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Some Spectral Properties of Schrödinger Operators on Semi Axis  
 

 

İbrahim ERDAL *1  

 

 

Abstract 

 

The main aim of this work is to investigate some spectral properties of Schrödinger operators 

on semi axis. We first present the Schrödinger equation with a piecewise continuous potential 

function 𝒒 so that the problem differs from the classical Schrödinger problems. Then, we get 

the Wronskian of two specific solution of the given equation which helps us to create the sets 

of eigenvalues and spectral singularities. The rest of the paper deals with eigenvalues and 

spectral singularities. By the help of the analytical properties of Jost solutions and resolvent 

operator of the Schrödinger operators, we provide sufficient conditions guarenteeing finiteness 

of eigenvalues and spectral singularities  with finite multiplicities. 
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1. INTRODUCTION 

 

In this study, we take into consideration the 

following one dimensional time independent 

Schrödinger equation on the semi axis  

 

−𝑦′′ + 𝑞(𝑥)𝑦 = 𝜆2𝑦,   0 ≤ 𝑥 < ∞            (1) 

 

with boundary condition  

 

𝑦(0) = 0,                                                          (2) 

 

where 𝜆 is a spectral parameter and 𝑞 is a 

complex valued potential function. 

 

Before starting to examine our problem, let us 

briefly give an outline about the studies in the 

literature on the spectral theory of differential 

operators without any discontinuity. The 

spectral analysis of Schrödinger operators or 

differential operators were introduced by 
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Naimark [1]. He showed that some poles of 

the kernel of resolvent operator of 

Schrödinger operator are not the eigenvalues 

of the operator. Naimark proved that these 

poles are a mathematical obstacle for the 

completeness of the eigenvectors and are 

imbedded in the continuous spectrum as well. 

These poles which are called spectral 

singularities by Schwartz [2] are very 

significant in physics and mathematics 

especially in quantum theory and applied 

mathematics. 

 

Another technique for the treatment of the 

spectral theory of Schrödinger operator was 

presented by Marchenko [3]. He exposed that 

equation (1) has a bounded solution fulfilling 

the condition  

 

lim
𝑥→∞

𝑒(𝑥, 𝜆)𝑒−𝑖𝜆𝑥 = 1, 
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where  

 

𝜆 ∈ ℂ+ ≔ {𝜆 ∈ ℂ: 𝐼𝑚𝜆 ≥ 0}. 
 

𝑒(𝑥, 𝜆) is called the Jost solution of 

Schrödinger equation (1) and it has an image  

 

𝑒(𝑥, 𝜆) = 𝑒𝑖𝜆𝑥 + ∫ 𝐾(𝑥, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡,
∞

𝑥
𝜆 ∈ ℂ+       (3) 

 

under the condition 

 

∫ 𝑥|𝑞(𝑥)|𝑑𝑥 < ∞,
∞

0
                                              (4) 

 

where 𝐾(𝑥, 𝑡) is identified by the potential 

function 𝑞 [3, 4]. Also 𝐾(𝑥, 𝑡) satisfies  

 

|𝐾(𝑥, 𝑡)| ≤ 𝑐𝜎 (
𝑥+𝑡

2
),                                        (5) 

 

|𝐾𝑥(𝑥, 𝑡)| ≤
1

4
|𝑞 (

𝑥+𝑡

2
)| + 𝑐𝜎 (

𝑥+𝑡

2
),             (6) 

 

where 𝑐 > 0 is a constant and  

 

𝜎(𝑥) = ∫ |𝑞(𝑡)|𝑑𝑡.

∞

0

 

 

Up to the present, a wide range of problems 

connected to the spectral theory of 

Schrödinger and Sturm-Liouville operators 

with spectral singularities have been 

examined [5-12].  

 

On the other hand, spectral theory of 

Schrödinger and Sturm-Liouville operators 

with discontinuities inside an interval, namely 

impulsive operators were studied in detail 

recently [13-16].  However, in all studies, the 

discontinuity point is not releated to the 

potential function or coefficient of the 

operator, is related to the interval in which the 

operator is defined. 

 

In light of  the advancements on this theory, in 

this work, we present a second-order one 

dimensional time independent Schrödinger 

operator on the semi axis with piecewise 

continuous complex valued potential 

function. Since the potential function 𝑞 

behaves as an impulsive condition, the 

spectral analysis of Schrödinger operator 

getting more diffucult. Nevertheless, by 

specifying the resolvent of mentioned 

operator, we can give some useful spectral 

results. 

 

2. STATEMENT OF THE PROBLEM 

 

Let 𝐿 denote the one dimensional time 

independent  Schrödinger operator on the 

semi axis in 𝐿2[0, ∞) by the equation  

 

−𝑦′′ + 𝑞(𝑥)𝑦 = 𝜆2𝑦,   0 ≤ 𝑥 < ∞              (7)          

 

with the  boundary condition  

 

𝑦(0) = 0                                                                    (8) 

 

and piecewise continuous potential function  

 

𝑞(𝑥) = {
0, 0 ≤ 𝑥 ≤ 1

𝑣(𝑥), 1 < 𝑥 < ∞
 

 

where 𝜆 is a spectral parameter and 𝑣 ≠ 0 is a 

complex valued function and satisfies the 

condition 

 

∫ 𝑥|𝑣(𝑥)|𝑑𝑥 < ∞
∞

1
.                                       (9) 

 

It can be easily seen that 𝑐𝑜𝑠𝜆𝑥 and 𝑠𝑖𝑛𝜆𝑥 are 

the linearly independent solutions of equation 

(7) for 0 ≤ 𝑥 ≤ 1.  

 

On the other part, (7) accepts another solution  

 

𝑒̂(𝑥, 𝜆) = 𝑒−𝑖𝜆𝑥 +        

                 +
1

2𝑖𝜆
∫ 𝑒𝑖(𝑥−𝑡)𝜆𝑞(𝑡)𝑒̂(𝑡, 𝜆)𝑑𝑡

𝑥

𝑥0
 

          +
1

2𝑖𝜆
∫ 𝑒𝑖(𝑥−𝑡)𝜆𝑞(𝑡)𝑒̂(𝑡, 𝜆)𝑑𝑡

∞

𝑥
          (10) 

 

for 𝜆 ∈ ℂ+  in (1, ∞) fulfilling the condition  

 

lim
𝑥→∞

𝑒̂(𝑥, 𝜆)𝑒𝑖𝜆𝑥 = 1,  

 

where  𝑥0 is a positive real number. From (3) 

and (10), it is easy to see that  

 

𝑊[𝑒(𝑥, 𝜆), 𝑒̂(𝑥, 𝜆)] = −2𝑖𝜆,   𝜆 ∈ ℂ+, 
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where 𝑊[𝑦1, 𝑦2] denotes the Wronskian of the 

solutions 𝑦1 and 𝑦2 of equation (7).  

 

By means of linearly independent solutions 

cosλx, sinλx and e(x,λ), 𝑒̂(𝑥, 𝜆) of (7) in the 

intervals [0,1] and (1, ∞) respectively, we can 

state two solutions of  boundary value 

problem (7)-(8) as 

 

𝐸(𝑥, 𝜆)

= {
𝐴(𝜆)𝑐𝑜𝑠𝜆𝑥 + 𝐵(𝜆)𝑠𝑖𝑛𝜆𝑥, 𝑥 ∈ [0,1]

𝑒(𝑥, 𝜆), 𝑥 ∈ (1, ∞)
 

 

and 

 

𝐹(𝑥, 𝜆) =

        {
𝑠𝑖𝑛𝜆𝑥, 𝑥 ∈ [0,1]

𝐶(𝜆)𝑒(𝑥, 𝜆) + 𝐷(𝜆)𝑒̂(𝑥, 𝜆), 𝑥 ∈ (1, ∞)
        

 

for 𝜆 ∈ ℂ+ and 𝜆 dependent arbitrary 

coefficients 𝐴, 𝐵, 𝐶, 𝐷. Using the continuity of 

the solutions  𝐸(𝑥, 𝜆) and 𝐹(𝑥, 𝜆) during the 

semi axis, we get uniquely 

 

𝐴(𝜆) = cos 𝜆 𝑒(1, 𝜆) −
𝑠𝑖𝑛𝜆

𝜆
𝑒′(1, 𝜆)          (11) 

 

𝐵(𝜆) = 𝑠𝑖𝑛𝜆𝑒(1, 𝜆) +
𝑐𝑜𝑠𝜆

𝜆
𝑒′(1, 𝜆)           (12) 

 

𝐶(𝜆) = −
1

2𝑖𝜆
[𝑠𝑖𝑛𝜆𝑒̂′(1, 𝜆) −

                                       −𝜆𝑐𝑜𝑠𝜆𝑒̂(1, 𝜆)]        (13) 

 

𝐷(𝜆) =
1

2𝑖𝜆
[𝑠𝑖𝑛𝜆𝑒′(1, 𝜆) − 𝜆𝑐𝑜𝑠𝜆𝑒(1, 𝜆)      (14) 

           

for all 𝜆 ∈ ℂ+. With the help of solutions 

𝐸(𝑥, 𝜆), 𝐹(𝑥, 𝜆) and (11)-(14), we can 

introduce the following Lemma and Theorem. 

 

Lemma 1. The following equations are valid 

for all 𝜆 ∈ ℂ+:  

 

𝑊[𝐸, 𝐹](𝑥, 𝜆) = 𝜆𝐴(𝜆),    𝑥 → ∞, 

 

𝑊[𝐸, 𝐹](𝑥, 𝜆) = 𝜆𝐴(𝜆),    𝑥 → 0. 

 

Proof. Using the definition of Wronskian of 

two solutions 𝐸 and 𝐹, for 𝑥 ∈ (1, ∝), we 

obtain 

 
𝑊[𝐸, 𝐹](𝑥, 𝜆) =

= 𝑒(𝑥, 𝜆)[𝐶(𝜆)𝑒′(𝑥, 𝜆) + 𝐷(𝜆)𝑒̂′(𝑥, 𝜆)]

−𝑒′(𝑥, 𝜆)[𝐶(𝜆)𝑒(𝑥, 𝜆) + 𝐷(𝜆)𝑒̂(𝑥, 𝜆)]
 

= 𝐷(𝜆)𝑊[𝑒(𝑥, 𝜆), 𝑒̂(𝑥, 𝜆)]

= −2𝑖𝜆𝐷(𝜆)

= 𝜆𝐴(𝜆).
 

 

Similarly, for 𝑥 ∈ [0,1], we get 

 

𝑊[𝐸, 𝐹](𝑥, 𝜆) = 𝜆𝐴(𝜆). 
 

Theorem 2. The resolvent operator of 𝐿 has 

the representation  

 

ℜ𝜆2(𝐿)𝜑(𝑥) = ∫ 𝐺(𝑥, 𝑡; 𝜆)𝜑(𝑡)𝑑𝑡

∞

0

, 

 

for  𝜑 ∈ 𝐿2[0, ∞) where  

 

𝐺(𝑥, 𝑡; 𝜆) = {

𝐹(𝑡,𝜆)𝐸(𝑥,𝜆)

𝑊[𝐸,𝐹](𝑥,𝜆)
, 0 ≤ 𝑡 ≤ 𝑥

𝐹(𝑥,𝜆)𝐸(𝑡,𝜆)

𝑊[𝐸,𝐹](𝑥,𝜆)
, 𝑥 < 𝑡 < ∞

   

is the Green function for 𝜆 ∈ ℂ+.  

 

Proof. Let us take into account the following 

nonhomogeneous Schrödinger equation: 

 

 −𝑦′′ + 𝑞(𝑥)𝑦 − 𝜆2𝑦 = 𝜑(𝑥), 𝑥 ∈ [0, ∞)     (15) 

 

Take the advantage of  two linearly 

independent solutions of homogeneous part 

of Schrödinger equation (15), the general 

solution of (15) can be written as 

 

𝑦(𝑥, 𝜆) = 𝑐1(𝑥)𝐸(𝑥, 𝜆) + 𝑐2(𝑥)𝐹(𝑥, 𝜆). 
 

By means of variation of constants, we arrive 

at   

 

𝑐1(𝑥) = 𝛼1 + ∫
𝜑(𝑡)𝐹(𝑡, 𝜆)

𝑊[𝐸, 𝐹](𝑥, 𝜆)
𝑑𝑡

𝑥

0

 

 

and 
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𝑐2(𝑥) = 𝛼2 + ∫
𝜑(𝑡)𝐸(𝑡, 𝜆)

𝑊[𝐸, 𝐹](𝑥, 𝜆)
𝑑𝑡

∞

𝑥

.   

 

The rest of the proof is clear. 

 

Theorem 3. Under the condition (9), the 

function 𝐴(𝜆) fulfills the following 

asymptotic equation 

 

𝐴(𝜆) = 1 + 𝑜(1), 𝜆 ∈ ℂ+, |𝜆| → ∞.      (16) 

 

Proof.  It is obtained from  (11) that 

 

𝐴(𝜆)   = (𝑐𝑜𝑠𝜆𝑒𝑖𝜆)(𝑒(1, 𝜆)𝑒−𝑖𝜆)

− (𝑠𝑖𝑛𝜆𝑒𝑖𝜆) (
𝑒′(1, 𝜆)𝑒−𝑖𝜆

𝜆
) 

= 𝑒𝑖𝜆(𝑐𝑜𝑠𝜆 − 𝑖𝑠𝑖𝑛𝜆) + 𝑜(1) 

            = 1 + 𝑜(1),   
 

for , 𝜆 ∈ ℂ+, |𝜆| → ∞. 

                         

3. EIGENVALUES AND SPECTRAL 

SINGULARITIES 

 

This section contains the primary results for 

the spectral analysis of Schrodinger operator 

𝐿. Firstly, we introduce the sets of eigenvalues 

and spectral singularities of Schrödinger 

operator 𝐿 as  

 

𝜎𝑑(𝐿) = {𝜇 = 𝜆2: 𝐼𝑚𝜆 > 0,   𝐴(𝜆) = 0} 

 

and 

 

𝜎𝑠𝑠(𝐿) = {𝜇 = 𝜆2: 𝐼𝑚𝜆 = 0, 𝜆 ≠ 0, 𝐴(𝜆) = 0}, 

 

respectively.  

 

At present, we describe the sets 

 

𝑃1 = {𝜆: 𝜆 ∈ ℂ+, 𝐴(𝜆) = 0} 

 

and 

 

𝑃2 = {𝜆: 𝜆 ∈ ℝ ∖ {0}, 𝐴(𝜆) = 0}. 

 

Hence, we can write again these sets  

 

𝜎𝑑(𝐿) = {𝜇:  𝜇 = 𝜆2, 𝜆 ∈ 𝑃1}  

 

and  

 

𝜎𝑠𝑠(𝐿) = {𝜇:  𝜇 = 𝜆2, 𝜆 ∈ 𝑃2}. 

 

Lemma 4. Assume (9). 

 

(i) The set 𝑃1 has at most countable number of 

elements and 𝑃1 is bounded. If the limit points 

of this set exist, they are only in a bounded 

subinterval of the real axis. 

 

(ii) Linear Lebesgue measure of  the set 𝑃2 is  

zero and  𝑃2 is compact. 

 

Proof. Asymptotic equation (16) shows that 

𝐴(𝜆) can not equal to zero for adequately 

large 𝜆 ∈ ℂ+. Hence, the boundedness of  𝑃1 

and 𝑃2 comes from (16). Since 𝐴(𝜆) is 

analytic in ℂ+,  the set 𝑃1 has at most 

countably many elements and limit points of   

𝑃1  are only in a bounded subinterval of the 

real axis. Finally, by means of the uniqueness 

theorem of the analytic functions [17], we 

obtain that linear Lebesgue measure of the the 

set 𝑃2 is  zero and  𝑃2 is a closed set. 

 

The following Theorem is a straight 

conclusion of Lemma 4. 

 

Theorem 5. Under condition (9), 

 

(i) The set of eigenvalues of 𝐿 has finite 

number of elements and it is bounded. If the 

limit points of this set exist, they are only in a 

bounded subinterval of the real axis. 

 

(ii) The set of spectral singularities of 𝐿 is 

compact and its linear Lebesgue measure is 

zero. 

 

Proof. The proof is obtained similarly to the 

proof of Lemma 4. 

 

At the moment, we continue by imposing the 

extra stipulation  
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∫ exp (𝜀𝑥)
∞

1
|𝑣(𝑥)|𝑑𝑥 < ∞                         (17) 

 

on  function 𝑣 to ensure the finiteness of the 

sets of spectral singularities and eigenvalues. 

 

Theorem 6. If the inequality (17) is satisfied 

for some 𝜀 > 0, then the Schrödinger operator 

𝐿 has a finite number of spectral singularities 

and eigenvalues, and each of them has finite 

multiplicity. 

 

Proof. Using (5),(6) and (17), we obtain that 

 

|𝐾(1, 𝑡)| ≤ 𝑐1𝑒𝑥𝑝 (−𝜀
1 + 𝑡

2
) ,  𝑐1 > 0 

 

and  

 

|∫ 𝐾𝑥(1, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡

∞

1

|

≤ 2𝑒𝐼𝑚𝜆 ∫ |𝑣(𝑢)|

∞

1

𝑒𝜀𝑢𝑒−𝑢(𝜀+2𝐼𝑚𝜆)𝑑𝑢 + 

       +𝑐2 ∫ 𝑒−𝜀 2⁄ 𝑒−𝑡(𝜀 2⁄ +𝐼𝑚𝜆)𝑑𝑡

∞

1

, 

 

where 𝑐1, 𝑐2 are arbitrary constants and  

𝑢 =
1+𝑡

2
.  From the last inequality and (17), we 

arrive at |∫ 𝐾𝑥(1, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡
∞

1
| < ∞ for  

𝐼𝑚𝜆 > −
𝜀

2
.  Thus, 𝐴(𝜆) has an analytic 

continuation from the real axis to the lower 

half plane 𝐼𝑚𝜆 > −
𝜀

2
.  Hence the sets 𝜎𝑑(𝐿) 

and 𝜎𝑠𝑠(𝐿) don’t have any limit points on the 

real axis. With the help of  Theorem 5, we see 

that this sets are bounded and have at most 

countable number of elements. Moreover,  the 

uniqueness theorem of the analytic functions 

[17] give us, all roots of 𝐴(𝜆) in ℂ+ are of 

finite multiplicities. 

 

Now, let us specify the all limit points of 𝑃1 

and 𝑃2 by 𝑃3 and 𝑃4, respectively. Also the set 

of all roots of 𝐴(𝜆) with infinite multiplicity 

in ℂ+ is denoted by 𝑃5.  

 

By the help of uniqueness theorem, we can 

present the following Lemma. 

 

Lemma 7. (i) 𝑃3 ⊂ 𝑃2, 𝑃4 ⊂ 𝑃2, 𝑃5 ⊂ 𝑃2,  
𝑃3 ⊂ 𝑃5, 𝑃4 ⊂ 𝑃5. 

 

(ii) 𝜇(𝑃3) = 𝜇(𝑃4) = 𝜇(𝑃5) = 0, 
 

where 𝜇 is linear Lebesgue measure. 

 

Proof.  Proof of Lemma is clear from the 

boundary uniqueness theorem of analytic 

functions in [17]. 

 

 

Theorem 8. If 

 

∫ 𝑒𝜀𝑥𝛿∞

1
|𝑣(𝑥)|𝑑𝑥 < ∞,                                  (18) 

 

for some 𝜀 > 0 and 
1

2
≤ 𝛿 < 1, then 𝑃5 = ∅. 

 

Proof. From (11), we get 

 

𝐴(𝜆) = (𝑐𝑜𝑠𝜆𝑒𝑖𝜆)(𝑒(1, 𝜆)𝑒−𝑖𝜆) −

                    − (
𝑠𝑖𝑛𝜆

𝜆
𝑒𝑖𝜆) (𝑒′(1, 𝜆)𝑒−𝑖𝜆)    (19) 

 

where 𝐽1(𝜆) = 𝑒(1, 𝜆)𝑒−𝑖𝜆, 

𝐽3(𝜆) = 𝑐𝑜𝑠𝜆𝑒𝑖𝜆, 𝐽2(𝜆) =  𝑒′(1, 𝜆)𝑒−𝑖𝜆 and 

𝐽4(𝜆) =
𝑠𝑖𝑛𝜆

𝜆
𝑒𝑖𝜆. 

It follows from (5),(6) and (18) that  

 

|
𝑑𝑚

𝑑𝜆𝑚
𝐽1(𝜆)| ≤ 𝑐3 ∫ 𝑡𝑚𝑒−𝜀(𝑡 2)⁄ 𝛿

𝑑𝑡
∞

1
,           (20) 

 

|
𝑑𝑚

𝑑𝜆𝑚
𝐽2(𝜆)| ≤ 𝑐4 ∫ 𝑡𝑚𝑒−𝜀(𝑡 2)⁄ 𝛿

𝑑𝑡
∞

1
,           (21) 

 

|
𝑑𝑚

𝑑𝜆𝑚
𝐽3(𝜆)| ≤ 𝑐52𝑚,                                    (22)  

 

|
𝑑𝑚

𝑑𝜆𝑚 𝐽4(𝜆)| ≤ 𝑐62𝑚,                                        (23) 

 

where  𝑐3, 𝑐4, 𝑐5, 𝑐6 are arbitrary constants. 

Using (19)-(23), we see that  

 

|
𝑑𝑚

𝑑𝜆𝑚
𝐴(𝜆)| ≤ ∑ (

𝑚
𝑠

)

𝑚

𝑠=0

|
𝑑𝑚−𝑠

𝑑𝜆𝑚−𝑠
𝐽1| |

𝑑𝑠

𝑑𝜆𝑠
𝐽3| 
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                     + ∑ (
𝑚
𝑠

)𝑚
𝑠=0 |

𝑑𝑚−𝑠

𝑑𝜆𝑚−𝑠 𝐽2| |
𝑑𝑠

𝑑𝜆𝑠 𝐽3| 

 

                     ≤ 𝑐72𝑚 ∫ 𝑡𝑚𝑒−𝜀(𝑡 2)⁄ 𝛿

𝑑𝑡
∞

1
,     (24) 

 

for 𝑚 = 1,2, … , where 𝑐7 is arbitrary 

constant. 

 

Now, we can write 

 

|
𝑑𝑚

𝑑𝜆𝑚 𝐴(𝜆)| ≤ 𝐴𝑚  

 

for 𝑚 = 1,2, … and  𝜆 ∈ ℂ+, |𝜆| < 𝑁, where  

 

𝐴𝑚 = 𝑐72𝑚 ∫ 𝑡𝑚𝑒−𝜀(𝑡 2)⁄ 𝛿

𝑑𝑡

∞

1

. 

 

Since 𝐴(𝜆) can’t be zero, Pavlov’s theorem 

[18] gives that 

 

∫ ln Z(𝑠) 𝑑𝜇(𝑃5, 𝑠) > −∞,
𝑘

0
                       (25) 

 

where Z(𝑠) = 𝑖𝑛𝑓 {
𝐴𝑚𝑠𝑚

𝑚!
: 𝑚 = 0,1,2, … } 

and 𝜇(𝑃5, 𝑠) is the linear Lebesgue measure of 

the 𝑠 −neighbourhood of 𝑃5. Using the 

definition of gamma function, we can express 

 

𝐴𝑚 ≤ 𝐾𝛼𝑚𝑚
𝑚(1−𝛿)

𝛿 𝑚!, 
 

where 𝐾 is a constant. Thus, we get 

 

Z(𝑠) ≤ 𝐾𝛼𝑒𝑥𝑝 {−
1 − 𝛿

𝛿
𝑒−1𝛼−

𝛿

1−𝛿𝑠−
𝛿

1−𝛿}. 

 

From the last equality and (25), we obtain 

 

∫ 𝑠−𝛿/(1−𝛿)𝑘

0
 𝑑𝜇(𝑃5, 𝑠) < ∞.                          

 

Since 𝛿/(1 − 𝛿) ≥ 1, the previous inequality 

gives that 𝑃5 = ∅. 

 

Since 𝑃5 = ∅, it is easy to get the following 

Theorem. 

 

Theorem9. Assume (18). Then the 

Schrödinger operator 𝐿 has  countably many 

number of spectral singularities and 

eigenvalues  and each of them has finite 

multiplicity. 

 

4. CONCLUSIONS  

 

In this work, we discussed some primary 

spectral problems of one dimensional time 

independent Schrödinger operators on the 

semi axis. In particular, we presented the 

solutions of Schrödinger equations and found 

the resolvent of Schrödinger operators. In the 

last part, we investigated the structure and 

finiteness of spectral singularities and 

eigenvalues with the help of uniqueness 

theorems.    
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