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In this paper, we determine the principal functions corresponding to the eigenvalues and the spectral
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1. INTRODUCTION

The spectral analysis of a non-self-adjoint Sturm-Liouville equation (SLE) with continuous and discrete
spectrum was investigated by Naimark [1] He proved the existence of the spectral singularities in the
continuous spectrum of SLE. Lyance showed that the spectral singularities play an important role in the
spectral theory of SLE [2 ] He also studied the effect of the spectral singularities in the spectral expansion
of SLE in terms of the principal functions. The spectral analysis of the non-selfadjoint operators with purely
dicrete spectrum has been considered by Keldysh[3,4]. He studied the spectrum and principal functions

of operators involving a polynomial dependent on the spectral parameter, and also showed the completeness
of the principal functions of these operators in Hilbert space. Some problems of the spectral analysis of a
non-selfadjoint Schrodinger, Dirac and Klein-Gordon differential and difference equations with spectral

singularities were studied in [5 — 13]. The spectral analysis of quadratic eigenparameter dependent non-

selfadjoint Sturm Liouville equation has been studied in [14 — 15].
Let us consider the following BVP
—y +qla)y =Ny, xR, (L1)
(e + A + aX?)y'(0) = (B, + BA + 5,2%)y(0) = 0, (1.2)

where ¢ is complex-valued function also absolutely continuous in each finite subinterval of R, and «,
B, € C, i = 0,12, with ‘042‘ + ‘52‘ = 0. Itis clear that, the BVP (1.1) and (1.2) is non-selfadjoint.

*Corresponding author, e-mail: nyokus@kmu.edu.tr


http://dergipark.gov.tr/gujs

372 Nihal YOKUS, Turhan KOPRUBASI / GU J Sci, 30(1):371-379(2017)

Differently other studies in the literature, the specific feature of this paper which is one of the articles have
applicability in study areas such as physics, engineering, mathematics is the presence of the spectral
parameter not only in the Sturm-Liouville equation but also in the boundary condition at quadratic form.

In this paper, which is extention of [15], we aim to determine of the principal functions corresponding to

eigenvalues and spectral singularities of the BVP (1.1) —(1.2) and investigate of their convergence
properties.

2. DISCRETE SPECTRUM OF (1.1) AND (1.2)

We consider the equation
—y +ql@)y =Ny, zeER, 2.1)
related to the operator L .

The complex-valued function ¢ is assumed to satisfy the condition

o0

fx‘q(w)‘dw < o0 (2.2)
0

Let ¢(x, ) and e(z,A) denote the solutions of (2.1) subject to the conditions
P(0,N) = ap + ad + )\, 9 (0,0) = B, + BA + B\,

lim e(z,\)e ™ =1, \¢€ ((_3+,

T—00

respectively. The solution e(z,\) is called the Jost solution of (2.1). Therefore, under the condition (2.2)
, the solution (x,\) is an entire function of A and the Jost solution is an analytic function of X in

C, = A:2eCImA>0 andcontinuousin@r = A:A2e€eClImA>0 .

In addition, Jost solution has the following representation:
e(z,\) = e + fK(m, teMdt, X\ € Cq, (2.3)
T
where the kernel K(z,t) is expressed in terms of ¢, and is continuously differentiable with respect to its

arguments.
On the other hand, K(z,t) satisfies

| K(x,t)] < co(* 2+ t), (2.4)
0 B )] < oD+ o 29

o0

where ¢ > 0 isaconstantand o(z) = f‘Q(S)‘dS :

x
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Let e*(z,\) denote the solutions of (2.1) subject to the conditions
IILH;J e eE (2, \) = 1, Ili_}noloeimef(:v, A) = +i\, A€ 61.
Then
We(z,)),e*(x,0)| = 72\, AeC,

Wle(z,\), e(z,—A)] = 2%, A E€R = —o0,00 (26)
where W[fl,fg] is the Wronskian of f, and f, .
Let us define the following functions:

N = (ag + ah + a)2e (0,0) — (8, + BA + B,A2)e(0,4), A € Cs,
N=(A) = (ay + o) + a,\2)e (0,—0) — (B, + BA + BA2)e(0,—)), A€ C-, @7)

where C_ — A

: A€C, Im\ <0 . Itis obvious that the functions N and N~ are analytic in

C,and C_= X : AeC,/ImA <0 , respectively, and continuous on the real axis. The functions

N and N~ are called Jost functions of L .
The resolvent of L defined by

o0

R(L)f = f R(z,t;\) f(t)dt, f € Ly(R,)

0
where R(z,t;\) is Green's function given by

RY(z,t\), M€ C

R(x,t;\) = ' >
(z.5:A) R (z,t;A), AeC_ -
and
_ 2t Ne(wA) <t<z
gt ) = Nty T
RY(z,t;\) = _ @b 0y g
Nty
(2.9)
gt Ne(z,—N) 0<t<zg
R™(z,t;\) = .

in which (2.7) is taking into account.

We denote the set of eigenvalues and spectral singularities of L by o,(L) and o (L) , respectively. From
the definition of the eigenvalues and spectral singularities, we have [17]

o ()= X : AeC,, N*())

=0 U 0
* + * — (210)
o (L)= A: AeER,NT (N =0 U A: AeR, N (N) =0
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where R* = R\_ 0

Definition 1. The multiplicity of a zero of N (or N7) in ((_3+ (or C-) is called the multiplicity of the
corresponding eigenvalue or spectral singularity of the BVP (1.2) and (1.3).

We see from (2.6) that the functions 1/ (z,\) and 1/(z, \), defined by

P (z,\) = %e(x,)\) - %e*(m,/\), reC,
o (2,)) = NQ_Z,(AM o(,~N) — N#(AA) “(#,)), AeC
D \) = N2J;E\>\) e(,—N) — N2_i(;> (#,), A€R*

are the solutions of the boundary value problem (1.2) — (1.3) where

NE) = (o + X + ap\)et (0,0) — (B, + B + BA2)e™(0,\).
Now let us assume that

¢.q € AC(R,), lim,\Q(x)\Jr‘q’(ﬂ?)‘ —0, suple

T—00
TeER,

q(x)H <oo, €>0. (211

Theorem 1. ([15]). Under the condition (2.11) the operator L has a finite number of eigenvalues and
spectral singularities, and each of them is of a finite multiplicity.

3. THE PRINCIPAL FUNCTIONS OF (1.1) AND (1.2)

In this section, we determine the principal vectors of the operator L corresponding to its eigenvalues and
spectral singularities. We start with the following definition.

Definition 2. Let A = ), be an eigenvalue of L . If the functions

Yo (@ 20), 41 (2 g )55 45 (2, )
satisfy the equations

2

d

e Yo :L’,)\O =0

d2
—— Tqz -\

yn w’>\0 _yn—l 1},)\0 =0
dx

for n =0,,1,...,s, then the function y,(z,),) is said to be the eigenfunction corresponding to the
eigenvalue A = )\, of L. The functions y,(z,),),...,y,(z,,) are called associated functions
corresponding to the eigenvalue A = ). The eigenfunctions and associated functions corresponding to

A =), are called the principal functions of the eigenvalue A = \,. The principal functions
corresponding to the spectral singularities are defined similarly.
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Henceforth, we assume that the condition (2.11) holds. Let )\1,...,)\j and )‘j—i-l"'

., A, denote the zeros
of the functions N in C, and N~ in C_ (which are the eigenvalues of L) with multiplicities

Myseeny My and m .,m,., respectively. It is obvious that

ST
d" d"
W[t (@A) e@ )|t = {-—N" W =0 (3.1)
d\" Y d\" Y
forn:(),l,...,mp—l, p=12...,7 and
dn B dl/ _
Wy (2,), e(z,-) =1 N W =0 (32)
d\" Y d\' A
forn=0,1,...m, —1, p=7+1..k
Theorem 2. The formula
CARPRSN] B o ) PG HAN 32
ON" 7 A=A\ k=0 k)R oA A=\ 7 49
forn:(),l,...,mp—l, p=12..,7,and
n Z, = n—k — &7, — ) (34)
2 A=), k=0 k 2% A=),

for n = O,l,...,mp -1, p=7j+1..,k hold, where the constants a,,a,,...,a, and b b,...,b,
depend on )\p , respectively.

Proof. We will prove only (3.3) using the mathematical induction, because the case of (3.4) is similar. Let
n = 0. Itis evident from (3.1) that

P(3,A,) = a5(A,)-e(@, )

for p = 1,2,..., . Suppose that (3.3) holds for an arbitrary integer n, such that 1 < n, < m, —2.
Differentiating the equation
2

e y z,A =0 (3.5)
i

with respect to A and substituting A = )\p , we have

LIS +1 n ng—1

0
—— ta@) = A, y(,A,) =27, ny +1 6/\—%?/(% A) + ng(ng + I)Wy(xa A)- (3.6)

d2
dx

O\ +1

As ™ (z,\) and e(x,\) solve the equation (3.5), we obtain by (3.3), (3.5)-(3.6) that
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d? 9 .
—E+q(:ﬁ)—)\ gno(:c,)\p) =0, for p=12,...,7,
where
8n0+1 ny+1 n, +1 ak
gn (1‘,)\ ) = 1/)+(1’a)\) - a’n — —6(%,)\) . 3.7
0\ {(’M"OH - ];] I APy - 3.7)
On the other hand, (3.1) and (3.7) imply that
dn0+1 N
W|g, (x,)), ez, )\)L_Ap - WOHWW (z, A),e(a:,A)]Mp =0,
and therefore,
Gn, (z, /\p) = a,noﬂ()\p)e(:v, )\p)
for p = 1,2,..., 5. The proof is complete.
. . Qe )\p
Using the notations A A =
rr n—=Fk!
and
B )\ — bU*j /\P
R v—7j !
we canwrite 3.3 and 3.4 as
n n k
AT | I YR W i APV S
nl{oA" A=) k=0 krLoA* A=A
n = (),1,...,mp -1 p=1L12..,7
1 [ o " 1] o*
- w (x7 )\)} = ZB'n—k )\p _l_ke(x7 —)\)} Y
n!{ oA A=\, k=0 KLLOA A=),
n=0%1.,m -1 p= j4+ 1.k
Now we introduce the functions
1] om ! 1|0
U (z,\)= _{ ¢+(x,)\)} = ZA pA —{—e(m,)\)} ) (3.8)
n,p p n n— p k '
n!{ oA A=, k=0 koA A=),

n = (),1,...,mp —1L p=12..7and

1]or _ . 1] o*
Un,p(‘r’)\p) = E[a)\nlp (xa)\)}A:A = ZBn—k )\p H[TG(IE,—)\)})\:)\ y (39)



Nihal YOKUS, Turhan KOPRUBASI / GU J Sci, 30(1):371-379(2017) 377

n=01..,m —1 p=j+L..k
It follows from the definition that the functions U;fp(x,)\p),n =01,..m, —1 p=12..,j

J 4+ 1,...,k are the principal functions corresponding to the eigenvalues of L .

Theorem 3.

2 _ _ ..
U,,@A)elr R, forn=0L..m —1 p=12..77j+1..k (3.10)

_l’_

Proof. Let 0 < n < m, — land 1 < p < 5. From (2.3), (2.4) and (2.11) we obtain

|K(:L“, t)| < 06_8@,

and therefore,

" rlm ° —ey ™t _tIm
0 6(x, )\) < xne—xll A, + cft"e 6«' 2 e t I )\pdt7 (3 11)
o\" '
)\:)\p T

where ¢ > 0 is a constant. Since Im/\p > ( for the eigenvalues )\p, p=12...,73, (3.10) follows

from (3.8) and (3.11). Similarly we prove the results for 0 < n < m, — 1, j+41<p<k

Let sy,...,p, and g, ..., 1, be the zeros of N™T and N~ in R* (which are the spectral singularities

of L) with multiplicities n,,...,n, and n ., 1y, respectively. We can show

V10
{ o zb(xak)} = i[n]cn_k{a—ke(wﬂ)} ; (3.12)
O\ N i ONF A,
n=01.,n, -1 p= 1,2,...,v, and
{m ¢($,A)} _y [n]dn_k{a—k,e(%—k)} : (3.13)
% N U ONF -
n=01%.,n, -1 p=v +1,...,1

Now define the generalized eigenfunctions and generalized associated functions corresponding to the
spectral singularities of L by the following:

1| on ! 1| o*
v, (@ 1,) = —{ . w(x,»} =Y C,_(u )—{—6(% A)} (3.14)
T atiow A=p, k=0 BLAEES A=p,

n = O,l,...,np -1, p=1L12..0

1| o . 1| o
v, (T p,) = ;l o Y(z, A)} = ZDv_j(up)f{—.e(w, —A) }A (3.15)
-
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n=01Ll.,n, -1 p=v+ 1.1

Consequently, the functions v, (:z:,up), n=0L.,n —1 p=12.. vv+ 1,...,l are the
principal functions corresponding to the spectral singularities of L .

Theorem 4.

v, (@) & I? R, , forn=01..,n, -1 p=12..vv+1..10L (3.16)

Proof. If we consider 3.11 for the principal functions corresponding to the spectral singularities
A= pu,, p =12 00+ 1,...,I, of L and consider that Imup = 0 for the spectral singlarities,
then we have 3.16 ,by 3.14 and 3.15 .

Define the following Hilbert spaces:

H =1{f: f(1+:z;)2"‘f(x)‘2 dr <oopand H_ =g : f(l—lrzz:)_%‘g(x)‘z dr < oo
0 0
for n = 0,1,2,..., with norms

o0 o0

0 0

|/

respectively. It is evident that
_ 2
HO - L2 R-l— and Hn—H ; Hn ; L R+ ; H—n ; H—(n—H)' (3.17)
Also H_ isisormorphic to the dual of H .

Theorem 5.
vn?p(x,up) €H ., n=0L.n, -1 p=12. 0v+1..1L

Proof. For 0 < n < n, — land 1 < p < v using (2.3) we get

[;:n e(z, /\)}/\/\1 <z + [t" ‘K(:U,t)‘dt.

By the definition of the space H

—(n+1) and using (2.4) and (3.14), we arrive at vnp(x, /Lp) e H

—(n+1)
for 0<n<mn,—1and1<p<w.Inthe same manner, we obtain v, (z,11,) € H

—(n+1) for
0§n§np—1andv+1§p§l.

As a consequence of the preceding theorem we have the folowing:

Corollary 1.

vn?p(:v,,up) € H_n[] forn=01...,n, -1 p=12..,vv+1..]
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where

Ny = Max N;,Ny 1,7, T
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