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On an interpolation sequence for a weighted Bergman space on
a Hilbert unit ball
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ABSTRACT. The purpose is to provide a generalization of Carleson’s Theorem on interpolating sequences when
dealing with a sequence in the open unit ball of a Hilbert space. Precisely, we interpolate a sequence by a function
belonging to a weighted Bergman space of infinite order on a unit Hilbert ball and we furnish explicitly the upper
bound corresponding to the interpolation constant.
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1. INTRODUCTION

Let us recall a known result that it has been shown that a sequence I' = (a)xen is interpo-
lated by a function in B2 (D"), the set of holomorphic functions f on the complex unit ball D"
such that ¢ f is bounded, where ¢ is strictly positive continuous function on [0, 1) satisfying a
few meaningful assumptions and the power c is a strictly positive constant [3]. Precisely, it has
been shown the following theorem.

Theorem 1.1 ([3]). Let I' = (ax)ren be a sequence in D™ and [ ;cx (3 1%a, (ar)| = @(laxl]) for

all k € N. Then T is interpolated by a function in BZ:(D"). Furthermore, an upper bound of the
interpolation constant is given explicitly and it is independent of n and .

|¥a; (ax)| is the pseudohyperbolic distance between a; and aj, such that v, (-) is the D"-
valued Mobius map on D™. Apropos of the proof of Theorem 1.1, concisely the author sets up
an interpolating function belonging in BZ2(D") given in terms of a series of functions.

The goal of the present article is to show that Theorem 1.1 remains true when we swap D"
by a unit Hilbert ball, so we give a positive response on a question raised in Remark 3.1 in
[3]. Therefore, let By = {x € H : ||z||g < 1} be the open unit ball in H = (H,(, Yg; | - [|u),
an infinite dimensional complex Hilbert space endowed with the inner product (-, -) 7 and the
norm |- ||g. E.g., H = L2(X, p1), the space of square-integrable measurable functions on X with

respect to the measure p such that (f, g) g = [ f(2)g(z)du(z) and || f|| g = (fX|f(x)\2du(x))%.
Instead to use a holomorphic function, we employ a complex-valued analytic function on
By, i.e., a Fréchet differentiable function at all points in B.
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2. PRELIMINARIES AND STATEMENT OF THE MAIN THEOREM

Let A(Bg) be the space of analytic functions on By, ¢ be a strictly positive continuous func-
tionon [0, 1), where its inverse is logarithmically convex. Let L (By) = (L‘X’ Ba), || - lloo, ¢) be

the space of complex-valued measurable functions f on By such that ¢(||z| z). f(x) is bounded
forall z € By and || f||co,¢ = Sup,ep,, ¢(|z||m)|f(z)] < co.
The weighted Bergman space of infinite order on By is defined by

By (By) = {f complex measurable functions on By : f € A(By) N LF (By)} .

The space B3°(Br) is endowed with the induced norm |||, 4. We suppose that the continuous
function ¢ is not identically equal to one which implies that B3° (B ) contains strictly > (B ),
the Hardy space of order infinity on By. We recall that interpolating a sequence by a function
in H>(Bpy) has been conducted in [8].

Let (137, [| - [li=) be the weighted space of bounded sequences with respect to the sequence
(zk)ken in By and which is defined by

l;o = {’U = ('Uk)keN € C such that (gb(H.TkHH”’UkaGN € loo}

such that [[v[|ize = supyen (@(||zx[|m)lvk|) - In the sequel, we need the following definition of an
interpolation sequence.

Definition 2.1. Let ¢ be a positive constant, we say that I' = (z1)ken is an interpolation sequence
for B (B ) if for every complex-valued sequence v = (v )wen € I32-4, there is f € B (By) such
that f (ak) = vg. The associated interpolation constant is the smaller constant M such that || fl|ec.¢ <
Ml _,-
"
The pseudohyperbolic distance between two points z, y belonging to By is defined by ||®,, ()| &
such that ®,(x) is the Mobius transformation on By defined by ®,(z) = (s,Qy + Py)my(z)

such that my, is the By-valued analytic map on By and defined as m, (z) = =755, Py(z) =

|2 Ly, Qy(z) =z — Py(x),and s, = /1 — [ly|%. It is known (see Page 99 in [5]) that

IIy\

(L — [l=[F) A = [lyllZ)

@) Iy (@) =1 = s

Our main result states

Theorem 2.2. Let I' = (xx)ren be a sequence in By such that [;cy oy [| P, (20) | 2 ¢kl m)
for all k € N such that ¢ be a strictly positive continuous function on [0,1) such that its inverse is
logarithmically convex. Then T' is interpolated by a function belonging to B32 (B ) and an upper bound
of the associated interpolation constant is provided explicitly and does not rely on the weight function ¢.

As we observe that the announcement of the main result is almost the same as the one stated
in Theorem 1.1, where D, is substituted by B,, and the complex modulus is substituted by || - || .
The novelty of the proof of Theorem 2.2 is that we use the pseudohyperbolic distance between
two points in By and essentially Equality (2.1).

In the following section, we furnish the proof of Theorem 2.2 in two parts and we employ
the techniques used in [2, 3, 6, 7]. The first part is on building an interpolation function, see
Subsection 3.1, and the second one focuses on the interpolation constant, see Subsection 3.2.
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3. PROOF OF THE MAIN THEOREM

3.1. On an appropriate interpolating function. Let us consider the following series of func-
tions on By

(oo}

(3.2) = uG(x) for z € By,
k=1

where (v )ren € l(‘;‘j,4 such that each G}, is an analytic function on By defined as

Gk($)<1_”mk”%{) W(zg, z)V(xk, x) H <(I)xj(xk)’q>””f(x)>H,

1— <$k,$>H JENV{k} ||q>wj('rk)||?{

where © € By, (21 )ken is a sequence in By, W(xy, -) and V(xk, -) are two analytic functions on
By;. Precisely,

(1 = llemllF) A = llzxlF)

1 —|(@m, zr)m|?

Wik, x) = exp [— > (f(2) = i)
meN

with f(x) = ﬂ% which is well defined due the fact by using Cauchy-Schwarz inequality,
wehave 1—(z,, 2) i > 0and V(wy, ) = exp(du((wr))-( (@)~ (21))), where du(d (). (¢(z) -
1 (zy)) is the inner product in C” between du(i(zy)) and ¢ (z) — 1b(z;) where u is a real-valued
convex function on C" and ¢ is a C"-valued surjective map on By. Consequently, from the
definitions of W and V, we have G (z)) = 1 and for j # k we have G (z;) = 0 this due to the
fact that @, (z;) = 0, see (2.1). Whence, the sequence (ay)ren is interpolated by G and in the
next subsectlon we prove that G € B3 (By) and provide explicitly an upper bound associated
to the interpolation constant.

3.2. On the interpolation constant. By using the hypothesis of Theorem 2.2, that is, for each
k €N, [Tjem guy 1P, (z) || is bigger than ¢([|zk[|m), we have

1—Jlzel \* _

63 Gl = (12 ) W) Vo)l
1 — <£Ek, QS>H

Let us look an upper bound for [W(xy, z)|. So, since that we work in a complex Hilbert space,

_ 1-[em.2)ul|?
we have Rf(z) = IS ES Whence, we have

xm; H|2 (1 - Hx'mH%I)(l - ||xk||%l>
W(zp,x)| = ex
W) p[ n%@ @) 1= {2 an)uP
(1~ el — llzeli3)
3.4 X ex .
G4 pLZN [EEmE

Let us show that the terms exp {Z (=llzm |5) (1~ |‘:”"|‘H)} is upper bounded by exp(1)¢~2(|| k|| i)-

meN [1—(zm,zr) m]?
For z > 0, we have 1 — z < exp(—xz), thus by employing, successively, this inequality with

A—llem 7)) A= llzkll)
‘1 <‘L7n7-Lk>H‘

Ym,k = > 0, the square of the pseudohyperbolic distance equality (2.1), and
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the assumption of Theorem 2.2, we obtain

exp [— > ym,k‘| = ] ep(—ym)

meN meN
= exp(—1) H exp(—Ym. k)
meN\{k}
>exp(=1) [ 12s, (@0)lF = exp(=1)é* (|lzxllx)-
meN\{k}
Hence, Equality (3.4) implies
exp(1
3.5) IW(zk, z)| < 7exp A k(x
= el O | 2

_ 1 lemaya|® A=llznlz) A=llzllF)
such that A,, x(z) = |1_<xm7x)2|2 1_“;;7%)}{'; H),
Let us reorder the sequence (zj)xrcn, for obtaining an increasing sequence (||zx|| #)ken, then

L—|(zm,2) o]? L—|lzm

by using the fact that T {om o) 02 > STz 2T
see Lemmas 3.8 and 3.9 in [8], and Inequality (3.5) becomes

exp(1) . _&
< Bl © p{ 3 }

such that X = - lzelis  ang g > (Mf
- 2 k= 2m>k \TT .

1—|{xk,z)u —(Tm,z)H|

whenever ||z, ||z > ||zk| z, for the proof

(3.6) W(zg, z)

Let by, (x) = (%) , then thanks to the triangle inequality, we have by(z) < 4X2
and we observe that the function gx(7) = X?exp (—&7) for 7 > 0, is at most equal h(r) =

min (1 A). Accordingly, Inequality (3.6) becomes

? exp(2)72
e )
‘ S Pl TS

4dexp(1)
— *llzxlla)
Now, from the definition of V and the use the properties of the convex function u, we have
V(zk, z)| < exp(u(y(z)) —u(y(zy))). Furthermore, since that the inverse of ¢ is logarithmically

3.7) h (%) .

convex, let us choose u(i(x)) = —clog(o(||z|| ;7)) and we have

(3.8) V()] < o°([larllm)o™(ll«]lm)-

We recall that G, satisfies

1— |lzll? \* _
69) Gl = (=2 ) o) Va0l )
1-—- <‘rk‘7 x>H

Whence, by using Inequalities (3.7)-(3.9) we obtain

(3.10) ¢ (Il )"~ (lakllzr)|Gr ()] < 4exp(1)br(a)h (Te).

The function h(7) decreases on [Ty41, Tk, then by using Inequality (3.10), we have
Tk

(3.11) ¢ (Il )¢~ (lwellz)|Gr ()] < dexp(1 )/: h(r)dr.
k+1
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Therefore, by using the definition of i (7) and Inequality (3.11), we have

Tk
D6 (lellm)d*(lerlln)|Gr(@)] < 4exp(1) Z/ h(r)dr

keN keN Y Trt1
< 4exp(l) /OO h(r)dr
(3.12) = 47.0886. ’
We recall that G(z) = >~ vk G (z), then from (3.12), we have

G@)| <Y lorllGr(@)] < llollis_, Y 6" (lax])|Gr(@)]
k=1 k=1

< 47.0886([v]i=_, 6~ *(l|| ).

c—4

Thus, |Gllcc,¢ = SUPsep,, o°(||z]|x)|G ()] < 47.0886||v\|lzok4 < o0, ie, G € BE(By), conse-

quently the sequence I' is interpolated by the function G, furthermore an upper bound of the
interpolation constant is equal to 47.0886. The proof of Theorem 2.2 is complete.

On an extension

We are asking whether it possible to state an analogue result of Theorem 2.2, for a proper
subspace of a suitable weighted Bergman space of infinite order on By and containing a proper
subspace of H>*(Bp). E.g., interpolating sequences for a proper space of H>(D) has been
conducted by Dyakonov [1]. Also, we are asking whether our result remains true for a function
belonging to a Bloch-type space on By, see, e.g., [9].
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