study, it has been researched the exponential curve as a 3™, 5 and 7'* order Bézier curve in E2. Also,
the numerical matrix representations of these curves have been calculated using the Maclaurin series in the
plane via the control points.
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1. Introduction and Preliminaries

Bezier curves have special mathematical representations and are obtained with the help of polynomial functions. Since these
curves are used in computer aided geometric design and modelling [1], they have an important place in applied fields. The
Bezier curve has a control polygon that contains it, and only the start and end points are on the curve, so it provides an advantage
in terms of use in modelling. Thus, it provides the opportunity to make the desired changes over the control polygon. Users
outline the wanted path in Bézier curves, and the application creates the needed frames for the object to move along the path.
For three dimension animation Bézier curves are often used to define 3D paths as well as two dimension curves for keyframe
interpolation. Apart from the Bézier-curves’ frequent use in applied sciences, the theory has been studied by many researchers
in mathematical points of view. The matrix form was first coined in [2]. The derivatives of the Bezier curves in matrix notation
was studied in [3]. Particularly, the 5" order Bezier curve and its derivatives were studied by matrices in [4]. Besides, it has
been investigated approximation methods in matrix form for Helix, sin waves and cosin curves by different order Bézier curves
in [5-7]. The curve is also subjected to the differential geometry. For example: In [8], A dual unit spherical Bézier-like curve
corresponds to a ruled surface by using Study’s transference principle and closed ruled surfaces are determined via control
points and also, integral invariants of these surfaces are investigated. In [9], Bezier-curves with curvature and torsion continuity
has been examined. In [10-12], Bezier curves and surfaces has been given and Bezier curves are designed for Computer-Aided
Geometric [13]. Recently equivalence conditions of control points and application to planar Bézier curves have been examined.
In [14], Frenet apparatus of the cubic Bezier curves has been examined in E 3. In here, first 5 order Bezier curve and its first,
second and third derivatives have been examined based on the control points of 5" order Bezier Curve in E>. Subsequently,
in [15, 16] involutes of cubic Bezier curves, in [17] and [18] the Bertrand and the Mannheim mate of a cubic Bézier curve by
using matrix representation have been researched in E3. In [19], it has been researched the answer of the question “How to find
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a n'" order Bezier curve if we know the first, second and third derivatives?”.

Generally Bézier curves can be defined by n+ 1 control points Py, Py, ..., P, with the parametrization
SHEAW n—i
B()=) () (=0""([P] (L.1)
i=0

In this study, it will be researched the exponential curve as a 3", 5 and 7" order Bézier curve in E2. Also, the numerical
matrix representations of these curves will be calculated via the control points. For more detail, see respectively [20,21].

It is well known that Taylor series of a function f (x) = Z @ (a) (x;?) is an infinite sum of the functions derivatives at a
n=0

single point a, also a Maclaurin series f (x) = Zf () (0)
n=0

X

27 is a taylor series where a = 0.

2. The Curve ¢* as a Cubic Bézier Curve
We will examine the curve ¢* as a cubic or 3" order Bézier curve.

Theorem 2.1. The numerical matrix representation of the curve f (x) = €* as a cubic Bézier curve is

T

3 -1 3 -3 1 1

2 3 =6 3 0 L4

AN 3
(Be) =, 3 3 0 0 %%gl
1 1 0 0 0 18

where the control points Py, Py, P», and P; are

Py 0 1

I lgl
P | % §1
P; 1 3

Proof. For €* function cubic Maclaurin series expansion is
T =1+x+ ﬁ + xj
IR TR TR

It can be written as in parametric form and a 5 degree polynomial function

23
t t
N _ _ 3 2
(1,¢') = <t, Lrrd o+ 3'> = (r,a3t° +azt” + art +a) .
Also this can be written as a cubic Bézier curve in matrix representation with the coefficients
1
asz = ?7
az = 21
a) = 1,
ag = 1.

Hence we get the following equation

)= (

R
Py
P,

2 l‘3
T,1+I+E+§
#1°To &
12 0 5
t 1 1
1 0 1
00 0 1
0 0 11
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1 1 1 1
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where the coefficients matrix of any cubic Bézier curve and inverse matrix are respectively

-1 3 -3 1 00 0 1
3 -6 3 0 -1 0 0 1 1
371 3 _
[5°] = -3 3 0 0} 5] = 0 1 % 1
1 0 0 0 11 11
For more detail see in [18]. O

3. The Curve ¢“*? as a Cubic Bézier Curve

Theorem 3.1. The numerical matrix representation of the curve f (x) = e™ b as a cubic Bézier curve is

3 T Py

2
artb) _ | ¢ 3 Py
(t’e ) o t [B ] P,
Py

where the control points Py, Py, P», and P; are

Py 0 eb

Pl _ |3 j¢ (a+3)

P | % %eb (a2—|—4a—|—6)
P 1 éeb (a3+3a2+6a+6)

Proof. Taylor series of a function is an infinite sum of terms of the functions derivatives at a single point a , also a Maclaurin
series is a taylor series where a = 0. 5th degree Maclaurin series expansion for the function e™*? is

b ) (o X

— pax — n O -

S =t = s O
2 3
:eb+aebx+azeb%+a3eb%.

It can be written as in parametric form and a cubic polynomial function

3.b 2 b
a’e a‘e
(t,e‘””’) = (t, 7t3 + z‘tz—l—aebt—i—eb)

= (a3’ + axt* + art +ag) .

Also this can be written as a cubic Bézier curve in matrix representation with the coefficients

3,b
_ae
as = =3,
2,b

_ a’e
az = 5,
a; = ae’,
a():eb.

Hence we get the following equation

#7170 “;b £ -1 3 -3 17[n
s o <L |_|7 3. -6 3 0| A
t 1 ad® | -3 3 0 0P|
1 0 e 1 0 0 0][P
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P [0 0 0 1 0 <2
1 2 b
pi_ |0 (1) 3 1 0 <
P 0 3 5 1 1 ae
P3 1111 0 &
[0 e
B i 1 (a+3)
B 5 %eb (a2+4a+6)
! %eb (a®+3a>+6a+6)

4. The Curve ¢* as a 5" Order Bézier Curve

Now, we will examine the curve e as a 5 order Bézier curve. We have already known that the matrix representation of
a(t) = (t,ast® +agt* + a3t + axt® +aty +ap) is

tS T Py
* P
3
t 5 P
OC(I) - 12 [B } P
t Py
Ps

where the coefficient matrix and inverse matrix of 5 order Bézier curve are

-1 5 -10 10 -5 1 00 0 0 01
5 -20 30 -20 5 0 00 0 O % 1
— 1
[35}: —-10 30 -30 10 0 0 [35] I |00 0 5 !
10 20 10 0 0 0}/ 00 & 7 2 1
-5 5 0 0 0 O 0+ £ 2 21
10 0 0 0 0 111 1 11

Theorem 4.1. The numerical matrix representation of the curve f (x) = * as a 5" order Bézier curve is

A1 -1 5 —10 10 =5 1 0 0

4 5 -20 30 -20 5 0 % é

(1.e') = £3 ~10 30 -30 10 0 0 i3
’ t2 100 20 10 0 0 0 2 5

t -5 5 0O 0 0 0 Ll
1 1 0O 0 0 0 0 1 }T(%

where the control points Py, P, P>, P3, Py, and Ps are

Py 0 O
RN
Sl=l1 3
sl |1 %
Py 505
ps 1 19

Proof. 5th degree Maclaurin series expansion for the function ¢* is

¥ o X
X J— - i J—
e 71+x+2!+3!+4!+5!.
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It can be written as in parametric form and a 5" degree polynomial function

I S A
(te)=(t,1+t+=+=+—+— =<tat5+at4+at3+at2+at+a>
) ) 21 31 41 51 s U5 4 3 2 1 0)-

Also this can be written as a 5" order Bézier curve in matrix representation with the coefficients

[a5 as asz dz daj ao}:[% % % % 1 1}.
Hence we get the following equation
N (i1 S A A
(t,e)— t, +t+§+§+ﬂ+§
TS0 4 A1 -1 5 —10 10 -5 1 P
tt 0 4 t 5 -20 3 -20 5 0[P
8 0 % | _ |7 -10 30 -30 10 0 0 P
|2 0 5 | |7 10 -20 10 0 0 O P |’
t 11 t -5 5 0 0 0 0 Py
1 0 1 1 1 0 0 0 0 0 P
(] [O O 0 0 0 17[0 &
Py 00 0 O % 1 0
| |00 0 & 5 1 0 5
- 1 3 : )
pllsYww g |0
Ps 11 1 1 11 0 1

solving these equation we obtained the control numbers

Py 0 1
P 16
P R
L 1=13 B
Py 4 &
5 40
Ps 118

T
L
T
=
(=)

5. The Curve ¢~ *? as a 5" Order Bézier Curve

In this section we have investigated the curve e®**? as a 5 order Bézier curve.

(x) = ™7,
() = ae™*,
£ (x) = d2e™ P,
£ (x) = e TP,

fO (@) =ate ™,
f(s) (x) = aSeax-k—b’
FO (x) = aet?,
f(7) (x) = al e th.
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Theorem 5.1. The numerical matrix representation of the curve f (x) = ™+t as a 5™ order Bézier curve is

A1 =1 5 —10 10 =5 1 Py

4 5 20 30 -20 5 0 P

(t eaf+b) |2 -10 30 -30 10 0 0 P,
’ 2 10 =20 10 0 0 O P

t -5 5 0 0 0 0 P

1 1 0 0 0 0 0 Ps

where the control points Py, Py, Py, P3, Py and Ps are

P 0 eb

Py 1 (Cl + 5)

p| % 0 (a +8a+20)
P2 aie’ (a® +9a* +36a -+ 60)

P 2 20 (a +8a3 + 3642 + 96a + 120)

ps 1 Z5€ (a® +5a* +20a> + 60a* + 120a + 120)

Proof. Taylor series of a function is an infinite sum of terms of the functions derivatives at a single point a , also a Maclaurin
series is a taylor series where a = 0. 5th degree Maclaurin series expansion for the function e is

xn
f ax+b Z f

5
X
:eb+aebx+a e 2 +a e —Jra e —Jraseb—

31 4! 31
and it can be written as in parametric form and a 5" degree polynomial function
5,b 4 b 3,b 2,b

(t,eat+b) _ (t7a; t5+a4e‘z t4+a; t3+a2~“3 t2+aebt+eb)

= <t,a5t5 +a4t4+a3t3 +a2t2—|—a1t+a0) .

Also this can be written as a 5 order Bézier curve in matrix representation with the coefficients

5,b 4 ,b 3,b 2,b
[as ar a3 ay a 00}2{—“? e af o geb eb}.

Hence we get the following equation

5_b 4 b 3 b 2 b
(t,e“”'b) = (t, a; t5+a4f t4+a; t3+a; t2+ae”t+e”>
s17[0 % AS1°7T -1 5 —10 10 -5 1][hR
* 0 << * 5 —20 30 -20 5 0||A
| o @< | | -10 30 30 10 0 0 P
= 2 o 20 | T2 0 -2 10 0o o o||mp|
t L b t -5 5 0 0 0 0 A
0 o 1 1 0 0 0 0 0]]|nm
R 000 0 o0 17[0 2
P 00 0 0 L 1 0 <<
| _|00 0 g % 1 0 <<
By 05 5 5 5 1|1 a
Ps 1 1 1 1 11 L0 o |
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PQ 0 eb
P, % eb+§aeb
P | § %ebnﬂ—&—geba—i—eb
P % &eba3+£—oeba2+%eba+eb ’
Py % %eba“—&—%ebcﬁ+%eba2+%eba+eb
1 b5 1 b4, 1,b3 1,b,2 b b
Ps 1 ppe’a + yze’a’ +ge’a’ +5e’a” +-e’a+e
oo n
£ =Y (0)%

x" x" x" x" x" x" x"
f(x) — euerbi _"_aeaerhi _|_azeux+b7 +a3eax+b7 _~_a4eax+h7 +a5eax+h7 _|_a6eux+b7

0! 1! 2! 3! 4! 5!

6. The Curve ¢* as a 7" Order Bézier Curve
Theorem 6.1. The matrix of any 7" order Bézier curve is

(o) G
0 =
(0 () ()G
T T R ) GV =) W63 0
-0G) ()0 -0 (63 0 0
GG ~(Gs) (63 0 0 0
Gl G 0 0 0 0
L G 0 0 0 0 0
[ —1 7 21 35 -35 21 =7 i

7 —42 105 —140 105 —42
-21 105 -210 210 —105 21
35 —-140 210 —140 35 0

[eNeoNeBoNe e
S OO OO oo~

=35 105 —-105 35 0 0
21 —42 21 0 0 0
-7 7 0 0 0 0

1 0 0 0 0 0

Also the inverse matrix of 7" order Bézier curves in E? is

00 0 0 0 0 0 17

00 0 0 0 0%1

00 0 0 O 521

-1 o0 o o L L 27
8] = 1% 5]
0 0 0 35 35 7 71
oo L L 2 10 5 4
Y

037 5 35 7 5 7 1

11 1 1 1 1 1 1|

Now, we will examine the ¢* curve as a 7" order Bézier curve.

< +a7eax+b‘%.
O
Q6D O
(6) (7—7 0
0 0
0 0
0 0
0 0
0 0
0 0




A Modelling on the Exponential Curves as Cubic, 5" and 7" Bézier Curve in Plane — 74/77

Theorem 6.2. The numerical matrix representation of the curve f (x) = ¢* as a 7" order Bézier curve is

r alel T T
T 0 ST 77 [Py ]
aﬁeb 0
1° 0 ‘o 10 Py
r 0 uS(,') o P,
4 b 4
t 0 << t 7 P;
te) = 7 = B
(7 ) t3 0 Beb t3 [ ] p4
]
12 ag’el’ 12 Ps
t 0 % t P
b 7
1 1 ae 1 P,
L J i 0 eb ] L a L ;.

where the control points Py, P, P»,...,P; are

T
P = o
P; 1 %
. ] &
S ISR
b .
Ps 5 %TS
P 6 11743
7 5&)40
IR D S B~

Proof. 7™ degree Maclaurin series expansion for the function ¢* is

f_q x2 x3 x4 xS )C6 )C7
e = +X+2*!+§+4*!+§+a+ﬂ

and it can be written as in parametric form and a 7" degree polynomial function

23 4 50 60 T
(t,¢') = 3 WL L AT L :(raﬂ+ut6+aﬁ+ﬂt4+aﬁ+ﬂt2+at+a)

’ ’ 203 T T s e T (A7 T Aeh At Al At @l A Ao )
Also this can be written as a 7' order Bézier curve in matrix representation with the coefficients. Hence we get the following

equation

(nﬁ:@lﬂ+ﬂ+ﬁ+ﬂ+ﬁ+ﬁ+ﬂ)
’ ’ 203141750 6! T
71770 %'T T 777" [Pyl
1° 0 & 1° 2
AL I L
1o lod] =] Fla|
1? 0 % 12 Ps
t 11 t Py
1] Lo 1] 1] | P
Rl [0 O 0O 0 0 0 0 1770 47
P 00 0 0 0 O il 0 &
P 00 0 0 0 5 7 | 0 5
P, _|0 0 0 O % i7 1 0 4
Py 00 0 3 = = 21 0 5
AR R
By 07 7 3 7 3 7 L1
L~ L1111 1 1 1 1)[0 1]
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7. The Curve ¢’ as a 7" Order Bézier Curve

In this section, we will research the curve ™% as a 7" order Bézier curve.

7
flo)=ett =} r
n=0
6 X/

3 4 5
ax+b ax—+b 2 ax+b”X 3 aerb)L 4 ax+bx7 5 ax+b£ 6 bi 7,0
+ae x+ae 2!+ae 3!+ae 4!—|—ae 5!+ae 6!+ae TR

ax+b

Theorem 7.1. The numerical matrix representation of the curve f (x) = e as a 7" order Bézier curve is

771 -1 07 =21 035 =35 21 -7 11[R]
16 7 —42 105 —140 105 -42 7 0 || A
£ 21 105 -210 210 —105 21 0 O || P
at+b * 35 —140 210 —140 35 0 0 0 P;
(”e ’ ) =al)=| 3 35 105 —105 35 0 0 0 0/||m
12 21 —-42 21 0 0 0 0 0 Ps
t 77 0 0 0 0o o0 ol|m

B 0 0 0 0 o 0 o0]|P]

where the control points Py, P, P>,...,P; are

[Py 0 el )
P 1 e + aeb
P, % 42e a+ ze ba+eb
Py |35 Z}Oebag + 14ebaz—|— 3(3 a+eb
P | % 8‘lmeha +105eha3—|—7 a2+ eba+ el
Ps % 25120eba + légeba“—i— 2leba3 + 57 ebaz—i— 5e a+e
Py 3 501406 a®+ 4206 ba + 566/5‘14Jr 1eba3+ 154teb‘12Jr gela+e’
L P, 1 ! S(}4Oeba7+7éoeba6+ léoebas—&—zaeba + leba3+ leba2+e a+e

Proof. 7" degree Maclaurin series expansion for the function e+ is

b _
f et Zf
2 B “ ¥
f(x) _ eax+b Jraea}c—&-bxJraZea}H—b +a3eax+b7 +a4eax+b7 +aSeaxH; Jra e il Jra7eb7’
2! 3! 4! 5! 6! 7!
and it can be written as in parametric form and a 5" degree polynomial function
2 ax+b 3 ax+b 4 ax-+b 5 ax-+b
at+b at+b artb, | &€ 2 de 3, 4a¢€ 4 e 5
(t, ) (te +ae r+ o -+ 3 "+ a0 "+ 5
£’ 6 S5 ,ax+b ax—+b ax+b ax—+b
t a’e a*e ale a’e
6 ,b° 5 4 ax—+b ax—+b
(lae7'+aeé‘+ 51 r+ a0 "+ 3 £+ o * +ae t+e )

= <t,a7t7 +a6t6+a4t4 +a3t3 +a2t2+a1t+ao) .

Also, this can be written as a 7' order Bézier curve in matrix representation with the coefficients. Hence we get the following
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equation
5 jax-+b 4 ax+b 3 ax+b 2 ,ax+b
ar+b\ _ ae 5,4¢€ 4 ae 3, a¢€ 2 ax+b ax+b
(t,e )7 (t, 31 "+ a0 "+ 3 "+ 2 " +ae t+e >7
7107 7" Ry
10 0 ‘o 10 P
l5 0 % l‘5 P
4 4 b 4
a+b) _ |t 0 << | _ |t 7| B
(e )= 6| [0 | =|e| BT A
r? 0 é r? Ps
t 2! t P7
1 ae’
L 1 d 0 @b L 1 d L P7 J
S ST ¢ "
Py 00 0 0 0 0 01 R
P 00 0 0 0 0 i 1 0 E
P 00 0 0 0 5 71 0 %=
| _|0 0 O (1) é i 1 1 0 aj‘e;b
Py 0 0 O 335 35 7 Z 1 0 (l;f',’b
P oo L L 2 10 5 4 5
, T S S S ' 0 %
i 6 07 7 7 37 7 371 | ae
N
R] [0 e 1
P % LeP(a+7)
P 7 ieb (az +12a +42)
P _ |z st5€” (@® +15a% +90a +210)
7 I - a0 (a* + 164> 4 120a* + 480a + 840) ’
Ps 2 se¢” (@ + 15a* 4 120a® + 600a> + 1800a +2520)
Ps 8 so€ (a®+12a° +90a* + 4804 + 1800a> + 43204 + 5040)
LB L1 ige? (@ +7a® +42a° +210a* + 840a® + 2520a% 4 5040a + 5040) |
and so, the result give us the proof. O
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