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The burning process is one of the most important periods, which affects 

thermal efficiency and exhaust gas emissions, in internal combustion 

engines. The combustion process in internal combustion engines is 

modeled with one-dimensional or multi-dimensional software because 

it is cheaper, faster, and more practical than experiment. One of these 

methods, which is used to model the combustion period, is the Wiebe 

function. The Wiebe equation is an approach used in calculating the 

mass fraction burned and the heat release rate. The selection of Wiebe 

parameters is one of the most important factors affecting the accuracy 

of the mass fraction burned. In this study, the measured cylinder 

pressure of a spark ignition engine was directly used to calculate the heat 

released rate. The experiments were conducted at different brake mean 

effective pressures, engine speeds and relative air/fuel ratios, which 

were called independent variables. The shape factor (m) was determined 

by fitting the Wiebe equation to the heat release rate curves, which were 

extracted from the experimental results. The relationship between 

determined shape factor and independent variables was analyzed with a 

statistical approach. Eventually, a linear regression model, which 

explains 80% of the change in the shape factor, was created. 

Keywords: Mass fraction burned, Combustion process, Heat release rate, Spark ignition 

engine, Wiebe function. 

1. Introduction 

The emission legislations are getting 

increasingly more stringent, and consumers are 

demanding improving of engine performance 

and decreasing of fuel consumption. Hence, 

many investigations on the internal combustion 

engines have been conducted for decades [1–3]. 

Engine emissions and fuel consumption are 

directly related to the combustion process and 

burning speeds [4–6]. One of the most important 

variables in the combustion process is the 

burning speed or mass fraction burned rate, 

which directly affects the combustion process. 

In the theoretical studies, Wiebe and similar 

functions are used to determine the mass 

fraction burned of fuel [7, 8]. The Wiebe 

function is widely used in computer aided 

models to determine the optimum burning 

process. The choosing of parameters in the 
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Wiebe function is the most critical issue, which 

is important in the precise results of the function 

[7]. Numerous studies have been conducted on 

predictive Wiebe functions [9, 10].  

Giglio and Gaeta studied the regression analysis 

for calculating the 50% mass fraction burned 

and to calculate the combustion duration in a 1.6 

L spark-ignition engine [9]. Hu et all. [10] 

analyzed Wiebe parameters for an engine 

operating in biodiesel and diesel mode. They 

suggested a formula for Wiebe function, which 

has high correction (R2 > 0.997). In another 

study, the Wiebe function parameters were 

estimated using the least squares method. More 

accurate Wiebe parameters were selected by 

making comparisons with the experimental 

results [11]. Arslan et all. [12] conducted a study 

about Wiebe parameters used for calculating 

mass fraction burned in a diesel engine for 

comparison of emission and efficiency 

parameters. They stated that the noise and NOX 

emissions were reduced at the obtained 

maximum engine power. In addition, the 

maximum burn pressure decreased 23% in the 

same experimental condition.  

In this study, experiments were carried out with 

gasoline fuel in a single-cylinder research 

engine at fourteen different operating 

conditions. A formula was created for 

calculating of the shape factor (m) in Wiebe 

function. 

 
Figure 1: Research engine and experimental setup. 

2. Experimental Method 

A single cylinder, spark-ignition engine was 

used in the experiments. This engine was based 

on a direct-injection and water-cooled diesel 

engine, which was converted to a port fuel spark 

ignition engine (Figure 1) [15]. The engine has 

one intake and one exhaust valve and a central 

spark plug.The technical specification of this 

engine was given in Table 1. In addition, 

ignition and injection systems of this engine 

were controlled by Arduino Mega 2560 board 

[16]. The gasoline fuel line pressure was 

selected 1.0 bar. Fuel was started to inject to the 

intake manifold at the 50 °CA after the TDC 

during the intake process. 

Table 1: Research Engine Specifications. 

Engine specifications Description 

Cylinder number 1 

Fuel Gasoline 

Compression ratio 10.5 

Engine volume, cm³ 454 

Bore, mm 85 

Stroke, mm 80 

Fuel system 
Electronically controlled, 

PFI 

Ignition system 
Electronically controlled, 

spark ignition 

Charging Naturally aspirated 

In this study, a 70-kW eddy-current engine 

brake dynamometer was used. Torque 

measurement is conducted with a load cell after 

the mechanical revision of dynamometer. All 

the measured physical data such as temperature, 

speed, mean pressure was recorded during 90 

seconds by the laboratory control system. An 

AVL GU13Z-24 piezoelectric transducer was 

used to measure the cylinder pressure. Cylinder 

pressure was recorded by a Kistler Kibox high 

speed data acquisition system. 

Table 2: Experimental design and determined shape 

factors. 

BMEP 

(bar) 

Speed 

(rpm) 

Relative 

Air/Fuel 

Ratio (-) 

Shape 

Factor 

(m) 

3 1500 1.0 2.2 

3 1500 1.4 1.8 

5 1500 1.0 2.7 

5 1500 1.4 2.2 

7 1500 1.0 2.7 

7 1500 1.4 2.4 

3 2000 1.0 2.2 

3 2000 1.4 1.9 

5 2000 1.0 2.3 

5 2000 1.4 2.2 

7 2000 1.0 2.4 

7 2000 1.4 2.3 

9.6 2500 1.0 2.6 

7.6 2500 1.4 2.2 

The cylinder pressure and the volume were 

recorded during 200 cycles in every 0.1° crank 

angle (°CA). The mass flow rate of gasoline was 

measured with the AVL 733S device and air 

flow rate was measured by a Dresser G65 flow 
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meter. Exhaust gas emissions were measured 

with a Horiba Mexa 7500. The inlet temperature 

of the cooling water was fixed at approximately 

70°C. The experiments were carried out at the 

two different relative air/fuel ratios (λ=1.0 and 

λ=1.4), different brake mean effective pressure 

(BMEP=3.0, BMEP=5.0 and BMEP=7.0 bar, 

for 1500 and 2000 rpm and BMEP=7.6 and 9.6 

bar for 2500 rpm). The spark advance was set 

for maximum brake torque (MBT) at each 

experimental condition (Table 2). 

2.1 Wiebe function 

The Wiebe function explains the mass fraction 

of burned fuel according to the crank angle 

during the combustion process in theoretical 

models [1,13,14]. Wiebe function was given as: 

𝑥𝑏 = {1 − 𝑒
[−𝑎(

𝜃−𝜃0
∆𝜃

)
𝑚+1

]
}             (1) 

where xb is the mass fraction burned, 𝑎 is the 

efficiency parameter, m is the shape factor, 𝜃 is 

the crank angle in degrees, 𝜃0 is the start of 

combustion, ∆𝜃 is the burn duration. The Wiebe 

function has an S-shaped curve and is used to 

characterize the combustion process. The mass 

fraction burned in the combustion process 

ranges from 0 to 1. The zero fraction indicates 

that the combustion has not started yet. If xb is 

equal to one, it means that all of the fuel burned 

in the process. The duration between these two 

cases might be defined as the combustion 

period. Although the Wiebe equation is a useful 

function in describing the combustion process, 

the selection of Wiebe parameters correctly is a 

challenge. In this study, the variation of the 

shape factor (m), which is the variable in 

determining the burning rate in the Wiebe 

function, for different loads at different engine 

speeds will be examined. 

3. Regression Analysis 

Regression is a concept that describes the form 

of the relationship between the independent and 

response (dependent) variables and helps to 

explain this interaction. On the other hand, 

regression analysis is summarizing the 

relationship between at least two variables (one 

dependent and the other independent) with the 

help of a mathematical function [17]. This 

function aims to define a statistical probability 

between the independent and dependent 

variables. 

 
Figure 2: Scatter diagram of Wiebe shape factor. 

In this study, statistical methods were used to 

determine the independent variables that are 

effective on the change in the response or 

dependent parameter, which was shown in 

equation 1 and directly describes mass fraction 

burned. Multiple linear regression analysis was 

performed to determine the relationship 

between the shape factor and the least two 

independent variables. There are three different 

independent variables, which were engine speed 

(n), brake mean effective pressure (BMEP), and 

relative air/fuel ratio (λ). The “m” parameter in 

the Wiebe function was selected as a dependent 

or response variable. According to the scatter 

diagram seen in Figure 2, it is possible to 

establish a linear relationship between the 

independent variables and the response 

parameter (shape factor). The least squares 

method is the most common aprroach used in 

regression analysis [18]. In this study, a linear 

relationship between dependent and 

independent variables was established using the 

least squares approach. The regression model 

expressing this relationship was given in 

equation 2 in basic form. Regression 

coefficients and independent variables affecting 

the response variable were obtained by 

regression analysis and ANOVA. 

𝑦 = 𝛽0 + 𝛽1𝑥1 + 𝛽2𝑥2 + 𝛽3𝑥3 + 𝜖            (2) 

4. Results 

Heat release rate, which was obtained from the 

experimentally measured cylinder pressure data 

with Rassweiler-Withrow approach [19], was 
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calculated to determine the value of the 

dependent variable (shape factor). Detailed 

description of this calculation can be found at 

reference [4]. In addition, the burn duration 

(5%-90% mass fraction burned) for each 

operating condition  was calculated with the 

heat release rate to use in equation 1. Using 

these data, the shape factor in equation 1 was 

changed and the results of the Wiebe equation 

were matched to the experimentally calculated 

heat release rate curves. The result of the fitting 

process for an operating point was given in 

Figure 3. The shape factor was determined by 

this method for 14 different experimental 

conditions (Figure 2). Then, the relationship 

between changing of shape factor and the 

independent variables was determined. 

Microsoft Excel software was used in ANOVA 

and Regression analysis. 

In each experimental conditions given in Table 

2, the spark advances were selected according to 

the MBT. Pressure data obtained at a BMEP of 

5 bar were given in Figure 4. Since the spark 

advance was selected according to MBT, the 

maximum pressure occurred 13-15 °CA after 

TDC. In lean mixtures, pressure values were 

higher at compression period. Because the 

throttle valve must be opened slightly, which 

was increased the inducted air into the cylinder, 

while reducing the amount of the fuel to obtain 

constant BMEP conditions in the lean mixture. 

According to the experimental results in this 

study, operating with lean mixture instead of 

stoichiometric mixture increased efficiency at 

constant BMEP and engine speed. 

 
Figure 3: The mass burned fraction for experimental 

result and Wiebe function. 

The heat release rates, which were calculated 

with the Rassweiler-Withrow method, using the 

pressure data shown in Figure 4. As can be seen 

in Figure 5, the heat release rates with the 

leaning of the mixture decreased. However, the 

integrated heat releases were the same levels in 

the stoichiometric and lean conditions. In 

addition, it was seen that the burn rate decreases 

in the lean mixture.

 

 
Figure 4: Cylinder pressure of different operating conditions. 
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Figure 5: Heat release rate of different operating conditions at a BMEP of 5 and 3 bar. 

 
Figure 6: Variation of shape factor depending on the 

operating conditions. 

The Wiebe function given in equation 1 is an 

empirical expression used in the theoretical 

calculation of the heat release rate or mass 

fraction burned. This study aims to determine 

the most appropriate shape factors in the Wiebe 

function for calculating the heat release rates 

more correctly. If a functional relationship is 

established between shape factor and the 

independent engine variables, some basic 

calculations can be made about the combustion 

process before the experimental studies. The 

variation of the shape factor according to the 

independent variables for 14 different 

experimental points used in this study was given 

in Table 2 and Figure 6. While shape factor took 

smaller values at low loads, shape factor 

increased with increasing load (BMEP). The 

increase in shape factor depending on the load 

was continuous in lean mixtures (Figure 6). As 

given in the scatter diagram (Figure 2), it is seen 

from this graph that a linear relationship might 

be established between the shape factor and the 

independent variables. 

The ANOVA results for the shape factor, which 

was determined at 14 experimental points, were 

given in Table 3. A null (H0) hypothesis was 

suggested in here. All tests were evaluated 

according to the 95% confidence interval. 

According to claim in the null hypothesis, all 

three independent variables have no effect on 

the change of shape factor. The accuracy of this 

model was tested with ANOVA. The F value 

was calculated 13.0709 as seen in Table 3. It is 

found that F0.05,3.10 = 3.71 from the F distribution 

tables. The H0 hypothesis was rejected 

according to these results. That is, at least one of 

the three independent variables influences the 

variation of shape factor. 

Table 3: ANOVA results. 

 df SS MS F 
Significance 

F 

Regression 3 0.7809 0.2603 13.0709 0.0009 

Residual 10 0.1991 0.0199   

Total 13 0.9800    

However, it is difficult to understand which one 

of these three variables has an effect or not with 
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the F test. Because of that, the effect of each 

independent variable on the shape factor was 

determined with the t test. Here, the null 

hypothesis (H0) is again established as 𝛽1 = 𝛽2 = 

𝛽3 = 0. Statistical t and P-value were given along 

with the regression coefficients in Table 4. If the 

P value of each independent variable is less than 

0.05, the null hypothesis was rejected. 

Accordingly, all three independent variables are 

effective on the change of the “m” parameter 

(𝛽1, 𝛽2, 𝛽3 ≠ 0) due to its very low P value. The 

regression model (equation 3) was created using 

the regression coefficients in Table 4. 

According to the calculated coefficients, there is 

a positive relationship between BMEP and m 

parameter. However, engine speed and relative 

air/fuel ratio have a negative relationship with 

“m” parameter. 

𝑚 = 3.16 + 0.1𝐵𝑀𝐸𝑃 − 0.0003𝑛 − 0.71𝜆 (3) 

Table 4: Regression coefficients and P-values 

 Coefficients 
Standard 

Error 
t Stat P-value 

Intercept 3.16 0.3058 10.3284 0.0000011 

BMEP 0.1 0.0214 4.6668 0.0008852 

Engine 

speed 
-0.0003 0.0001 -2.4402 0.0348391 

Relative 

air/fuel 

ratio 

-0.71 0.1892 -3.7716 0.0036519 

The R square, which is a measure of the success 

of the regression equation, was calculated as 

0.797 (Table 5). Accordingly, approximately 

80% of the variation of the shape factor is 

explained by the established regression model 

(equation 3). There is a slight difference 

between the adjusted R square and the R square 

(Table 5). Thus, it can be stated again that all the 

independent variables in the regression model 

have a non-ignorable effect on the shape factor. 

Therefore, it is not necessary to remove any 

independent variable from the regression model. 

However, interactions of independent variables 

might be included in the model to make the 

model stronger. In this way, it is possible to 

increase the R square values even more. The 

shape factors obtained according to the 

regression model and the experimentally 

determined shape factors were shown in Figure 

7. As it can be seen from the Figure 7, these 

values are compatible with each other. 

The shape factors were determined and 

calculated with the created formula for different 

experiment points (λ=1.2 and λ =1.6 for at a 

BMEP of 5 bar at the different engine speeds), 

which were not used in the regression model. 

The calculated shape factors were shown in 

Hata! Başvuru kaynağı bulunamadı.8. Thus, 

the accuracy of the created formula was tested. 

It has been observed that the created formula 

calculates the shape factor with an accuracy of 

over 96% at each experiment points for not 

described in the model. 

Table 5: Results of regression analysis. 

Regression statistics 

Multiple R 0.893 

R Square 0.797 

Adjusted R Square 0.736 

Standard Error 0.141 

Observation 14 

 
Figure 7: Comparison of experimental and fitting 

regression model results. 

 
Figure 8: Comparison of shape factors for experiment 
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points different from regression model. 

5. Conclusion 

In this study, experiments were carried out with 

gasoline fuel in a single-cylinder research 

engine for fourteen different operating 

conditions. By using the measured cylinder 

pressure data, the heat release rates were 

calculated. Using these data, the change of 

shape factor in equation 1 was obtained. The 

results of the Wiebe equation, which was widely 

used in theoretical calculations, were matched to 

the experimentally calculated heat release rate 

curves. Therefore, the most appropriate value of 

the shape factor in the Wiebe equation was 

investigated for each experimental condition. 

The values of the response variable (shape 

factor) were transferred to the scatter diagram, 

and it was seen that there might be a linear 

relationship between the independent variables 

and the response variable (shape factor). As a 

result of the ANOVA analysis, it was 

determined that the independent variables, 

which are engine speed, relative air/fuel ratio 

and BMEP, were effective on the change in the 

shape factor in the established regression 

equation/model. The established regression 

model with these three variables explained 80% 

of the change in the response parameter (shape 

factor). It has been observed that the created 

formula calculates the shape factor with an 

accuracy of over 96% at each experiment points, 

which were not used in the model. By using the 

created equation together with the Wiebe 

function, it is possible to obtain more precise 

and easy results in theoretical combustion 

analysis. In future studies, to improve the 

regression model, the interactions between 

independent variables can be examined. In 

addition, the flexibility of the model can be 

greatly expanded by examining the effect of 

different combustion chamber designs on the 

shape factor. 

Nomenclature 

ANOVA : Analysis of variation 

BMEP  : Brake mean effective pressure 

λ   : Relative air/fuel ratio 

H0  : Null hypothesis 

m  : Shape factor 

MBT  : Maximum brake torque 

n  : Engine speed 

TDC  : Top dead center 

xB  : Mass fraction burned 
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