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Abstract: This review reckons with iterative scheme of Thianwan to approximate a common fixed point
for four G—nonexpansive mappings (tersely G -nm). We verify several convergence results for in this way

mappings in Banach space by dint of a digraph.
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1. Introduction and Preliminaries

Let X be a Banach space, K # @, K € X . Directed graph mostly enrolled qua digraph is a double:
G =(V(GQ),E(G)), that here V (G) is the set of vertices of graph and E (G) is the set of its
edges that involves overall the loops, scilicet (z,z) € E(G) for all z € V (G). Given that G enjoys
no parallel edges. If =, y occur vertices of G, here a path in G ranging = from y of length N is a
sequence {xi}fio of N +1 vertices such that = = 29, y = x5 and (z;_1,7;) € E(G) forall i =1,N.
Digraph G is alleged to become transitive if, for all x,y,z € V (G) such that (z,y) and (y,z) are

in F(G), we acquire (z,z) € E(G) [2]. A mapping f: K — K is asserted to become

o G-nonezpansive (tersely G —nm) [3] if it yields (i) (z,y) € E(G) = (fz, fy) € E(G) (f

preserves edges of G), (i) (v,y) ¢ £ (G) = |fz - fyll < |-yl

o semi-compact [9] if for {z,} in K with |z, - fz,]| - 0 as n — oo, there appears a

subsequence {z,,} of {x,} such that z,, > f* ¢ K.

The mappings f; : K — K are supply condition (AN) [1] if there is a nondecreasing function
g:[0,00) > [0,00) with g(0)=0, 0<g(t) forall te (0,00) such that |z - fz| > g(d(x, Fy)) for

all i=1,k, ve K, where d(z,Fy)=inf{|z— f*|: f* € Fy =l F (f.) + @}.
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Let 29 € V(G) and T € V (G). We state that [5], (i) T is dominated by xq if (xg,2) € E (G)
for all z €Y, (ii) T dominates z if for each z €Y, (xo,2) € E(G).

Let G be a digraph such that V (G) = K. Then, K is alleged to get property P [8] if for
each sequence {z,} in K ~x € K and (z,,%n+1) € F (G), there is a subsequence {z,,} of {z,}

such that (z,,,z) € E(G) forall e N.

Remark 1.1 [6] If G is transitive, then Property P is equal to the speciality: if {x,} ¢ K with
(Zn, Tn1) € E(G) such that for any subsequence {x,,} of {xn} =~z € X, then (z,,2) € E(G)
for all neN.

Phuengrattana and Suantai [15] gave on the rate of convergence of Mann, Ishikawa, Noor
and SP-iterations for continuous functions on an arbitrary interval. Sahin and Bagarir [16]
presented on the strong and A-convergence of SP-iteration on CAT(0) space.

Motivated by [11-13] and above results, the iterative scheme is defined as follows:

t, = (l_ﬂn)xn"'ﬂn.flzna
Yn = (1_€n)$n+€nf2tn7
Sp = (I_Qn)yn"'gnfSyn»

Tpp1r = (1=60p)Tn +60pnfasn, n>1, (1)

where {&,}, {0n}, {Bn}, {0n} c[0,1], for all i=1,4, f;: K - K are G —nm. We verify several

convergence results for in this way mappings in Banach space by dint of a digraph.

Lemma 1.2 [10] Let X be a uniformly convexr Banach space. Suggesting that 0 < b < v, <
c<1l, n>1. Let {xn},{yn} € X be such that limsup,,_, |zn| < @, imsup, . |yn] < a and

limy oo [[Un@n + (1 = vn) yn| = @, where a >20. Then, lim, e |Tn — yn| =0.

2. Main Results

Fr=n2,F(f.)#@. For xg€ K, let {x,} be the sequence created by (1).

Proposition 2.1 Let ug € Fy be such that (zo,up) and (ug,zo) are in E(G). Then, (z,,uo),

(UO,(En), (.’En,Sn), (snuxn)y (x’ruyn)7 (ynaxn)7 (.’I]n,tn), (tnaxn): (’U,()78n), (SnvuO); (anyn);

(Yn>uo), (wo,tn), (tn,uo), (Tn,ZTns1) are in E(G) for all neN.

Proof We shall demonstrate our deductions by induction. Let (zg,up) € E(G). By virtue of
edge-preserving of f;, we have (fizg,u0) € E(G), and thus (tp,up) € E (G) from the convexity of

E (G). Due to edge-preserving of fo, we get (fato,up) € E(G). By using the convexity of E (G)
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and (zg,ug), (fato,uo) € E(G), we own (yo,up) € E(G). As f3 is edge-preserving, we possess
(f3yo,u0) € E(G) and (sg,up) € E(G) from the convexity of E (G). Owing to edge-preserving of
fa, (faso,ug) € E(G). Again the convexity of E (G) and (zg,u0), (f1S0,u0) € E(G), we acquire
(z1,u0) € E(G). Continuing in this fashion for (x1,ug) instead of (zg,up), we get (t1,up),
(y1,u0), (s1,u0), (22,u0) € E(G).

Suppose that (z,,ug) € F(G) for v > 1. Because of edge-preserving of f;, we attain
(fizy,up) € E(G), and thus (t,,up) € E(G) from the convexity of E (G). On account of edge-
preserving of fy, we achieve (fat,,up) € F(G). Using the convexity of E(G) and (z,,uo),
(faty,ug) € E(G), we obtain (y,,ug) € E (G). Because f3 is edge-preserving, we own (f3y,,ug) €
E(G) and so (sy,up) € E(G) from the convexity of E(G). In view of edge-preserving of fy,
(fa8v,u0) € E(G). Repetition the convexity of E (G) and (z,,up), (f1Sv,u0) € E(G), we belong
(zy+1,u0) € E(G). Repeating the procedure on one occasion for (z,41,u9) € E(G), we get
(to+1,10) 5 (Yos1,u0), (Sus1,u0), (Tur2,u0) € E(G).

Hence, (n,u0), (tn,%0), (Yn,uo0), (Sn,uo) € E(G) for n > 1. Utilizing an analog
argumentum, we infer that (ug, ), (uo,tn), (wo,Yn), (vo,sn) € E(G) from (ug,z0) € E(G). As
the graph G is transitivity, we acquire for n> 1 (zp,5n), (SnsZn)s YnsTn)s (Tn,yn), (En,2n),

(n,tn) and (xn,Tne1) € B (G). ]

Lemma 2.2 If K is a nonempty closed convex subset of a real uniformly convex Banach space
X, {&}, {0}, {Bn}, {on} S [a,b], where 0<a<b<1 and (zg,up), (uo,2z0) € E(G) for zge K
and ug € Fy, then

(i) |xn+1 = vol € |&n —uo| for n21, and hence |xn, —uop| =0 as n— o0;

(i) im0 |Tn = fin| =0 for all i=1,4.

Proof (1) By Proposition 2.1, (InaUO)v (U07xn)7 (Snazn)v (xTL?STL)v(yna'In)? (xmyn)v (xmtn)v
(tn;xn)a (u075n)7 (Snau0)7 (u0>yn)7 (ymuo), (UOatn)a (t'muO)) (xnaxn+1) are in E(G) It
follows from (1) that

[tn —uol| = [-uo+ (=Bn+1)xn+ Bnfiznl
< (=Bn+1) |~uo +zn| + Br | fron — uol
< (=Bn+1)|~ug + zn| + Bn | -uo + znl

I-uo + x| - (2)
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Using (1) & (2), we have

lyn —uol < (1=&n) [@n —uol + & [ f2tn — uol
< (1=&) |n —uoll + &n [tn — uoll
< an —uoll - (3)

Similarly, along with (3), we get

[sn—uol < (1=en)llyn —uoll + on | fayn - uol|
< (I=0n) [yn —uol + on [yn — uol
< yn - uol
< an ol - (4)

By (4), we possess
[—to + Tns1ll < (=0n+1)|—uo + zp| + On [|—uo + fasn|

< (“0n+ 1) |~ug + xn| + O |50 — uol
< wn —uol - (5)

Hence, lim,, oo |2, — ug| exists.

(ii) By assumption (i), {z,} is bounded. Let
lim ||z, — uo| = M. (6)
If M =0, then, by G —nm of {f1, fe, f3, f4}, it is obvious. Next, suppose M > 0. We shall show

that, for all i = 1,4, |z, - fizn] > 0 as n > oo.

Getting limsup on both parts of (2), (3) & (4), we have

lim sup ||t, —uo| < M, (7)
n—oo

lim sup |y, —uo| < M, (8)

lim sup |s, —uo| < M. 9)

n—oo

It implies by (7), (8) & (9) and the G —nm of {f1, fa, f3, f4} that

IN

| frzn = uol| |n = uol

M, (10)

IA

lim sup | fizn —wol

n—oco
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| fotn = uol < [[tn = uo
lim sup “ f2tn - U()” < Mv
n—>00
If3yn —uoll < llyn —uol
lim sup || fayn —uo| < M,
n—oco
and
I fasn —uoll < [sn —uol
lim sup | fas, —uol| < M.

n—o00
Since limy, oo |Tns1 — uol = M, we get

7}1_{2 I(1=0n) (zr — o) + 05 (fa5n —uo)| = M.

By Lemma 1.2, we obtain
|zn = fasn| = 0 as n — oo.

Now, using the G —nm of {f1, fa, f3, fa}, we have

I-uo +zn| < |fasn —uoll + |- fasn + 20|
< wn = fasnl + sn = uo
< an = fasnl + (1= 0n) (Yn —10) + 0n (f3yn —uo)|
< Nwn = fasn| + (1= 0n) |Yn — w0l + 0n | f3yn — o]
< an = fasn| + [yn —uol
< wn = fasnl + (1= &n) (20 —uo) + &n (fotn —uo)|
< an = fasn] + (1= &) |20 — uo| + &n || fotn — uo]
1
< — o — fasal + [[tn —uol
én
1
< =z = fasal + [tn —uo -

a
Taking liminf on both sides of (16), (17), (18) and using (15), we obtain

M

IN

lim inf |s, —uo|,
n—>00

M

IN

lim inf |y, —uol,
n—soo

M < lim inf |t, —uo|,
n—>00
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respectively.

By combining (7) & (21), (8) & (20), (9) & (19), we get
T o — ol = sy — il = lim s — ol = M, 22)

respectively. Namely,

Jim (1= Bn) (@n = u0) + B (rzn —uo)| = M,
7}1_{{.10 [(1=&n) (zn —uo) +&n (fatn —wo)| = M,
Tim (1= n) (Yn = w0) + on (fayn —uo)| = M,

respectively. It follows from (6), (8), (10), (11) & (12) and Lemma 1.2 that

T}l_{relo lzn = fizn] = 0, (23)
lim |x, — fatn]| = O, (24)
n—oo

Jim |y, = fayn| = 0, resp. (25)

It implies by (23) & (24) that

lzn = foxnl < an = fotnl + [ fotn = fown]
< fan = fatn] + Itn - 2n
< on = fotnl + Bl fraen — 2]
< an = fotn| + b frn - an|
- 0asn— oo. (26)
By (1) & (24), we have
lzn =ynll = Nan = [(1= &) 2n + & faln]]
< Snlwn - fatal
< bfwn = fotnl
- 0Oasn - oo. (27)

It follows from (25) & (27), we get

IA

|n = fawnl I=yn + 20l + lyn = f3ynl + | fayn = faznl

IA

||_yn + xn" + ”yn - f3yn||

+|-zn +yn] — 0asn—>oo. (28)
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By (1), (25) & (27), we have

Isn=2nl < l=yn +snl+ lyn — 2l
= (1= 00) Yn + 0nfsyn] = ynl + =20 + yul
< onllyn = faynl + =20 + ynl
< blyn = fsynl + -0 + yal
- 0asn— oo. (29)

Using (15) & (29), we obtain

|2n = fazall < Nzn = fasnl + | fasn = fazn
< lzn = fasal
+sn = @
- 0asn— oo. (30)
From (23), (26), (28) & (30), we get
|z — fizn| = 0 as n — oo for all i = 1, 4. (31)

Theorem 2.3 Let K is a nonempty closed convex subset of a real uniformly conver Banach space
X and {&.}, {0}, {Bn}, {on} € [a,b], where 0 <a <b<1. Let ug e Fr such that (zo,up),

(ug,x0) are in E(G) for xg e K. Supposing that K hold the property P, {f1, fa2, f3, fa} satisfy

the condz’tion(A”), Fy is dominated by xo and Fy dominates xq, then {x,} — ug € Fy.

Proof Let uy € Fy be such that (z,,u0), (u0,Zn),(Sn,%n), (TnsS$n), (@n,¥n)s (Un,Tn),
(Znstn), (tn;2n), (vo,5n), (Snyu0)s (U0,Yn) s (Ynsuo), (Uostn), (tnsto), (Tn,Tne) arein E(G)
for all n ¢ N. Due to Lemma 2.2 (ii) and condition (A"), we attain that lim,_,e g (d (2, F¢))=0.
As g is nondecreasing with ¢ (0) = 0, we hold d(z,,F¢) -0 as n —» oo. Thus, we can receive a
subsequence {x,,} of {z,,} and {u}} c F; such that |z,, —u;| < 27'. Due to the fact that strong
convergence implies weak convergence and by Remark 1.1, we hold (z,,,u;) € E(G). Using the

proof method of [11], we own

1
len —url < lan, —url < 5,

and so

—(1+1
l=tufsr + 0 | < =npy +uf |+ [ =ufyy + 2y, | < 327050
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We deduce that {u;,,} is a Cauchy sequence. Therefore, we have u; - r. By closed of FY,

r € Fy in that case z,, » r. Because of Lemma 2.2 (i), x,, - r € F}. ]

Theorem 2.4 Let K is a nonempty closed convex subset of a real uniformly convex Banach space
X and {&.}, {0}, {Bn}, {on} € [a,b], where 0 <a <b<1. Let uge Fy such that (zo,up),
(uo, ) are in E(G) for xg € K. Supposing that K has the property P and one of {f1, f2, f3, fa}

is semi-compact, Fy is dominated by xo and Fy dominates xo, then {x,} — ug € Fy.

Proof Let ug € Fy be such that (x,,u0), (u0,Zn), (Tn:8n), (Sn,Zn), (@n,Yn)s (Yn,Tn),

(xnatn)a (tnazn)a (UO,Sn), (Sn,uo), (u07yn)a (ynauO), (u07tn); (tn,uo), (3771737714»1) are in

E(G) for all n e N. We have lim, e |2, - fjzn| = 0 from Lemma 2.2 (ii). Assume that f;

is semi-compact for all j = 1,4. Then, there exists a subsequence {z,,} of {x,} such that
lim; o |Zn, —v| = 0 for some v € K. This together with Remark 1.1 implies that (z,,,v) € E(G).
It follows from the G —nm of {f1, fa, f3, fa} and Lemma 2.2 (ii) that

lo=fiol < v=znl+lzn, = fjznl + 1 fi2n, - fivl

- 0asl— oo,

for all j =1,4. Hereat, v € Ff so that lim, e |z, — v| exists. Thus, z, > v as n - co. o

We indicate an instance which is inspired by Example 4.5 in [7].

Example 2.5 K =[0,2]c X =R. Let G be a digraph described by V (G) = K and (z,y) € E(G)
iff 1.20 > y > x > 0.50. Denote {f1,fz,f3.f1} : K -~ K by fiz = 1+ Btan(-1+1), fox =
1+ %tan(—1+m), fax =1+ %arcsin(—1+x), fax =1+ %arcsin(—1+x) for any x € K and

1=1,2,3,4. It is easy to see that f1, fa, f3, fa are G—nm, but f1, fo, f3, f4 are not nonexpansive.

_ 6n+5 _ 3n+l _ 10n+3 _ Tn+ll _ 4 _ - .
Let Bn = gitiz, §n = 55555 On = Trmeys On = 13007 for n>1. Fp=nc F(f.) ={1} asin Figure

1.
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T T

O 14(23/49)*tan(-1+X)
= = 14(29/45)*tan(-1+X)
1+(23/49)*asin(-1+x)

2 ’,‘\ '''''''''''''' = 1+(29/45)*asin(-1+X)
Vd o ........................................... P, CECERRLRELERRLD
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Figure 1: Plot showing Fy =n?_, F (f.) = {1}

Table 1 The value of the sequence {x,} with initial value x¢ = 1.20000, xo = 0.80000 and

n =20, respectively.

Remark 2.6 (i) If £, =0 and f1=fa=fs=fa=f in (1), then Theorem 2.3 generalize the results

of Theorem 3.6 in [14] for self-map.

(i) If &, = 0, =0 and f1 = fo = f3 = fs = f in (1), we attain convergence of the Mann

© 00 1O Ui W~ 3

10
11
12
13
14
15
16
17
18
19
20

Tn

1.20000

= e e e e e e e e e e e e e e e e

.15950
12180
.09010
.06500
.04600
.03210
.02210
.01510
.01020
.00680
.00450
.00300
.00200
.00130
.00090
.00060
.00040
.00030
.00020

Ty
0.80000
0.84047
0.87822
0.90994
0.93499
0.95395
0.96788
0.97787
0.98492
0.98981
0.99317
0.99545
0.99699
0.99802
0.99870
0.99915
0.99945
0.99964
0.99977
0.99985

iteration to some fized points of f on Banach space involving a digraph.

(i) If f1 = fo=f3=fs=f in (1), then Theorem 2.3 extends the results of [12] without

errors for self-map.
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(iv) If f1=fa, f3=fa in (1), then Theorem 2.3 improves the results of [15] without errors
for self-map.
(v) If £, =0 in (1), then Theorem 2./ reduces to the results of [4].

3. Conclusion

In this writting, we reckons with four step iteration scheme to common fixed points of four G —nm
described on Banach space involving a digraph. Our findings evolve the equal results of Shahzad
(2005) [14], Thianwan (2008) [12], Kizltung et al. (2010) [13] and Tripak (2016) [4]. Within
the future scope of the idea, reader can show that (1) compare convergence rate Picard, Mann,

Ishikawa and S P-iteration process for contractions.

Declaration of Ethical Standards

The author declares that the materials and methods used in her study do not require ethical

committee and/or legal special permission.

Conflicts of Interest

The author declares no conflict of interest.

References

[1] Kettapun A., Kananthai A., Suantai S., A new approzimation method for common fized points of
a finite family of asymptotically quasi-nonexpansive mappings in Banach spaces, Computers and
Mathematics with Applications, 60, 1430-1439, 2010.

[2] Jachymski J., The contraction principle for mappings on a metric space with a graph, Proceeding of

the American Mathematical Society, 136, 1359-1373, 2008.

[3] Alfuraidan M.R., Khamsi M.A., Fized points of monotone nonexpansive mappings on a hyperbolic

metric space with a graph, Fixed Point Theory and Applications, 2015:44, 2015.

[4] Tripak O., Common fized points of G- nonexpansive mappings on Banach spaces with a graph, Fixed

Point Theory and Applications, 2016:87, 2016.

[6] Suparatulatorn R., Cholamjiak W., Suantai S., A modified S- iteration process for G-nonexpansive
mappings in Banach spaces with a graph, Numerical Algorithms, 77, 479-490, 2018.

[6] Hunde T.W., Sangago M.G., Zegeye H., Approzimation of a common fixed point of a family of
G- nonexpansive mappings in Banach spaces with a graph, International Journal of Advances in

Mathematics, 6, 137-152, 2017.

[7] Sridarat P., Suparatulatorn R., Suantai S., Cho Y.J., Convergence analysis of SP-iteration for
G- nonexpansive mappings with directed graphs, Bulletin of the Malaysian Mathematical Sciences
Society, 19, 1-20, 2018.

[8] Alfuraidan M.R., Fized points of monotone nonexpansive mappings with a graph, Fixed Point Theory
and Applications, 2015:49, 2015.

[9] Shahzad N., Al-Dubiban P., Approximating common fized points of nonexpansive mappings in Banach

spaces, Georgian Mathematical Journal, 13(3), 529-537, 2006.

105



[10]

(11]

[12]

(13]

(14]

[15]

[16]

106

Esra Yolacan / FCMS

Sahu J., Weak and strong convergence to fixed points of asymptotically nonexpansive mappings, Bulletin

of the Australian Mathematical Society, 43, 153-159, 1991.

Tan K.K., Xu H.K., Approximating fized points of nonexpansive mappings by the Ishikawa iteration
process, Journal of Mathematical Analysis and Applications, 178, 301-308, 1993.

Thianwan S., Weak and strong convergence theorems for new iterations with errors for nonexpansive
nonself~-mapping, Thai Journal of Mathematics, Special Issue (Annual Meeting in Mathematics), 27-
38, 2008.

Kiziltung H., Ozdemir M., Akbulut S., Common fized points for two nonezpansive nonself-mappings
with errors in Banach spaces, The Arabian Journal for Science and Engineering, Vol.35, Number 2D,
215-224, 2010.

Shahzad N., Approxzimating fized points of non-self nonexpansive mappings in Banach spaces, Non-

linear Analysis, 61(6), 1031-1039, 2005.

Phuengrattana W., Suantai S., On the rate of convergence of Mann, Ishikawa, Noor and SP iterations
for continuous functions on an arbitrary interval, Journal of Computational and Applied Mathematics,
235, 3006-3014, 2011.

Sahin A., Bagarir M., On the strong and A- convergence of SP—iteration on CAT(0) space, Journal
of Inequalities and Applications, 2013:311, 2013.



	Introduction and Preliminaries
	Main Results
	Conclusion

