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Mulatu Numbers Which Are Concatenation of Two Fibonacci Numbers

Fatih ERDUVAN!"S" Merve GUNEY DUMAN™

Abstract

Let (M,,) be the sequence of Mulatu numbers defined by My, = 4, My = 1, My, = My,_1 + My _,
and (Fy) be the Fibonacci sequence given by the recurrence F, = F,_; + F,_, with the initial
conditions Fy = 0, F; = 1 for k = 2. In this paper, we showed that all Mulatu numbers, that
are concatenations of two Fibonacci numbers are 11, 28. That is, we solved the equation M, =
10%E,, + E,, where d indicates the number of digits of E,. We found the solutions of this
equation as (k,m,n,d) € {(4,2,2,1),(6,3,6,1)}. Moreover the solutions of this equation
displayed as M, = F,F, = 11 and M, = F;F, = 28. Here the main tools are linear forms in
logarithms and Baker Davenport basis reduction method.

Keywords: Mulatu and Fibonacci numbers, linear forms in logarithms, exponential
Diophantine equations

1475 and g = %ﬁ a and B are

, .
Let (M,) be the sequence of Mulatu numbers € roots of 1+4x—x*=0. The relation
defined by My =4, M, =1, My, = M_, + between M, and F; with a is given by

My,_, for k= 2. The Mulatu numbers are

1. INTRODUCTION

where a¢ =

k- k

introduced in [1]. Let (F,) be the Fibonacci @ = < My <4a® forallk =0 1)
sequence given by the recurrence F, = e .
Fy_, + F,_, with the initial conditions F, = @ -~ < Fy<a*' forallk = 1. (2)
0, F; = 1 for k > 2. Binet formulas of these . . . .
numbers are By induction, the inequalities (1) and (2) can

be proved. In [2], let d be the number of digits

_[10-VB\ g . [(104V5) k of F,, authors gave solutions of the equation

M) = g{ 5 ) ( 5 )ﬁ ’ .
Fk=ajgﬁ F, = 10%F,, + F,

as

(k,m,n,d) = (7,1,4,1),(7,2,4,1),
(8,3,1,1),(8,3,2,1),(10,5,5,1).
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In [3], Alan determined that Fibonacci
numbers which are concatenations of two
Lucas numbers and also Lucas numbers
which are concatenations of two Fibonacci
numbers. Inspired of these works, we solved
the Diophantine equation
M, = 10%E, + E,, 3)
where d indicates the number of digits of F,.
If m = 0, then we have

from the equality (3). Moreover, the equality
My = Fx_3 + Fy—1 + Fi42

can be found in [4]. When we consider the
above two equalities together, we get
Fibonacci numbers that are sums of the three
Fibonacci numbers. But this problem is also
solved in [5]. Moreover, we will take m > 2
since F; and F, values are the same.

2. PRELIMINARIES

Let y be an algebraic number of degrees d
over Q with minimal primitive polynomial

cox?+ cxt T+t g =co X E (x —
y®) € Z[x],

with y®©’s are conjugates of y and ¢, > 0.
Then logarithmic height of y is given

h(y) = %(log co+
L log(max{|y ], 1})).

The following properties are given in [6].

h(y:1 ¥ y2) <log2 + h(y;) + h(y,) (4)
h(y1y2™) < h(y1) + h(y2) (5)
h(y1") = |r|h(y1). (6)

The following lemma can be found in [7].
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Lemma 1. Let y4,75, ..., ¥, b€ positive real
algebraic numbers and let by, b,, ..., b, be
nonzero integers. Let D be the degree of the
number field Q(y4,v2, -, ¥n) OVer Q. Let

B = max{lbllr |b2|r e |bn|},

A; = max{D - h(y;), |logy;l, (0.16)}

foralli =1,2,...,n. If
[=p "y =10
then

IT| > exp(—1.4-30"*3.-n*>.D2. (1 +
logD)-(1+1logB)-A; -4, A,).

In [8], the authors put forward a different
version of conclusion of Dujella and Pethd’s
Lemma in [9]. This lemma is given below.

Lemma 2. Let 7 be irrational number, M be a
positive integer and S be a convergent of the

continued fraction of t such that ¢ > 6M, and
let A, B, u be some real numbers with A > 0
and B > 1. Put

&:= |luqll — Mllzqll,

where ||-|| denotes the distance from the
nearest integer. If € > 0, then there is no
positive integer solution (r,s,t) to the
inequality

O<|rt—s+u|l<A-B7t

subject to the restrictions that

Aq

log(“9/

rSMandtZ—( s).
logB

The following lemma are given in [10].

Lemma 3. Let p,TER. If 0 <p <1 and
IT| < p, then

llog(1 + )] < =E=-22-|r|

and
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TP el
M| < —£— e’ - 1].

The following lemma is also useful. We will
use it to prove our theorem.

Lemma 4. Suppose that M,, = 10%E,, + E,,
where d indicates the number of digits of E,.

Then we have the following inequalities.

a)d<"—Jr3

b) E, < 10d < 10F,
cn+m—-7<k<n+m+4
dk-m>1

e)k—n=>-1

Proof. a) Since d is the number of digits of
E,, we can write d = |log,oF,] + 1. From
here, we find

nT—z <logipa

1=d.

"2 < logyoF, < llogyoF,l +

Thus, we obtain d < ”—+3

b) Since d = |log,oF,] + 1, we find

E, = 10'°810Fn < 104
< 10'9810F+1 < 10F,.

¢) By using Lemma 4(b), the inequalities (1)
and (2) we obtain

ak"1 < M, = 10%E,, + E,
< 10F,E, + E,E,,
= 11E,FE, < a™*m*3

and

ak*t? > 4aq* > M, = 109E, + F,
> E,E, > a4,

Thus,wegetn+m—-7<k<n+m+4.
d) Let consider the inequality
M, = 10%E,, + E, = 10E,

and the equality
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My, = 4Fy.q — 3Fy

givenin [1]. If k < m + 1 then we have
10F,, < My = 4F,, — 3F;

=3F-1 + Frs1

< 3E, + Fpyp < 6F,,

which is a contradiction. Thus, k — m > 1.
e) Considering the inequality

M, = 10%E, + E, > E,E, + E, = 2E,,

it can be seen that k — n = —1 similar to the
proof of Lemma 4(d).

3. MAIN THEOREM

Theorem 5. Let d be the number of digits of
E,d=>1 m=>=2 and n,k=>0. If M, =
10%E,, + E, then

(k, B, Fy, M) € {(4,1,1,11), (6,2,8,28)}.

Proof. Assume that the equation (3) is
satisfied. If 0<k <109, we find
(k, My, Fn, E,) € {(4,11,1,1), (6,28,2,8)}. So
suppose that k> 110. We arrange the
equation (3) as

(57 a* -

(10+\/—) gk —

If we multiply both sides of the above equality

by 5 and taking absolute values of this
108.gm

equality, we obtain

a.am _
10 ==

10dlj/_+F

(2v5-1)-ak—m

- 1| <
104
2v/5+1 1 V5-Fy
e o R R <
10d ak+m aZm 10d am —
1 (2541
(10d ak + am t \/_)

i.e.,

(2v/5-1)-ak—™ | 2.62
e J- < 22
e = )
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where we use that k > 110, m > 2 and d >
1. Now, we are ready to apply Lemma 1 with
Yi=a, v, =10, y3 =2V5—1and b, :=
k —m, b, := —d, b3 = 1. Furthermore, D =
2. Put

__ (2v5-1)-akm

104

r, —1.

Suppose that T; = 0. Then, we get a¥™™ =
d
@. If we conjugate in Q(V5), then

1
(1-2v5)104
19

we obtain gk—™ = . From this, it

4-104 ..
. This is not
19

possible. Moreover h(y;) =
log10 and

can be seen that Fj_,, =

loga

PR h()’z) =

2

h(ys) = h(2V5 — 1) < &%,

2

Hereby, we can choose A; :=loga, A, =
log100, A; :=log80. Considering Lemma
4(a), (c), we can write

n+3

d<T<k—m+3<k+3. (8)

From here, we can say B :=k + 3. Let A =
(—1.4)-30%-3%5.22 By using Lemma 1
and the inequality (7), we have

2.62x a™™ > |Iy| > exp((1 +log2)-A-
(1 +log(k+ 3)) -log100 - loga - 10g80)

i.e.,

mloga —log2.62 < 9.42 x 1012 -

(1 +log(k + 3)). 9)

Now, from (3), we write

(5 _ Y g qpd =
_(E(H'j)’gk igé "

5 Vs’
ie.,

ot ((2v5-1) — a™*) = 10¢-V5 - F,

Sakarya University Journal of Science 27(5), 1122-1127, 2023

= —(2v5 + 1)g*k — . (10)

After making necessary calculations, we get

ak((zﬁ—1)—an—k) -
1 1 2v/5+1 1
ak |(2v5-1)—an—k ( ak +J)'
i.e.,
1045y, 0.55
— < 22
‘1 ak((zﬁ—l)—an-k) — ak’ (11)

where we kept in view that n > 0, k > 110
andk —n > —1.Puty; :==a,y, = 10,y3 =
V5Fn — — —
W, b1 = —k, bz = d and b3 = 1.

Moreover, D = 2. Let

104-J5-Fy

=1~ ak((Z\/g—l)—an—k)'

If I, = 0, then we can write

104, = (2-2) a* - Lan. (12)
Conjugating in Q(/5), we get
104F, = (2+%) gk + L pn. (13)

Thus, from the equalities (12) and (13), we
obtain 2-10%-E, = M, —F,. This s
impossible since M,, = 10%F,, + E,. As

h(y3) < h(E,) + h(V5) + h(2V5 - 1)
+(k —n)h(a) + log2
< (2m+3) lo% + log10 + 2log?2
_ 2log40+3loga

. + mloga,

we can choose A; :=loga, A, :=1logl00,
A; == 8.83 + 2mloga. By using (8), we
obtain B := k + 1. By using the inequality
(11) and Lemma 1, we can say

0.55 x a~ % > || >
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exp((1+1log2)-A-(1+log(k + 1)) -
loga - 1og100 - (8.83 + 2mloga)),

ie.,

kloga —log(0.55) < 2.15 x 102 -
(1 +1log(k + 1) -(8.83 + 2mloga)). (14)
Combining the inequalities (9) and (14), we
get k < 4.03 x 102°. Now, let us reduce this
bound. Let

Zl =
(k — m)loga — dlog10 + log(2V5 — 1)
and so I'; .= e*t — 1. From (7), we have

0=l — 1] < =2 < 0.62.

Taking p = 0.62, we obtain the inequality

log0.38 2.62 _
802222 409X ™™
0.62 am

|z, | < —
by Lemma 3. Therefore, we can write

0 < |(k — m)log a — dlog10 + log (2V5 —
1)| <4.09xa™

ie.,
0 < |(k —m) loga n log (2v5-1) <
log10 log10
1.78 X ™™, (15)
. loga __ (log(2V5-1) .
Put 7:= log10 €Q w= ( log10 )’ A=

1.78, B == a, t :=m and M: = 4.03 x 102°.
We have k—m >1 from Lemma 4(d).
Moreover, we found g4, > 6M and then

€ = ||luqe1ll — M|ltges 1l < 0.47.

According to Lemma 2, if (15) has a solution,
then
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Thus, m < 151. By using (14), we have k <
2.68 x 10, Put

Z2 =
leglO - klogoc + IOg (ﬁ%)

and so I, ;=1 —e?. Since k > 110, it is
clear that

I, = |1 —e?*| < 0.55-a7% <0.01

by the inequality (11). So, choosing p := 0.01
in Lemma 3, we get

dlog 10 — klog a + log (ﬁ%) <
log (53) 0.55 Tk
——< 0.56 X a
001 «
i.e.,
V5-Fm
0<|d282_k +l°g(m) -
loga loga
1.17 x a7¥, (16)
V5-Fm
logl —=—~ "%

Where T = logi and u: — ((Zﬁ—l)—a k).

loga log a

By using (8), we can take M: = 2.68 x 106,
Here we found q4, = 6M. Thus, we can say

€ = ||uqqoll — MllTqaoll < 0.498

for—-1<k—-n<m+4and3 <m < 151.
In Lemma 2, let A:=1.17, B==a, t == k.
Hence, if (16) has a solution, then from
Lemma 2, we get

log(w

k < —8) < 104.5.
logB

Thus k < 104 contradicts our presumption
that k > 110. When we take into account the
case m = 2 for k > 110 it can be seen that
k <91. This is a contradiction. Thus, the
proof of our theorem is finished.
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