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Abstract — Statistical convergence has been a prominent research area in mathematics
Article Info since this concept was independently introduced by Fast and Steinhaus in 1951. Afterward,
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tistical convergence and statistical Cauchy for double sequences in intuitionistic fuzzy metric
spaces. Moreover, this study characterizes the statistical convergence of a double sequence
doi:10.53570/jnt.1230368 by an ordinary convergent of a subsequence of the double sequence. Besides, the current
Research Article study theoretically contributes to the mentioned concepts and investigates some of their basic
properties. Finally, the paper handles whether the aspects should be further investigated.
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1. Introduction

Statistical convergence, a generalization of ordinary convergence, is based on the natural density of
a subset of N, the set of all the natural numbers. Fast [1] and Steinhaus [2] have established this
concept separately in 1951. Many mathematicians particularly Salat [3], Freedman and Sember [4],
Fridy [5], Connor [6], Kolk [7], Fridy and Orhan [8], and Bulut and Or [9], have contributed to the
development of statistical convergence. Pringshem [10] has introduced the convergence and Cauchy
sequence of double sequences. After that, Mursaleen and Edely [11] have studied double sequences’

statistical convergence.

Fuzzy sets, defined by Zadeh [12], have been used in many fields, such as artificial intelligence,
decision-making, image analysis, probability theory, and weather forecasting. In addition, Kramosil
and Michalek [13] and Kaleva and Seikkala [14] have first examined fuzzy metric spaces (FMSs).
Further, George and Veeramani [15] have redefined the concept of fuzzy metrics to construct the
Hausdorff topology. Lately, Mihet [16] has studied the point convergence (p-convergence), a weaker
concept than ordinary convergence. Moreover, Gregori et al. [17] have put forward the concept of s-
convergence. Morillas and Sapena [18] have defined the standard convergence (std-convergence). Gre-
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gori and Minana [19] have introduced the concept of strong convergence (st-convergence), a stronger
concept than ordinary convergence. Li et al. [20] have proposed the statistical convergence and statis-
tical Cauchy sequence in FMSs and examined some of their basic properties. After that, Park [21] has
recently introduced the intuitionistic fuzzy metric spaces (IFMSs) by intuitionistic fuzzy sets, defined
by Atanassov [22], and triangular norms and triangular conorms [23]. Moreover, Park [21] studied
the convergence sequence concerning in IFMSs. Varol [24] has suggested the statistical convergence
in IFMSs and analyzed statistical Cauchy sequences in IFMSs. Besides, Savas [25] has introduced the
statistical convergence and statistical Cauchy sequences for the double sequences in FMSs. Motivated
the article [25] and the studies done in the literature on this subject, this paper defines statistical
convergence and statistical Cauchy sequences for double sequences in IFMSs.

Section 2 of the handled study provides some basic definitions and properties to be needed in the
following sections. Section 3 describes statistical convergence and statistical Cauchy sequences for
double sequences in IFMSs. Finally, it discusses the need for further research.

2. Preliminaries

This section presents some basic definitions and properties to be used in the following sections.
Definition 2.1. [4] The natural density of a set A C N is defined by
ke A: k<
5(A) = lim €A S )]

n—00 n

where |[{k € A : k < n}| denotes the number of elements of A that do not exceed n. It can be observed
that if the set A is finite, then 6(A) = 0.

Throughout this paper, Y denotes N x N.
Definition 2.2. [11] The double natural density of a set A C Y is defined by
j A:j< <
53(A) = lim {(.k) € A:j<mandk <n}|

m,n—00 mn

where [{(j,k) € A:j < mand k < n}| denotes the number of elements of A, whose the first and

second components do not exceed m and n, respectively. It can be observed that if the set A is finite,
then d2(A) = 0.

Definition 2.3. [11] Let (z;;) be a double sequence in R and zg € R. Then, (i) is called statistically
convergent to xo, if, for all € > 0, 62({(j,k) € Y : |zj — x0| > €}) = 0 and is denoted by sty —

; }{gnoo Tjk = Tp.

Definition 2.4. [23] Let @ : [0,1]2 — [0,1] be a binary operation. Then, @ is called a triangular
norm (t-norm), if it satisfies the following conditions:

1. @ is associative and commutative.
ii. a®1=a, for all a € [0,1].
iti. If a1 < ag and ag < ayq, for each ay,az,as,aq € [0,1], then a1 @ ag < as P ay.

Definition 2.5. [23] Let ® : [0,1]*> — [0,1] be a binary operation. Then, ® is referred to as a
triangular conorm (t-conorm), if it satisfies the following conditions:

1. ® is associative and commutative
. a®0=a, for all a € [0, 1].

iti. If a1 < ag and ag < ayq, for each ay,az,as,as € [0,1], then a1 ® ag < as ® ay.
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Example 2.6. [21] The following operators are basic examples of t-norms and t-conorms, respectively:
1. a1 B az = ajas

it. a1 @ az = min{ay, as}

iti. a1 ® ag = max{ay,as}

. a1 ® ag = min{a; + ag, 1}

Definition 2.7. [21] Let B be an arbitrary set, @ be a continuous t-norm, ® be a continuous t-
conorm, and ¢, ¥ be fuzzy sets on B2 x (0,00). For all 21,29, 23 € B and u,s > 0, if ¢ and o satisfy
the following conditions:

i. o(x1,mo,u) + P21, 22,u) <1

ii. p(x1,2,u) >0

. p(x1,x9,u) =1 11 = 29

w. o(z1,T2,u) = @(T2,T1,U)

v. o(x1,23,u + 5) > p(x1,2,u) D P(T2, 23, 5)

vi. The function ¢4, : (0,00) — (0,1], defined by ¢z, = @(z1, 22, u), is continuous
vii. Y(x1,x2,u) >0

viit. H(x1,x2,u) =0 S 11 = 29

ix. ¥z, o, u) = I z2, 21, U)

z. Iz, z3,u+ 8) < (a1, x2,u) @ Va2, z3,5)

zi. The function ¥z, 4, : (0,00) — (0, 1], defined by V4,4, = ¥(x1,x2,u), is continuous
then a 5-tuple (B, ¢, ¥, ®, ®) is said to be an intuitionistic fuzzy metric space (IFMS).

The values ¢(x1,x2,u) and ¥(x1, x2,u) represent the degree of nearness and non-nearness of x; and

To concerning u, respectively.
Example 2.8. [21] Let (B, d) be a metric space. Define a1 ®as = ajaz and a1 ® ay = min{a; + ag, 1},
for all a1, as € [0,1], and suppose that ¢ and ¥ are fuzzy sets on B2 x (0, 00) defined by

U d(xy,x2)
- - d 9 R S A EA
u+d(x1,:1:2) an (w17$27u) U—l-d(ajl,l’g)

for all x1,29 € B and u > 0. Then, (B, ¢, ¥, ®, ®) is an IFMS.

o(z1, 22, u) =

Remark 2.9. [24] If (B, ¢, 9, ®,®) is an IFMS, then (B, ¢, @) is an FMS. Moreover, if (B, ¢, ®) is
an FMS, then (B,p,1 — ¢, ®,®) is an IFMS such that a1 ® a = 1 — [(1 — a1) ® (1 — ag)], for all
ai,a € [0, 1].

Definition 2.10. [21] Let (B, p,9,®,®) be an IFMS. Then, a sequence (z,) in B is said to be
convergent to xo € B concerning intuitionistic fuzzy metric (@, 9), if, for all e € (0,1) and u > 0, there
exists ne € N such that n > n, implies that

©(Tn, xo,u) > 1 — ¢ and V(zp, x0,u) < €

or equivalently

nh_}r)go o(Tp, z0,u) =1 and nh_}rrgo HXp, xo,u) =0

@
and is denoted by 2; — ILm Ty, = To OF Ty~ To AS N — 0O.
n o
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Definition 2.11. [21] Let (B, p,9,®,®) be an IFMS. Then, a sequence (z,) is referred to as a
Cauchy sequence in B concerning intuitionistic fuzzy metric (¢, ), if, for all v > 0 and € € (0,1),
there exists n. € N such that n, N > n. implies that

o(Tp,xn,u) > 1 —¢e and FHzp, 2N, u) < €
or equivalently

lim ¢(zn,zn,u) =1and lim I(z,,zn,u) =0
n,N— oo n,N—oo0

Definition 2.12. [24] Let (B, ¢, 9, ®, ®) be an IFMS. Then, a sequence (z,) in B is called statistically
convergent to xg € B concerning intuitionistic fuzzy metric (¢, ), if, for all € € (0,1) and u > 0,

d{n € N:p(xn,zo,u) <1—¢ or I xn,zo,u) >c}) =0

or equivalently
y Hk <n:e(xg,xo0,u) <1—c¢cor ¥ xg, xo,u) > e}
im =

n—00 n

0

Definition 2.13. [24] Let (B, ¢, 9, ®, ®) be an IFMS. Then, a sequence (z,,) is said to be a statistically
Cauchy sequence in B concerning intuitionistic fuzzy metric (@, ), if, for all € € (0,1) and v > 0,
there exists N € N such that

d{n eN:p(zp,zn,u) <1—¢or Hep,xn,u) >c})=0

Definition 2.14. [25] Let (B, ¢, ®) be an FMS. Then, a double sequence () in B is called statis-
tically convergent to zp € B concerning fuzzy metric ¢, if, for all u > 0 and ¢ € (0, 1),

S({(, k) €Y p(xjr, x0,u) <1 —€}) =0
and is denoted by stas — lim wj; = xo.
J,k—00
Definition 2.15. [25] Let (B, p,®) be an FMS. Then, a double sequence (z;) is referred to as a

statistically Cauchy sequence in B concerning fuzzy metric ¢, if, for all v > 0 and ¢ € (0,1), there

exists m,n € N such that
62({(]7 k) €Y: <P($jk,$mn,u) <1- E}) =0

3. Main Results

This section defines the concepts of statistical convergence and statistical Cauchy sequences for double
sequences in IFMSs. In addition, it provides some of their basic properties.

Definition 3.1. Let (B, ¢,?,®,®) be an IFMS. Then, a double sequence (z;) in B is said to be
convergent to xo € B concerning intuitionistic fuzzy metric (@, d), if, for all e € (0,1) and u > 0, there
exists n. € N such that j, k > n. implies that

o(xji, xo,u) > 1 — e and ¥(xjk, xo,u) <€

or equivalently

lim @(zjk, vo,u) =1 and lim Y(xk,x0,u) =0
J,k—o0 j,k—00

%)
and is denoted by Zg — lim x5 =z or xj 2y x0 as 7,k — o0.

J,k—o0
Definition 3.2. Let (B, p,¥,®,®) be an IFMS. Then, a double sequence (xj;) in B is called sta-
tistically convergent to xy € B concerning intuitionistic fuzzy metric (¢, ), if, for all ¢ € (0,1) and
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u > 0,
52 ({(j’ k) €Y: @(xjk,l’o,u) S l—cor ﬁ(xjk,Io,U) 2 5}) =0

or equivalently

lim {(j,k) € Y:(j <mand k <n)and (p(xji, 0, u) < 1 —¢c or Iz, xo,u) > )}
m,n—00 mn

=0

P st .
and is denoted by 7 sty — 'llﬁim Tjk = To OF T, —— g as j,k — oo.
2 — 00

Example 3.3. Let B =R, a1 ® a2 = aja2 and a1 ® ag = min{a; + ag, 1} for all aj, as € [0,1]. Define

o and 9 by
u \xl —5172’

T1,T9,u) = ——  and ¥(x1, T2, u) =
p(@1, 22, u) P (1, 22,u)

u+ |z — 22
for all 1,22 € R and u > 0. Then, (R, ¢,?,®,®) is an IFMS [21]. Moreover, define a sequence (z ;)
by

1, 7 and k are squares
Tjk =
0, otherwise

Then, for all € € (0,1) and for any u > 0, let

K=A{(,k)eY:(j<mand k <n)and (¢ (zj0,u) <1—¢cord(z;0,u)>e)}

Hence,
=@ (< < U <] — e
K {(J,k) €Y:(j<mandk<n)and <u+|xjk’ sl-eor ut|zse] = 6>}
={(,k)eY:j<m, k<n, and zj;, = 1}
={(j,k) €Y :j<m, k<n, and j and k are squares }
and thus
@: |{(j,k) € Y:j<m, k<n, and j and k are squares } | < \/%\/ﬁ—>0asm,n—>oo
mn mn mn

Consequently, (z,1) is statistically convergent to 0 concerning intuitionistic fuzzy metric (¢, 9).

Lemma 3.4. Let (B, p, 9, ®, ®) be an IFMS, (z;;) be a double sequence in B, and 2y € B. Then, for
all e € (0,1) and u > 0, the following statements are equivalent:

. SO . _
1. hstg — lim x; = 2o
v J,k—o0 J

ii. 02 ({(4, k) € Y : @ (xjk,x0,u) >1—¢c}) =0 {(J, k) € Y: 9 (xjp,xo,u} <e})=1
iii. 02 ({(4,k) € Y : @ (xjk,x0,u) <1 —¢€}) =06 ({(J, k) € Y : 9 (xjp,x0,u) >¢€}) =0

PROOF.
The proof is straightforward using Definition 3.2 and the density function’s properties. [

Theorem 3.5. Let (B, p, 9, ®,®) be an IFMS. If a double sequence (z;;) in B is statistically conver-
gent concerning intuitionistic fuzzy metric (¢, ), then the statistically limit is unique.

PROOF.

Suppose that §sto — lm zj, = 1, §sto— lim xz;, = @2, and z1 # xo. For a given ¢ € (0,1), choose
j,k—)()o ],k—}OO

n € (0,1) such that (1 —-7) & (1 —n) > 1 —¢c and n ®n < €. Then, define the following sets, for any

u > 0,

Ki(n,u) :=={0,k) €Y :p(@jr,x1,u) <1—n}

Ko(n,u) :=={(, k) €Y : (@), x2,u) <1—n}
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Ti(n,u) = {0, k) € Y : 0 (2jp, 21,u) > n}

and
TZ(ﬁaU) = {(j7 k) eY: ﬂ(xjk,Ig,U) > 77}

By Lemma 3.4, since (xj;) is statistically convergent to x; and xp concerning intuitionistic fuzzy
metric (p, 1), for u > 0,

b2 (K1(n,u)) = 02 (T1(n,u)) = 0 = 62 (Ka(n,u)) = d2 (T2(n, u))

Let
An,u) = (Ki(n,u) U Ka(n,u)) N (T1(n, u) UTz(n, u))

for u > 0. Hence, 93 (A(n,u)) = 0 which implies that d2 (Y\A(n,u)) = 1. If (5, k) € Y\A(n, u), then
(4 k) € Y\ (K1 (0, u) U Kz (n,w)) or (4, k) € Y\ (T1(n,w) UTs(n, u))
Let (j,k) € Y\ (Ki(n,u) U K2(n,u)). Then,

u u
<,0(.’,U1,$2,U) Z¢<$laxjka2) @Sp(xjkvx2a2> > (1_77)@(1_77) >1-—¢

Therefore, ¢ (x1,z2,u) > 1 —&. Since € € (0,1) is arbitrary, for all u > 0, ¢ (1, x2,u) = 1 and thus

Ir1 = X9.

Let (j,k) € Y\ (T1(n,u) UTs(n,u)). Then,

2
Therefore, ¥ (x1,x2,u) < €. Since ¢ € (0,1) is arbitrary, for all u > 0, ¥ (z1,22,u) = 0 and thus

U (21, 22,u) <V (5617%'1@7 ;) ® v (wjk,xm u) <nen<e

T = x9. [

Theorem 3.6. Let (B, p, Y, ®,®) be an IFMS and (z;;) be a double sequence in B. If () is
convergent to xgp € B concerning intuitionistic fuzzy metric (¢, ), then it is statistically convergent
to zp concerning intuitionistic fuzzy metric (¢, 9).

PROOF.
Let (z;) be convergent to xy concerning intuitionistic fuzzy metric (¢, ). Then, for all € € (0,1) and
u > 0, there exists ng € N such that j, k > ng implies that ¢ (x5, zo,u) > 1 —¢ and 9 (1, xo,u) < €.
Hence, the set

{(5,k) €Y o (xjr,x0,u) <1 —€or V(zjk,x0,u) >}

has a finite number of terms. Therefore,
0 ({(J, k) € Y: ¢ (xjg, xz0,u) <1 —¢or ¥ (zj,x0,u) >¢e}) =0

Consequently, (1) is statistically convergent to x¢ concerning intuitionistic fuzzy metric (¢,). O
The converse of Theorem 3.6 is not always correct.
Example 3.7. For the IFMS provided in Example 3.3, define a double sequence (z;i) by

jk, j and k are squares

Ljk =
0, otherwise

(xj) is statistically convergent to 0 concerning intuitionistic fuzzy metric (p,v). However, (z;1) is
not convergent to 0 concerning intuitionistic fuzzy metric (¢, ).
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Theorem 3.8. Let (B, ,?,®,®) be an IFMS and (z;;) be a double sequence in B. Then, (z;i)
is statistically convergent to zp € B concerning intuitionistic fuzzy metric (¢, d) if and only if there
exists a subset K C Y such that

b0(K)=1 and §— Lim @, = 30
(m,,n)EK

PROOF.
(=:) Let fsto — lim zj; =z and
J,k—00

K, (u) = {(j,k) €Y :p(xjg,xo,u) >1— % and 9 (xx, xo, u) < r}’ reN
Then, according to Definition 3.2,
b2 (K (u)) =1 (1)
such that » € N. From the definition of K, (u), it is clear that
Ki(u) D Ko(u) D -+ D Ky(u) D Kyy1(u) D -+ (2)

such that » € N. Choose an arbitrary element (¢1,s1) € Kj(u). According to Equation 1, there exists
such that a (tg,s2) € Ka(u) satisfying the conditions to > ¢ and s > s1, for each (m,n) such that
m >ty and n > s9,

where

k<m
I<n
(k)€K (u)
Further, according to Equation 1, there exists such that a (¢3,s3) € Ks(u) satisfying the conditions
ts > to and s3 > s9, for each (m,n) such that m > t3 and n > s3,
Ks(u)(m,n) _ 2
- > —
mn 3

etc. Therefore, by induction, construct a sequence (t,,s,) of the set Y such that
ti<to<...<tr<...and s1<s3<...<8-<...

(tr,sr) € K(u), for all r € N, and

K, (u)(m,n) S T= 1
mn T

, 1reN (3)

for each (m,n) where m > ¢, and n > s,. Form the set K as follows: Each element between (1,1)
and (t1,s1) belongs to the set K, further, any element between (¢,,s,) and (¢,41, sy+1) belongs to K
if and only if it belongs to K, (u) such that » € N. According to Equations 1 and 3, for each (m,n)
such that t, <m < t,11 and s, <n < sp41,
K(m,n) S K, (u)(m,n) = 1
mn mn r
Thus, it is obvious that d»(K) = 1. Let u > 0 and ¢ € (0,1). Choose an r such that 1 < e. Let
(m,n) € K such that m > ¢, and n > s,. Then, there exists a number [ > r such that t; < m < t;41,

s1 <n < spy1, and (m,n) € K;. Hence,

—

1 1 1
go(xmn,$o,u)>1—721—7>1—5and19(a:mn,x0,u)<7§7<5
r r
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Thereby, ¢ (Tmn, xo,u) > 1 — e and I (Xmn, xo,u) < €, for each (m,n) € K where m > t, and n > s,,
ie.,
Y — lm  Zpn = To

¥ mn—oo
(mn)eK

(«<:) Suppose that there exists a set K = {(m,n) € Y : m,n = 1,2,...} such that J3(K) = 1 and

ﬁ — ml%rgoo Tmn = X0, 1.€., for all e € (0,1) and u > 0, there exists n. € N such that m,n > n. implies
(m,n)eK

that ¢ (Tmn, zo,u) > 1 — e and I (X, xo,u) < €. Hence,
A(€,’LL) = {(]7 k) EY: ® (xj/mx()vu) S l—cor ) (xjkax(hu) 2 5} g Y\ {(jn5+17 kn5+1) ) (jn5+2a kn5+2) y Tt }
Therefore, d3 (A(g,u)) = 0. Consequently, Jsto — lim zj; = 9. O
J,k—00
Definition 3.9. Let (B, ,¥,®,®) be an IFMS. Then, a double sequence (i) is referred to as a

Cauchy sequence in B concerning intuitionistic fuzzy metric (¢, ), if, for all v > 0 and € € (0,1),
there exists n. € N such that j > p > n. and k > ¢ > n. implies that

O(Tj, Tpg,u) > 1 — e and Iz, Tpg,u) < €

or equivalently

lim Tik, Tpg, W) = 1 and lim Iz, Tpg, ) =0
pgﬁ\oo‘»o( ks Tpgy W) P (Tjks Tpgs )

Definition 3.10. Let (B, p, Y, ®, ®) be an IFMS. Then, a double sequence (z;) is called a statistically
Cauchy sequence in B concerning intuitionistic fuzzy metric (@, ), if, for all € € (0,1) and v > 0,
there exists (p,q) € Y such that

({4, k) € Y : o(zjp, Tpg, u) <1 —€ or Hajp, Tpg,u) > €}) =0

Theorem 3.11. Let (B, p,9,®,®) be an IFMS and (x;;) be a double sequence in B. If (z;;) is
statistically convergent concerning intuitionistic fuzzy metric (p, ), then it is a statistically Cauchy

sequence concerning intuitionistic fuzzy metric (p,9).

PROOF.

Let sty — -Em xji = xo. Then, for all e1,e2 € (0,1) such that (1 —e2) ® (1 —e2) > 1 — ¢ and
J,Kk—00

€9 ® &9 < €1, and for all u > 0,

) ({(j, k)EY: ¢ (l‘jkzaxm Z) <l-g ord <55jk7$0’ ;) > 61}) =0

In particular, for j = p and k = ¢,
U U

52 ({(p7 Q) €Y: ¥ (quwx()a 2> <1l-¢gqo0r v (quwx(); 2) > El}) =0

Since
U U
0 (Tjk, Tpg, u) > @ <$jk,$0, 2) Dy (qu,xm 2) >(l-e)@d(l-e)>1-g
and
U U
QQ(.’Ejk,[qu,u) < % ($jk7'1"07 2> ® v <qua$07 2> <ea®er <éeq

then

02 ({(J, k) €Y : @ (mjp, pg,u) <1 —e1 or U (xjp, Tpg,u) > €1}) =0

That is, (1) is a statistically Cauchy sequence concerning intuitionistic fuzzy metric (p,4). O
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Theorem 3.12. Let (B, p,9,®,®) be an IFMS and (xj;) be a double sequence in B. Then, the

following statements are equivalent.
i. (xji) is a statistically Cauchy sequence concerning intuitionistic fuzzy metric (¢, ).

it. There exists a subset K C Y such that d2(K) = 1 and the subsequence (), indexed by elements
in K, of the sequence (z;;) is a Cauchy sequence concerning intuitionistic fuzzy metric (¢, ).

Proor.
The proof is similar to the proof of Theorem 3.8. [

4. Conclusion

This paper investigated the concept of statistical convergence, a generalization of ordinary convergence,
for the double sequences in IFMSs. Additionally, it researched statistical Cauchy sequences and
revealed characterizations of these concepts for double sequences. In further works, researchers can
study the concept of Lacunary convergence in an IFMS using the concepts and results herein and
analyze some of its basic properties.
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