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Abstract

In this article, we will examine some classes of symmetric numerical semigroups and half
of them, which are a class of irreducible numerical semigroups such that U =< a,a + 1 > and

U =< a,a + 2 > symmetric numerical semigroups, respectively.
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Bazi Simetrik Sayisal Yar1 Grup Simiflarina iliskin Bir Not
Oz
Bu makalede, indirgenemez sayisal yarigruplarin bir sinifi olan sirasiyla U =< a,a + 1 >

ve U =<a,a+ 2> seklindeki simetrik sayisal yarigruplar1 ve onlarin yarisi1 olan sayisal

yarigruplari inceleyecegiz.

Anahtar Kelimeler: Sayisal yarigrup; Bosluk; Miikemmel; Simetrik; indirgenemez say1sal

yarigrup.
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1. Introduction

Numerical semigroups naturally arose as the set of values of d which have nonnegative
integer solutions to Diophantine equations of the form cyx; + cyx,+... +c,x,, = d, where
€1,Cy,.--,cnp EN (here N denotes the nonnegative integers). We reduce to the case
gcd(cy,cy,...,cy) = 1. Frobenius asked what is the largest integer d such that a given equation
has no solutions over the nonnegative integers. Sylvester and others solved the n = 2 case, and
since then finding the largest such d has been known as the Frobenius problem (The case n = 2
corresponds to a numerical semigroup S produced with two elements, which is called a symmetric
numerical semigroup). A through introduction to the Frobenius problem and related topics are

givenin [1].

The numerical semigroups have an important role in commutative algebra and algebraic
geometry. In addition, Bertin and Carbonne [2], Delorme [3], Watanabe [4] et al. have
successfully described the properties of numerical semigroups that are compatible with numerical
semigroup rings related to various classifications in ring theory.

Numerical semigroups are also used to analyze singularities on planar algebraic curves.

The numerical semigroups associated with these planar curves are irreducible.

A numerical semigroup is irreducible if it cannot be expressed as an intersection of two
numerical semigroups containing it properly. There are two families of numerical semigroups of
particular importance in the theory of irreducible numerical semigroups. These are symmetric and

pseudo-symmetric numerical semigroups (for details, see [5-7]).

Recently, some applications to coding theory and cryptography have emerged. The reason
for this is the use of algebraic codes and Weierstrass numerical semigroups. The goal here is to

find the properties of the codes in terms of a corresponding numerical semigroup (for details see

[8, 9)).

Let N and Z be non-negative integers and integers set, respectively. U € N is called a

numerical semigroup if it satisfies following conditions
1)0€eU,
2) uy + u, € U for allu,,u, € U,
3) Card(N\U) is finite.

The Frobenius number of S is
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fU) =max{x € Z:x ¢ U}
and the element number of U is
n(U) = Card({0,1,2,..., f(U)} N U).
If Uis a numerical semigroup such that U =< uq,u,,..., u, >, then we write that
U=<uquUy,...,u, >={cy = 0,¢1,€2,-.,Cn-1,Cn = fu)+1,-...}

where u; < u;.q,n =n(U), and the arrow means that every integer greater than f(U) + 1
belongsto U, fort = 1,2,...,n = n(U). Here, we say the number C(U) = f(U) + 1 is conductor
of U ([10, 11]).

Let U =<uy,uy,...,u, > be a numerical semigroup. Then the numbers m(U) =
min{x € U:x # 0} = u, and e(U) = k are called multiplicity and embedding dimension of U,
respectively. On the other hand, for numerical semigroup S it is known that e(U) < m(U). If
e(U) = m(U), then we say U has maximal embedding dimension. The numerical semigroup U
is called symmetric if f(U)—b €U for all b € Z\U. It is known that U =< uy,u, > is
symmetric numerical semigroup and f (U) = u u, — u; — u,. Also, a numerical semigroup U is

pseudo-symmetric if f(U) is even and the only integer such that b € Z\Uand f(U) —b ¢ U is

b= % (for details see, [12, 13, 14]). On the other hand, we define the numerical semigroup% =
{x e N:gx € U}. Itisclearthat U < %, for g > 0,q € N. If g = 2 then the numerical semigroup
%is called half of U. If v|m then% c % for v,m € N\{0} and also if g € U then we find % =N

([15]).

Let U be a numerical semigroup. The element zisagap of U if z € Nbutz ¢ U, we denote
the set of gaps of U, by H(U), i.e. HU) = {z € N: z & U}. Here, z € H(U) is called isole gap if
z—1,z+ 1€ U. Thesetofisole gaps of U isdenoted by I(U),i.e. [(U)={z€ HU):z—1,z+
1 € U}. Also, the numerical semigroup U is called perfect if I(U) = ¢ (for details see [16, 17,
18]).

In this study, we will examine some classes of symmetric numerical semigroups and half
of them, which are a class of irreducible numerical semigroups such that U =< a,a + 1 > and

U =< a,a + 2 > symmetric numerical semigroups, respectively.

2. Main Results
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Theorem 2.1. ([5]) Let U be a numerical semigroup. Then,

(@) If £(U) is a odd integer then U is irreducible if and only if for all h, k" € Z, such that
h+ h'= f(U), we have that either 7 € U or k' € U (that is, U is symmetric).

(b) If £(U) is an even integer then U is irreducible if and only if for all h, h' € Z\ {f(U)}

such that 2 + 4’ = f(U), we have that either 2 € U or 1’ € U (that is, U is pseudo-symmetric).
Theorem 2.2. If U =< a,a+ 1 >, wherea > 1 and a € N, then we have I(U) = {f (U)}.
Proof. Let U =< a,a + 1 > be a symmetric numerical semigroup. Then, we write

U=<aa+1>={0,a,a+12a,2a+12a+2,.. ,a?—a—2,a? —a, ...}
f(U)y=a*-a-1

and

HU)={123,....,.a=1,a+2,...,a> —a—1}.
In this case, we have

I(V)={z€eHWU):z—1,z+1€U}={a’> —a—1} = {f(U)}.
Corollary 2.3. If U =<a,a+1>,wherea > 1anda € N, then U is not perfect.

Theorem 2.4. LetU =< a,a + 1 > be asymmetric numerical semigroup, wherea > 1 anda €

N. In this case,

(1) If a > 2 is even number then % =< % a+1>,

(2) Ifa > 1isodd number then - =< a—+1 ,a >,

Proof. Let U =< a,a + 1 > be a symmetric numerical semigroup, where a > 1 and a € N. In

this case,
(1) Ifa > 2iseven number then > € N. Thus,
x E< %,a +1>< 3p;,p, ENx = (%)Ih + (a + Dp,
o2x=(@p;+(@+1)2p, E<aa+1>=U

U
S X E—
2
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(2) If a > 1 s odd number then = € 1. So,

y €< aTH,a > vy, v, ENy = (aTH)vl + (a)v,

o2y=(a+ v+ (@2v,eE<a,a+1>=U
u
(:)yE;

Theorem 2.5. If U =< a,a + 1 > be a symmetric numerical semigroup, where a > 1 and a €

N, then the numerical semigroup % is not perfect.

Proof. Let U =< a,a + 1 > be a symmetric numerical semigroup, where a > 1 and a € N.

Then, from Theorem 2.4we write that

(1) If a > 2 is even number then % =< %,a +1>,

a+1
—,a >.

(2) If a > 1 is odd number then % =<=

In this case,

(1) If a > 2 is even number then

< a+1> 0 aa+1 +1,2a,2a+ 1 i a 2 i a
— — — — - e — — — - ...
2 2’ ’2’ ’ ’2’2 ’ ’ ’ ’2 ’2 ’

and
U a a a?
HE) ={123,...5-15+1a-1..,5-a-1},

Thus, we obtain

U _a2 1 IU
f(E)—j—a— € (5)

since
1) ={xeHE):x-1Lx+1€2]
S0, 1(3) # ¢.

(2) If a > 1 is odd number then
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U a+1
EZ 5 ,a >
2_ 2_
={0, " aa+13+12020+2,.., —F—a-1,"=—a+ 1, |
and
U a+1 a+1 a’-1
HE) ={123,... -1, +1La-1...,“~-a

Thus, we obtain

rG)="5"c13)

since

U U U
I(E):{XEH(E):X—LX-F:[EE}

and I(%) # ¢. So, we find that the numerical semigroup% is not perfect.

Theorem 2.6. Let U =< a,a + 2 > be a humerical semigroup, where a € N and a > 1 is odd.

Then U is not perfect numerical semigroup.

Proof. Let U =< a,a + 2 > be a symmetric numerical semigroup. Then, we write
U=<aa+2>={0,a,a+22a2a+2,..,a*—3,a*>—-1,-...},
fU)=a*>-2

and
HU)={123,...,.a-1,a+12a+1,...,a> — 2}.

In this case, we have,
f)=a®2-2€I(U)

since
I(U)={zeHWU):z—1,z+ 1 € U}.

Thus, U is not perfect numerical semigroup.
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Theorem 2.7. Let U =< a,a + 2 > be a symmetric numerical semigroup for a € N,a > 1 is

odd. Then, we have% =<aqa+1la+2>

Proof. Let U =< a,a + 2 > be asymmetric numerical semigroup, fora € N,a > 1isodd. Then,
ue<a,a+1,a+2 > 3v,v,,v3 ENu=(a)v; + (a+ Vv, + (a + 2)vs
© 2u=(a)2vy + (a + 1)2v, + (a + 2)2v;

© 2u = 2avy + 2av, + 2v, + 2avs + 4v; = a(2vy +vy) +
(a+2)Q2v; +vy)

<:>2u€<a,a+2>=U<:>ue%.

Theorem 2.8. Let U =< a,a + 2 > be a symmetric numerical semigroup for a € N,a > 1 is

odd. Then, the numerical semigroup % is perfect.

Proof. Let U =< a,a + 2 > be symmetric numerical semigroup for a € N, a > 1is odd. Then,

we have % =<a,a+ 1,a+ 2 > from Theorem 2.7. In this case, we write that

U
E=<ma+La+2>

2

a a—1
:{0,a,a+1,a+2,2a,2a+2,2a+3,...,( )a—3,(T)a,

-]

and
HE = {1,2,3,...,a ~lLa+3a+42a—1,...,fO =EDa - 1}.
2 2 2
Thus, we obtain
1Q={xeH):x-1Lx+1€2}=9.
2 2 2
So, we find that the numerical semigroup % is perfect.
Example 2.9. Let U =< 4,5 >={0,4,5,8,9,10,12,-...}. Then we have
f(U) =11,mU) = 4,nU) = 6,e(U) =2, HU) = {1,2,3,6,7,11}

and
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IU)={z€HU):z—-1,z+ 1€ U} = {f(U) = 11}.

Thus, the numerical semigroup U is not perfect. Also,

U U
S =uEN:2uEU}=(024,5..} =< 25> H(5) = (13}

and
U U U
I ={geHE)rg-1g+1€7}=(13} = ¢.
U .
So, 5 Isnot perfect.

Example 2.10. Let U =< 5,6 >= {0,5,6,10,11,12,15,16,17,18,20, —... }. Then we write
HU) =1{1,2,3,4,7,8,9,13,14,19}

and
I(U)={zeHU):z—1,z+ 1€ U} = {f(U) = 19}.

Thus, the numerical semigroup U is not perfect. Also,

S={ueN:2u€ U} ={03568-..} =<3,5>H() = {1247}
and
U U U
IO ={genrg-1g+1eY=4712¢.

So, % is not perfect.

Example 2.11. Let’s U =< 5,7 >={0,5,7,10,12,14,15,17,19,20,21,22,24,-...}. Then we

write
HU) ={1,2,3,4,6,89,11,13,16,18,23}

and

I(U)={z€eHWU):z—-1,z+ 1€ U} ={6,11,13,16,18,23}.
Thus, the numerical semigroup U is not perfect. Also,

S={ueN:2u €U} ={056710,-...} =< 5,67 > H(3) = {1,2,3,4,38,9}
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and

U U U
IO ={geHrg-19+1€} =0
So, % is perfect numerical semigroup.
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