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HERMITE-HADAMARD TYPE INEQUALITIES FOR
HARMONICALLY (a,m)-CONVEX FUNCTIONS BY USING
FRACTIONAL INTEGRALS

MEHMET KUNT AND IMDAT ISCAN

ABSTRACT. In this paper, we establish some fractional Hermite-Hadamard
type inequalities for harmonically («, m)-convex functions. Also, we give some
applications to special means of positive real numbers by using obtained in-
equalities.

1. INTRODUCTION

Let I C R be an interval and a,b € I with a < b. Then f: I CR —- Risa
convex function, if and only if following inequality holds

(1.1) f(‘“Lb) gb_la/abf(a:)dxgw,

2

In the literature, the inequality (1.1) is well known qua Hermite-Hadamard inte-
gral inequality for convex functions. Also, it is known that f is a concave function,
if and only if the inequality (1.1) hold in the reversed direction.

In [2], Iscan gave the definition of harmonically convex function, he established
Hermite-Hadamard inequality for harmonically convex functions, and he obtained
some Hermite-Hadamard type inequalities for harmonically convex functions as
follows:

Definition 1.1. [2] Let I C R\ {0} be a real interval. A function f : I — R is
said to be harmonically convex, if

Ty
1.2 — | <t 1—-t
12 f(griy;) S +1-01@
for all z,y € I and t € [0, 1]. If the inequality in (1.2) is reversed, then f is said to
be harmonically concave.
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Theorem 1.1. [2] Let f: I C R\ {0} = R be a harmonically convex function and
a,b eI witha <b. If f € La,b] then the following inequalities holds:

f(fibb) b_a/f s 1@TI0)

Theorem 1.2. [2] Let f : I C (0,00) — R be a differentiable function on I°,
a,b € I with a < b, and f' € La,b]. If |f'|* is harmonically convex on [a,b] for
q>1, then

(1.3) f(a)2 b_a/ f(=
< SO Dl @F + L 01
where
A = % _ (b2a)2 I ((a;£)2> ,
Mb¢fa)+£w2;m<@ijf>,
e (217_:?3 " <(4+1f)> =l -2

Theorem 1.3. [2] Let f : I C (0,00) — R be a differentiable function on I°,
a,b € I with a < b, and f' € La,b]. If |f'|* is harmonically convezr on [a,b] for
g>1, %—i—%:l, then

14) ‘f( )+ 1) bia/ f(x

u _a 1/p 1/q
b >< ! ) [ | @17+ o | 0]

2 p+1
where
L 0 ) (1 2) ]
2(b—a)*(1—q)(1-2q) ’
o P 0 ) (1 2) 0]

2(b—a)’(1-q)(1-2

In [9], Mihasen gave the definition of (a, m)-convex functions as follows:

~—

Definition 1.2. The function f : [0,b] — R, b > 0, is said to be («, m)-convex
where (o, m) € [0,1]?, if we have

fltz+m(1—t)y) <t*f(x)+m (1 -1t f(y)
for all z,y € [0,b] and ¢ € [0,1].
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If one choose (a,m) € {(0,0),(,0),(1,0),(1,m),(1,1),(a,1)}, then one has
the following classes of functions respectively: increasing, a-starshaped, starshaped,
M-coNnvex, CONvex, -CONVvex.

For recent results and generalizations concerning («, m)-convex functions we
refer to the readers the recent papers [1, 3, 4, 6, 7, 10, 11] and references therein.

In [4], Iscan gave the definition of harmonically (c, m)-convex function as follows:

Definition 1.3. The function f : (0,b*] — R, b* > 0, is said to be harmonically
(o, m)-convex, where o € [0,1] and m € (0, 1], if
mxy

(15 f (mty—!—(l—t)x) <t*f(x) +m (1 —t%) f(y)

for all z,y € (0,b*] and ¢t € [0,1]. If the inequality in (1.5) is reversed, then f is
said to be harmonically (a, m)-concave.

Note that, if one choose (a,m) € {(1,m),(1,1),(«, 1)}, then one has the follow-
ing classes of functions respectively: harmonically m-convex, harmonically convex,
harmonically a-convex (or harmonically s-convex in the first sense, if one choose s
instead of «).

The following Lemma is used for various Theorems in this paper.

Lemma 1.1. [12]. For 0< 6 <1 and 0 < a < b we have
|a9—b9| <(b-a).

We recall the following special functions which are known as beta and hyperge-
ometric function respectively.

I'(z)T ! -
ﬁ(xay):r((xx)_’_(;)):/o tm_l (1_t)y 1dta $7y>0’
. _ 1 ! b—1 c—b—1 —a
2F1 (a,b, C; Z) = mA t (1 — t) (]. — Zt) dt,

c>b>0, |z|<1 (see[8]).

Following definitions and mathematical preliminaries of fractional calculus the-
ory are used throughout this paper.

Definition 1.4. [8]. Let f € L[a,b]. The Riemann-Liouville integrals J¢, f and
Jbe_f of order 6 > 0 with a > 0 are defined by
1 * 0—1
@) = [ @0 r @ 2>

and

b
er)/ (t— 2" f(t)dt, z < b

respectively, where I is the Euler Gamma function defined by I" () = fooo et 1dt.

Jo_f(x) =

In [5], the authors presented Hermite-Hadamard’s inequalities for harmonically
convex functions in fractional integral forms as follows:
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Theorem 1.4. Let f: 1 C (0,00) = R be a function such that f € L]a,b], where
a,b € T with a < b. If f is a harmonically convex function on [a,b], then the
following inequalities for fractional integrals hold:

f(2ab)<F(9+1) (bab >9{ T2 (fog)(1/b) }<f(a);f(b)

Cl+b 2 —a +J19/b+(fog)(l/a‘)
with 6 > 0.

Let f: I C (0,00) = R be a differentiable function on I°, throughout this paper
we will take

f (@) + £ (b) r<9+1>< ab )9{ Tl u (Fo9) (1/0) }
2 2

If (g;eva’b) = - b—a +Jf/b+ (fog) (1/&)

where a,b € I witha <b,0>0, g(z)=1/x.
In [5], the authors gave the following identity for differentiable functions.

Lemma 1.2. [5] Let f : I C (0,00) — R be a differentiable function on I° such that
f' € Lla,b], where a,b € I with a < b. Then the following equality for fractional
integrals holds:

. _ab(b—a) [ - (-1’ ab
(1.6) I7(g;6,a,b) = 5 /o(ta+(1—t)b)2f <ta+(1—t)b>dt,

Remark 1.1. The identity (1.6) is equal the following one

' _ab(b—a) [ -0’ -t ab
(1.7)  If(g;0,a,b) = 5 /o(tb+(1—t)a)2f (tb+(1t)a)dt.

In this paper, we aim to establish some Hermite-Hadamard type inequalities
for harmonically («, m)-convex functions by using fractional integrals. Our results
have some relations with [2]. Also, we aim to give some applications to some special
mean of real numbers.

2. MAIN RESULTS

Theorem 2.1. Let f: I C (0,00) = R be a differentiable function on I°, a,b/m €
I° with a < b, m € (0,1] and f' € Lla,b]. If |f'|? is harmonically (c, m)-convex
on [a,b/m] for some fized q > 1,with o € [0,1], then

(2.1) |1 (g;9,a,b)|

. MC’%_IM (0:0,b) [ Oy (0;5a,b) | f' (a)|* | }1/(1

2 +mCs (0; a5a,b) | (b/m
where
b2 2F1 (2,0 + 150 +2;1 - ¢)
C 9' b = ’ ) ) b
1(6;a,0) 9_,_1{ +2F1(271;9_|_2;1_%) ,
BO+1,a+1) . 1 a
Cy (0;a;a,b) = bzb*Q 2F1(2,9+1,9+0¢+2,1a b) ]’
oot 2F1(2a1§9+a+2;1—5)

C3(0;a;a,b) = C1 (6;a,b) — Cy (0; 5 a,D) .
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Proof. Let Ay = tb+ (1 —t)a, B, = ua + (1 —u)b. By using (1.5) and the har-
monically (o, m)-convexity of |f/|? | we have
q

(G =V i) =1 G ri=s)

<t [f ()" +m (L —t%) [f" (b/m)|".

q q

(2.2)

A combination of (1.7), (2.2), the property of the modulus, and the power mean

inequality, we have
Loy -0t
ey Iy gan < 200 [ 7(%)]
0 t

> pP
o (ab
/ (At)
1-1
ab(b—a) [ [*(1—1)° +1¢ i
S —5 et
2 0 Aj
1
/1 (1—t)0+t9 J <ab) th /q
0 A7 Ay

1-1
ab(b—a) [ [*(1—1)° +1¢ i
e A S
2 0 A

)

Jy ) 1 (@)
N0 46

o (fy S (1=t dt) | (b/m)]"

Calculating the appearing integrals with hypergeometric function, we have

1 0 0 1,6 0
(I1—-t)" +t¢ _/ u?’ + (1 —u)
(2.4) /0 A% dt = | Bﬁ du

— L _p)f 40
< ab(b—a) / (1—t) +t it
0

- 2 A?

X

1/q

X

b2 [ oF (2,0 +1;0+2;1—9)
—9+1|: +2F1(2,170+2,1—%) —Cl(eaavb)a
11 _ 0, 46 1,6 _ .\
(2.5) /%t“dt:/ M(lfu)adu
0 At 0 Bu

BOTLath ,m (2,0 4+ 10+ +2;1— %)
e oF (2,10 + o 21— 2)
1 0 /] 1 0 /] 1 0 0
(11—t +¢ / (1—t)7 +t / 11—t +t
2.6 / T —dt= | g [ L T ey
R S A
=C1 (5a,b) — C2 (0;05a,b) = C3 (0350, b) .

Finally, by using (2.4)-(2.6) in (2.3) then we have (2.1). This completes the
proof. O

= 02 (9;0{;@, b) )
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Corollary 2.1. In Theorem 2.1, If we choose 8 = 1, then we have the following
trapezoid type inequality for harmonically (o, m)-convez functions:

f(fl)2 _bia/f

ab(b—a) 1-1/q Cs (1;5a,b) | f (a)|? 1a
< — 7
=T A T ey (asa )i (b/m)l”
If we choose 0 < 6 < 1, by using Lemma 1.1 we obtain another result for
harmonically (a, m)-convex functions as follows:

Theorem 2.2. Let f : I C (0,00) — R be a differentiable function on I°, a,b/m €
I° with a < b, m € (0,1] and f' € Lla,b]. If |f'|? is harmonically (c, m)-convex
on [a,b/m] for some fized q > 1,with o € [0,1], then

(2.7) |1y (g;0,a,b)|
ab(b—a) 1-1/g . Cs (B;050,0) | (@))7 1"
S5 O TBab) (6 asa,b) I (b))
where 0 < 6 <1 and

9 I 2F1 (2,1,94—2 1-— %)
C4(9;a,b): 9+1 2F1(2 0+1;0+2;1— %)
+(a;b) 1 o I (2 9—1—1 0+2 Zi)

2F1 (2,1,0+O¢+2,1—%)

9+a+1

Cs (0; a5a,b) = *w 2F1(2 0+1'0+a+2'1 % ,
B(O+1,a+1)
+ et —2 2F1( ; oe )

Cs (0; a5a,b) = Cy (0;a,b) — C5 (0; a5 a,b) .

Proof. Let Ay =tb+ (1 —t)a, B, =ua+ (1 —u)b. A combination of (1.7), (2.2),
the property of the modulus, and the power mean inequality, we have

(28) |1} (g:60,a,)] < 2209 / o0’ Iz (j‘z)'dt

2 A?
1-1/
ab (b —a) /1’(1t)0t9’dt q

- 2 0 A7

0 1/q

X /1’(1_t) : ' ib th

0 A7 Ay

1-1/q

0

ab(b—a) /1’(1_t) —tg’

<—— ———dt
2 0 A

1/q

(o 1=t a1y
X 9 .
e (o L= ey an) 1 o
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Calculating appearing integrals with Lemma 1.1 and with hypergeometric function,
we have

1‘(1—15)9—169‘ V2 (1 gy g0 Lgh (1 =)
(2.9) / | R =/ 7dt+/ K S
0 A7 0 A7 1/2 A7

1,6 0 1/2 0 0
t—(1—1) / (1—1)" -t
= ——dt+2 ——dt
/0 A 0 A

1 46 1 6 1/2 0
t (1—1t) / (1-2t)
< —dt—/ dt+2 S dt
/o A? o A7 0 A7

2F1(2,1;9+2;173)
- —% oFy (2,0 + 1,0 +2;1— %) =Cy(0;a,b),
-2
() o oF (204 10+ 21052

1‘(1—15)9—759
(2.10 /7&%
Y Tm

{0+ /1 (11—t 12 (1 2t)%
< dt — | ~———dt + 2/ St
/0 A o A7 0 A

gt 2P (20 a+ 21— )

= % Fi(2,0+1L0+a+21-%) =C5 (0;50a,b),
+ ) oF (29+1 0+ a+2; bre
1‘(1—15) —t"‘
(2.11) /OA%(l—t“)dt

1‘(1—t)9—t0‘ 1‘(1—15)9—#"
= 7&7/ L g
[ =) =
= Cy (0;a,b) — C5 (0; ;a,b) = Cg (05 5 a,b) .

Finally, by using (2.9)-(2.11) in (2.8), then we have (2.7). This completes the
proof. O

Remark 2.1. If we choose 8 =1, a = 1, m = 1 in Theorem 2.2, then the inequality
(2.7) becomes the inequality (1.3) of Theorem 1.2.
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Corollary 2.2. In Theorem 2.2, If we take 8 = 1, then we have the following
trapezoid type inequality for harmonically (a, m)-convez functions:

f();f b—a/f

_ab(b— )Cl 141 0.b) [

Cs (Lasa,b) |f (@) 1V°
+mCs (1;a;a,b) | f' (b/m)|? ’

Theorem 2.3. Let f: I C (0,00) = R be a differentiable function on I°, a,b/m €
I° with a < b, m € (0,1] and f" € Lla,b]. If |f'|? is harmonically (c, m)-convex
on [a,b/m] for some fized g > 1,with a € [0,1], then

(b a) 1 1/p
. . <
(2.12) |1y (g;0,0,0)] < —, <0p+1)

- 2

1 (@) + ma|f (b/m)|"\ "
8 < a+1 )

o FP (2p,6p + 1;60p 4 231 — @)
+ o FP (20, 150p 4+ 2,1 — 9)

1,1 _

where ste= 1.

Proof. Let Ay =tb+ (1 —t)a, B, =ua+ (1 —u)b. A combination of (1.7), (2.2),
the property of the modulus, and the Holder inequality, we have

7 (g)]|ae

f! (j—‘:) dt

Y
ab(b—a) fol L ?

(2.13) |1 (9;0,a,0)| <
2 +f01 %

< ab(b—a) _ ( 01 (1;297) dt) w (fol

- 2 1 49 P
+(Jy ) (1
1
- a,b(b_a) /1 L%du 1/;D+ /1 (l_u)apdu /p
- 2 o B o B

(/Olta @)+ m (1= 1) | (b/m)|th)1/q

X

1

DO (i, gey) (L mal Bfm)l "
2 ! 2 a+1

Calculating K7 and K5 with hypergeometric function, we have

L op p—2p "
u

1 Op -2
(1—u) b—=p
2.15) K, = du = Fi (2p,1;0 2:1—¢) .
( ) 1 /(; ng U 9p+121(paap+7 b)

Finally, by using (2.14) and(2.15) in (2.13), then we have (2.12). This completes
the proof. O
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Corollary 2.3. In Theorem 2.3, If we take 8 = 1, then we have the following
trapezoid type inequality for harmonically (o, m)-convez functions:

fla)+f() / f(a (b2;a) (pL)””

2
FIP (2p,p+ Lp+ 21— 2)
R (2p ipr21-8) |

1 (@) + ma|f (b/m)|"\
% < a—+1 )

Theorem 2.4. Let f : I C (0,00) — R be a differentiable function on I°, a,b/m €
I° with a < b, m € (0,1] and ' € LJa,b]. If |17 is harmonically (c, m)-convex

on [a,b/m] for some fized q > 1,with « € [0,1], then
(L(b 1/17 1/q
2.1 I (g;0,a,b)] <
210) 117 eooan < 2O () (A
2P (20, 150+ 21— §) |f (@) e

(Oé+1) o Fy (2(],172,1 %) , v
er{ — oy (2q,1;a+2;1—%) Lf" (b/m)|

1,1
where;%—a—l.

Proof. Let Ay =tb+ (1 —t)a, B, =ua+ (1 —u)b. A combination of (1.7), (2.2),
the property of the modulus, the Holder inequality, and Lemma 1.1, we have

a —a 1 (1*t)6*t9 a
(2.17) |1 (9:0,0a,0)| < b(b2 )A ’ A? ’ f (Ai>’dt
ab(b*a) 1 0 p p ! 1 / ab
2</ -0 #| d’“‘) </0 az | <A)
ab(b—a) ! op v
2(/0 11— 2] dt)

) 1/q
. </ Al [t 17 (@] +m (1= )| (b/m)]"] dt) |

Calculating appearing integrals with hypergeometric functions, we have

1

Op 1
2.18 12t dt = ,
(2.18) /o| | Op+1

q 1/q
dt>

1 1 « 2
s (1—uw) b2
2.19 ——dt = dt = Fi(2q,1; 2;:1—4¢)
( ) /0 A?q /0 ng a+1 2 1((] ot b)

1—to M- —-w)®
(2.20) / tdt /#dt
0 At 0 Buq

_ b2 HFy (2q,1;2; 1-— %)
T -t 2R (20, e+ 21— )

Finally, if we use (2.18)-(2.20) in (2.17), then we have (2.16). This completes
the proof. O

Remark 2.2. If we take § = 1, = 1, m = 1 in Theorem 2.4, then inequality (2.16)
becomes inequality (1.4) of Theorem 1.3.
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Corollary 2.4. In Theorem 2.4, If we take 8 = 1, then we have the following
trapezoid type inequality for harmonically (a, m)-convez functions:

fla)+f(b)  ab /abfx(j)dx Sa(bQ;a) (pL)l/p (aL)l/q

2 b—a

oF (2¢, 1004+ 21— 2) | f (a)|? 1/q
(Oé+1) 2F1 (2q,1,271—%) , q
CLF (g Lat21—g) |0/

Theorem 2.5. Let f : I C (0,00) — R be a differentiable function on I°, a,b/m €
I° with a < b, m € (0,1] and f' € Lla,b]. If |f'|? is harmonically (c, m)-convex
on [a,b/m] for some fized q > 1,with « € [0,1], then

ab(b—a) 1 1/p
2.21) |Ir(g;0,a,b)| <
( ) | f(ga , Ay )‘ = 9(1/p)—1 (a+b)2 <9p_|_1>

|

a 1/p
x (If’ () + maf’ (b/m>|Q)”q oF1 (2,04 13600 42 52
a+l +2F1<2p,9p+1;9p+2;ZT_2)
1,1 _
where m + = 1.

Proof. Let Ay = tb+ (1 —t)a. A combination of (1.7), (2.2), the property of the
modulus, the Holder inequality, and Lemma 1.1, we have

0 _ 40
ab(b—a) [ ‘(1_’5) _t‘
. ; <

ab(b—a) [1=2t° |, [ab
< O at
N 2 /0 A7 f Ay
1
abb—a) [ [i—20 "/
=—= o
2 0 A 0
1
ab(b— a) /1 o\
Yy ot
2 o AX

</01 1 (@)]* +m (1 — 1) | £ (b/m)|” dt)l/q

1/
/1/2 (1_2t)9pdt+/1 (2t_1)9pdt P
0 AP 12 AP

% <|f/ ()| 4+ ma| f! (b/m)|q)1/q.

q 1/q
dt)

, (ab
/ <A)

X

ab(b—a)
2

a+1
Calculating appearing integrals, we have

(2.23) /1/2 a2, 1/1 LRk
. —s—dt = = U
0 + 0 (s2b+(1—2%)a
A 2Jo (sb+(1-%)a)”

—2p 1 o —2p
e (1m0 (22))
21=2p 0 b+a
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 (a+b)
S22 (gp+1)

1 _ 1\0p 2 _ 1\0p
(2.24) / (Gl e 1/ W=D 4
vz AT 2S (504 (1-%)a)”

b —2p 1 —b —2p
= M L a dv
21-2p 0 b+a
(a+b)* —b
=Ty F(z,e 1:0p+2: ¢ )
21—-2p (op ¥ 1) 247 | 2p, 0p + P+ b+a
Finally, if we use (2.23),(2.24) in (2.22), then we have (2.21). This completes
the proof. 0

o Fy <2p, Op + 1;0p + 2; ﬁ;Z) ,

Corollary 2.5. In Theorem 9, If we take 8 = 1, then we have the following trape-
zoid type inequality for harmonically (a, m)-convex functions:

f(a)+f(b)bciba/abfa§§)dx|< ab (b — a) ( 1 )w

2 T 20/M=1 (g +b)* \p+1

1/p

8 <|f/ ()| + malf’ (b/m)|q)1/q 2 Fy (210,19+ 1%‘*‘2%)
a+l + 2F (2p,p+1;p+2; Z;fj)

Remark 2.3. The inequalities in Theorem 2.1, Theorem 2.2, Theorem 2.3, Theorem
2.4 and Theorem 2.5 obviously holds for harmonically m-convex functions if we take
«a = 1, harmonically a-convex functions if we take m = 1, and harmonically convex
functions if we take o = 1, m = 1.

3. SOME APPLICATIONS TO SPECIAL MEANS

Let us recall the following special means of positive numbers a, b with a < b.
(1) The arithmetic mean:

A= A(a,b) = “;Lb.
(2) The geometric mean:
G =G (a,b) := Vab.

(3) The n-logarithmic mean:

1

bn+1 _ an—i—l n
(n+1)(b— a))
Proposition 3.1. For 0 < a < b, we have the following inequality

‘A (a%"rl’b%-‘rl) o Gszii

Ly = Ly (a,b) = (

< min{K;, Ko, K3, K4, K5}

where

1/q
. a 1-1/q /4. Ca (L;5a,b) a®
K, = 72 (q +1> Cl (1,&,[)) |: +03 (1;a;a,b)bo‘ ’

_abb—a) [« 1-1/q /v, Cs(1; a5 a,b) a® 1/a
KQ - T 5 (+1) C’4 (17a7b) +CG (1;a;a,b) b )
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_ 1/p [} a\ 1/4q
nga(b a) o 1 a® + ab
2b q p+1 a+1

2P (2pp+ Lip+ 21— §)
+ R (2 ip 21 —4) |

a(b—a) 1 \YP 1 \Y/a
Ky=—— —+1
* 2b (p—i—l) a+1 q+

a

2F1 (2, L0+ 2,1 - )

x| (a+1) 2F1 (2¢,1;2,1 - §) pe ’
— oF1 (20,150 +2;1 - 2)

e ab(b—a) 1 \YP o a® + ab\ M1
* T 2/m-1(g b \p+1 q a+1

2F1 <2p p+1 p+27 b+a>
+ 2 (210»]9"‘ Lp+2; m)

_|_

X

Proof. The proof follows by Corollary 2.1, Corollary 2.2, Corollary 2.3, Corollary
2.4 and Corollary 2.5 respectively, applied for the function f : (0,400) — R,
f(x):x%+1,q>1,a€(0,1]and%+é:1. O

Proposition 3.2. For 0 < a < b, we have the following inequality

1 1 -1
A (aq+l,bq+1) — G2L171

< min {Kg, K7, K3, K9, K10}

where
_ab(b—a) (1 1-1/q Cs (1;1;a,b)a 1/a
Ko =" (q * 1) Cro T Lab) | o e by |
_ab(b—a) (1 1-1/q Cs(1;1;a,b)a 1/a
hr=—" (q - 1) Ci " (Liad) +Cs (1;1;a,b) b ’
K _a(b—a) 1+1 1 \Y" fa+b\"4
57 o q p+1 2

BT (2p,p+1;p 4251 8)
+ o7 (2p, 1p+ 21 — %

g )

Jr
X 2F1 2q,121 % 5
+[2F1(2q7131 a) ]b

\|—| [\3‘;_1 I—l/—\

e ) )

2F1 <2pp+1p+27b+a

X
+ oF} <2p p+Lip+2; Z+2
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Proof. The proof follows by Corollary 2.1, Corollary 2.2, Corollary 2.3, Corollary
2.4 and Corollary 2.5 respectively, applied for the function f : (0,400) — R,

1,
f(;v):L%,q>1,mE(O,1]and%—i—%:l. O

(3+1)m
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