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Abstract

In this introductory review, we study Hankel and Toeplitz operators considering them as
acting on certain spaces of analytic functions, namely Hardy spaces and compare their
spectral properties such as their compactness criteria. In contrast to Toeplitz operators,
the symbol of a Hankel operator is not uniquely determined by the operator. We also
connect Toeplitz operators with Fredholm operators and give some of the most beautiful
properties of Toeplitz operators such as the essential spectrum of Toeplitz operator with
continuous symbol and the index of Toeplitz operator introducing Fredholm operators
firstly.

Mathematics Subject Classification (2020). 47B35, 47TA53

Keywords. Hankel operators, Toeplitz operators, Fredholm operators

1. Introduction

The theory of Toeplitz and Hankel operators is a very wide area and even a huge mono-
graph can deal with only some selected topics. The main purpose of this article is to
provide an introduction to this theory. We introduce Hankel operators, one of the most
important classes of operators on Hardy spaces and define them as operators having in-
finite Hankel matrices with entries depending only on the sum of the coordinates with
respect to some orthonormal basis. We also introduce another very important class of
operators on Hardy spaces, the class of Toeplitz operators and define them as operators
having infinite Toeplitz matrices with entries depending only on the difference of the coor-
dinates with respect to some orthonormal basis. Although Hankel and Toeplitz operators
are closely related to each other, they have quite different properties such as their com-
pactness criteria. While the symbol of a Toeplitz operator is uniquely determined by the
operator, the symbol of a Hankel operator is not. This study mainly focuses on the book
[13] and follows the proofs of some of its nice results and theorems in detail.

It is organised as follows. Section 2 deals with the spaces of analytic functions, Hardy
spaces. We are only concerned with H?, H* and give some useful background informa-
tion. The ideas in Section 2 are standard and can be found in [6, 8,12, 13, 15, 16], for
example. Having established the background knowledge, we will be able to introduce
Hankel operators in Section 3 and Toeplitz operators in Section 4. The definitions in
Section 3 and 4 are taken from [13]. The final section connects Toeplitz operators with
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Fredholm operators. Some of the most important properties of Toeplitz operators such
as the essential spectrum of Toeplitz operator with continuous symbol and the index of
Toeplitz operator are given in this section introducing Fredholm operators firstly.

2. Spaces of analytic functions: Hardy spaces

As will be seen in the next sections, the most fruitful way of looking at Hankel and
Toeplitz operators is to consider them as acting on certain spaces of analytic functions,
namely Hardy spaces. The classic Hardy spaces consist of analytic functions defined on the
open unit disc. The discussion is for H?, which is naturally regarded as a closed subspace
of L?(T) and thus Hilbert space. After treating H?, we consider H*, the isomorphism
between L? and ¢? and the orthogonal projections.

We start by reviewing the basic properties of L?(T).

Let D denote the open unit disc in the complex plane:

D ={z]2| <1}
and let T denote the unit circle:
T ={z;|z] = 1}.

Definition 2.1. L?(T) is the space of all measurable functions on the circle T with the

norm .
[ fllze = {2177 /—7;| f(e) |2d9}2

and each f € L*(T) has Fourier coefficients
1 /T . A
frn = —/ f(ee ™d9 (n=0,1,-1,2,-2,..).
21 J_r

Definition 2.2. L*°(T) is the space of all essentially bounded measurable functions on
the circle T with the norm

| f(2)|loo =inf{C >0:]| f(2) |< C for almost every z}.
Definition 2.3. The Hardy space H? is the space of all analytic functions on ID such that
1
1 a0 . 2 2
1912 =sup( 5 [ 1 7tre®) o) < o
r<l s T

The basic properties of H? are summarized in the following theorem.

Theorem 2.4. ([14], Theorem 17.10.) A function f, of the form
[e.9]
f(z) = Z fn2"
n=0
is in H? if and only if | fn |* < oo; in that case,
oo
2
V72 = 221 I
n=0

Since the radial limits of a H? function converge almost everywhere on T and the
resulting function is in L?(T), we can identify H? as a subspace of L?(T).
Moreover, the subspace H? and L? admits the following descriptions:

H?.={feL*: f, =0 for n <0},
H? :={feL*: f,=0forn>0}
where f,, is the nth Fourier coefficients of f. Besides, we know that
H2PH?=1"
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Definition 2.5. The Hardy class H* is the space of all bounded analytic functions in D
with the norm

1/ (2o = sup | f(2) |-

lz|<1
Theorem 2.6. ([10], Theorem 5.5.) Let f € L*(T). Then
O X1 fa [P =5 1 £(2) Pdt.

(ii) f = lmy_oo 2Ny fne™ in the L*(T) norm.

(iii) For any square summable sequence {a, }nez of complex numbers, that is, such that
> | an |2 < 00, there exists a unique f € L*(T) such that a, = f,.

(iv) Let f and g are in L*(T).
Then
1 L 00
o [ 10s@dt= > fugw
m n=-—oo
Theorem 2.6 amounts to the statement that the correspondense f — {f,} is an isometry
between L?(T) and ¢2(Z). Let denote this isomorphism as an operator
U: L(T) — (*(7)
such that
Z fn2" = {fn}nez

nez
to be able to say that Hankel operators defined on L? and ¢?(Z) are unitarily equivalent
through this isomorphism (see, for example, [10]).
Additionally, we may define the operator

V : HY(T) — (*(Z,)
such that
Z [z = {fntnez,

neZy

to be able to say that Toeplitz operators defined on H? and ¢?(Z, ) are unitarily equivalent
through this isomorphism (see, for example, [2], Section 2.6).

Moreover, we define the orthogonal projections which will be used in the next sections.
On the space L? define the P, and P_ onto the subspaces H? and H? by

P f= anzna P_f= anzn

n>0 n<0
Clearly, P + P, = 1.

3. Hankel operators
3.1. Matrices {«;;;} in (*(Z) and operators H,

Definition 3.1. An infinite matrix is called a Hankel matriz if it has the form
ap 1 (2 Q3
Q] Qg Q3 04
Q2 Q3 Q4 Q5
a3 o4 a5 Qg ... |,
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where o = {e}j>0 is a sequence of complex numbers. In other words, Hankel matrices
are the matrices whose entries depend only on the sum of the coordinates. If o € (?*(Z),
we can consider the operator I' : *(Z) — (*(Z) with matrix {a;ix}jr>0 that is defined
on the dense subset of finitely supported sequences. In other words, if a = {a,}n>0 is a
finitely supported sequence, then I'a = b € £2(Z), where b = {bk} k>0 is defined by

b, = Z ajika;, k>0
j>0
We call such operators Hankel operators.
So we can define Hankel operators as operators having infinite Hankel matrices with
entries depending only on the sum of the coordinates with respect to some orthonormal

basis. Furthermore, we say that the matrix of H, is a Hankel matrix {a—j—k}jzl,kzo with
respect to the bases {z"},>0 for H? and {z™},,>0 for H2: (H,z",77) = a_;_4.

3.2. Non-uniqueness of symbol for Hankel operator

In this part, we are going to consider another realization of Hankel operators on the
Hardy space H? of functions on the unit circle.

Definition 3.2. Let a be function in the space L? on the unit circle. We define the Hankel
operator H, : H> — H? on the dense subset of polynomials in H? by

H.f =P_af,
where P_ is the orthogonal projection from L? onto H2. Then the function a is called a

symbol of the Hankel operator H,.

As stated in [13] and we shall see below in detail, a Hankel operator has many different
symbols. So, it is possible to have a; # a but H,, = H,. Indeed, let suppose a; = z,
a = 2% and f is analytic since f € H2. We have

Hy f=P_aif = P,(z 2fn2") = P,(Z fnz"™H = 0.
n=0 n=0
On the other hand, we have
Ho.f =P_af = P—(Z Z2fnzn) = P—(Z fnzn+2) = 0.
n=0 n=0

Therefore, we have a; # a but H,, = H, as required.
The following theorem helps to find the class {a1 € L™ : H,, = H,} for fixed a € L.

Theorem 3.3. Fix a € L*. Then
{a1 € L™ :Hyy = Hy,} ={a1=a+ f: fe H®}.
Proof. Let H, : H> — H?, H,f = (I — Py)af = af — Praf and B(L*(T)) be the space
of bounded linear operators from L?(T) to itself.
For fix a, let describe the set a; such that H,, = H,. Let g : L>°(T) — B(L*(T)) be

an operator such that a — H,.
Then we need to find the kernel of g which is

Ker(g) = {a € L>=(T) : g(a) = H, = 0}.

As shown in [1], if @ happens to be in H*°, then it is clear that P,af = af for all f € H?,
so the resulting Hankel operator H, is zero operator. On the other hand, if H, = 0, then

Hyl=a—-Pia=0,
so a = Pra € H*®. Therefore, H, = 0 if and only if a € H*. Now, we may define
Ker(g) ={a € H® : g(a) = H, = 0}.
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If H,, = H, then we have that H,,_, = 0 by the linearity of Hankel operators. If
H, _,=0,then a; —a € Kerg, so a; = a+ f, where f € H>. O

Furthermore, we may say that the definition of Ker g implies that g is not injective. For
this reason, it is also easy to see that if H,, = H, it does not have to imply a; = a, which
means that the symbol of Hankel operator is not unique.

3.3. Boundedness of Hankel operator

In this section we shall give the criteria for boundedness for Hankel operators before
discussing compactness criteria of Hankel operators. The following theorem characterizing
the bounded Hankel operators on £2(Z, ) is due to Nehari.

Theorem 3.4. ([13], Theorem 1.1.1.) The Hankel operator I with matriz {cjir}j k>0 s
bounded on £%(Z.) if and only if there exists a function a in L> on the unit circle T such
that

ap = ay, k> 0.
In this case
IT| = inf{]|a]l, : ax = ax, k& > 0}.

Recall that aj is the kth Fourier coefficient of a.
It follows from Theorem 3.4 that a Hankel operator H, is bounded and ||H,| < ||a|| .

3.4. Compactness of Hankel operator with continuous symbol

In order to be ready to prove the main theorem, which is Theorem 3.8, in this section
we give the following theorems.

Theorem 3.5. ([10], Weierstrass approximation theorem) Every continuous 2m-periodic
function can be approximated uniformly by trigonometric polynomials.

Theorem 3.6. ([11], Theorem 8.1-4) Let X and Y be normed spaces andT : X — Y a
linear operator. Then

(i) If T is bounded and dim T (X) < oo, the operator T' is compact.

(it) If dim X < oo, the operator T is compact.

Theorem 3.7. ([11], Theorem 8.1-5) Let (T,) be a sequence of compact linear operators
from a normed space X into a Banach space Y. If (T},) is uniformly operator convergent,
say, ||T, —T|| — 0, then the limit operator T is compact.

Theorem 3.8. If symbol a € C(T) then H, = P_a is compact.

Proof. Suppose a € C(T) then there exists a sequence of polynomials (a,) such that
lan — all¢ery = 0, as n — oo by Theorem 3.5. Firstly, we check that ||[Hq — Hg, || — 0 as
n — 0o0. We have that

[Haf = Ha, fIl < |(Ha = Hap ) fIl = [Hama, fI| < 270 C - fla = anllgery £ -

Since [lan — allcer) = 0, [[Ha — Ha, || — 0 as n — oo. Secondly, we need to show that a

sequence of operators (H,, ) is compact. To begin with, let us prove that if a(z) = z™
(m > 0), then Hzm is compact. Now, suppose a(z) = z™. Then

P(a(2)f()) = P(Y fu72") = P(3 fuc™).
n=0 n=0

We have that P_(a(2)f(2)) = for ™ + fiz!™ + ... + fin_127 L. Since Hzm f is always a
polynomial of degree at most m, Hzn» has finite rank and so is compact by Theorem 3.6

(i)-
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Let us prove that if a(z) = 2™ (m > 0), then H,m is compact.
P_(a(2)f(2)) = P-(D_ faz"2") = P_(Y_ fnz"""™) = 0.
n=0 n=0

Thus, H,n» = 0 and H,m is compact. Now, let a,, = Z%:_M Ymz"™. Then

M
Han = Z PYmHzm-
m=—M
Then we have that
—1 M
Han = Z ’YmHzm + Z ’YmHzm-
m=—M m=0

Therefore, (H,, ) is a sequence of compact operators since it can be represented as a
linear combinations of compact operators. Consequently, by Theorem 3.7, H, is compact
due to the fact that (H,,) is a sequence of compact operators and ||H, — Hg, || — 0 as
n — oo. O

4. Toeplitz operators
4.1. Matrices {;_;} in (*(Z,) and operators T,

Definition 4.1. An infinite matrix is called a Toeplitz matriz if it has the form

(675} (03] a9 Qa3
a_1 (67s) a1 a9
a_9 C(_1q (7)) a1
a_3 9 G&—-1 Qo ...|,

where o = {oj }>0 is a sequence of complex numbers. Toeplitz matrices are the matrices
whose entries depend only on the difference of the coordinates.

We may define Toeplitz operators on the Hardy class H? as those which have Toeplitz
matrices in the basis {z" },>0.

Definition 4.2. An operator T : H> — H? defined on the set of polynomials is called a
Toeplitz operator if there is a two-sided sequence of complex numbers {¢, },cz such that

(T2%,29) = t; 4, j,k € Zy. (4.1)
4.2. Uniqueness of symbol for Toeplitz operator
Definition 4.3. Given a € L™ we define the Toeplitz operator T, on H? by
Taf:PJrafv fEHQa

where P, is the orthogonal projection from L? onto H?. Then the function a is said to
be a symbol of Toeplitz operator T,.

We have given an isomorphism
V HA(T) — *(Zy)
in the first section. Let T, : H?> — H? and A : (?(Z,) — (*(Z,) be Toeplitz opera-
tors. Let denote A = VT,V*. Thus, we can connect the Toeplitz operator A with the
Toeplitz operator T,. As stated in [13], in contrast with Hankel operators the symbol

of a Toeplitz operator is uniquely determined by the operator, which can be seen in the
following theorem in detail.
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Theorem 4.4. If T, =T} then a = b.

Proof. To begin with, we need to check that if T, = 0 then a = 0. Suppose T, = 0, i.e.
T.f =0 for Vf. Firstly, let f(2) = z,a(z) = > am 2™ and T, f = Praf = 0. Then

m=—0o0
Pi(a(2)f(2)) = Pe(2 30— oo amz™) = P (35 amz™ 1) = 0.
Tof=a_1+ aozl +a122+...=0.
a_1:a0:a1:...:0.
Secondly, let f(z) = z2. Then Py (a(2)f(z)) = Py (X0 amz™2) = 0.
T.f =a_o+ a_12' + a0z2 +a12b+...=0.
a_Qza_l:CL():al:...:O.
Finally, let f(z) = 2".
Then Py (a(2)f(2)) = Py(Y5 e am=™*") = 0.
Tof =G_p+a_pi12' +...=0.
G_p =0_pt1 = ... = 0.
If we continue this type of calculation, then we will find a = 0 due to the fact that all
coefficients of a are zero. Thus, if T,f = 0 for Vf, then a = 0. Now, if T, = T}, then
T,_» = 0 by the linearity of Toeplitz operator. If T, , =0, thena —b=0,s0a=0b. U
4.3. Boundedness of Toeplitz operator

We now give the boundedness criteria for Toeplitz operators before considering non-
compactness criteria of Toeplitz operators.

Theorem 4.5. ([13], Theorem 3.1.1.) The Toeplitz operator T with matriz defined by
(4.1) is bounded on H? if and only if there exists a bounded function a on the unit circle
T whose Fourier coefficients coincide with the t;:

an, = ty.

In this case
1T = llafl« -

4.4. Non-compactness of Toeplitz operator with non-zero symbol

Some important definition and theorems are going to be given to be able to prove
Theorem 4.9 which shows non-compactness of Toeplitz operator with non-zero symbol.

Definition 4.6. A sequence (z,) in a Hilbert space H converges weakly to x € 3 if
nl;ngo(xn,y) = (z,y) forall yeXH.
Weak converges is usually written as
Tp =T as n— oo
(see, for example, [9]).

Theorem 4.7. ([11], Theorem 8.1-7) Let X and Y be normed spaces and T : X —'Y
a compact linear operator. Suppose that (xy) in X is weakly convergent, say, x, — .
Then (Txy,) is strongly convergent in'Y and has the limit y = Tx.

Theorem 4.8. Let (™) ¢ (%(Z) be a sequence such that f) = (0,...,0,1,0,...,0), where
1 is on the nth position. Then f™ is weakly convergent to 0.
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Proof. Suppose that H = (2(Z). Let f be a sequence whose nth term is 1 and whose
other terms are 0. If y = (y1,y2,¥3,...) € £2, then

(f(”),y) =%, —0 as n — oo,

since Y|y, |* converges. Hence f(™ — 0 as n — oo (see, for example, [9], Example
8.38.). O

Now we are ready to prove the following theorem.
Theorem 4.9. If a # 0 then T, = Pya is not compact.

Proof. Suppose a is not zero. Then 3j such that a; # 0. Using the information about
the correspondence between ¢2(Z) and L?, we may define fn) = (0,...,0,1,0,...), (where
1 is on the nth position) as f(™ = 2. Then

P (a(z)f(z)) = Py( i apz2") = Py ( i apZFt) = i apz" .

k=—0o0 k=—oc0 k=—n

We may define
T, : H*(T) — H*(T)

f(") =2"— i apzktn
k=—n

and

TL: (Z1) — (Z4)

f(n) = (0, ..,0,1,0, ) — (a_n, A_(n—1)5 -+ @0, A1, )

As we stated in the first section there is an isomorphism

Vi HX(T) — (*(Zy).
In fact, V is the restriction of the isomorphism U. Let denote T, = V*T.V. Then we may
say that Toeplitz operators defined on H? and ¢*(Z,) are unitarily equivalent through
this isomorphism as well. After defining T, f(™), we need to find the norm of T, (.

Zakzk+n :<Z|ak) >|aj |>0
k=—n

k=—n
since a # 0 and —n < j for sufficiently large n. This means that ‘

7.7 =

T,f™| 4= o.
T.f™| 4 0.
O

Consequently, we have that there exists a sequence (™ — 0 as n — oo, yet
This means that T, = Pia is not compact by Theorem 4.7.

After having considered Theorem 4.9, we may easily say that the only compact Toeplitz
operator is Ty = 0.

5. Fredholm operators

This section connects Toeplitz operators with Fredholm operators and gives some of the
most important properties of Toeplitz operators such as the essential spectrum of Toeplitz
operator with continuous symbol and the index of Toeplitz operator introducing Fredholm
operators firstly. The following definitions are taken from [5,7,9, 13] respectively.

Definition 5.1. A bounded linear operator T on a Hilbert space is said to be Fredholm
if:

(i) RanT is closed;

(ii) Ker T" and Ker 7™ are finite dimensional, i.e. dimKerT < oo and dim Ker 7™ < oo.
The index of a Fredholm operator T', index T, is the integer

index T = dim Ker T' — dim Ker T™.
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For example, the identity operator on an infinite-dimensional Hilbert space is Fredholm
operator with index zero owing to the fact that the kernel of the identity operator is 0-
dimensional subspace consisting of (0,0,0,...) and the adjoint of the identity operator is
again itself (see, for example, [9]).

Definition 5.2. The essential spectrum of T is the set of all complex numbers A such
that T'— Al is not a Fredholm operator, i.e.

spec,(T) ={A € C: T — A is not a Fredholm}.

Let a be a function in C(T) that does not vanish on T. We define the winding number
wind a with respect to the origin in the following way.

Definition 5.3. Consider a continuous branch of the argument arg, of the function ¢ —
a(e?), t € [0,2n], i.e. arg, € C([0,27]),

exp(iarg,(t)) = W,t € [0, 27].

Then winda = 5= (arg,(2m) — arg,(0)).

Definition 5.4. Let D(T') be a linear subspace of X and let T': D(T') — Y be linear. The
map 7T is said to have a left approximate inverse if and only if there is a map R, € B(Y, X)
such that Ry C D(T) and R,/T — Ix is compact. Similarly, 7" has a right approximate
inverse if and only if there is a map R, € B(Y, X) such that R.(Y) C D(T) and TR, — Iy
is compact. The maps Ry and R, are called left and right approximate inverses of T
respectively.

We shall refer to a map which is both a left and a right approximate inverse of a map
T as an approximate inverse of T. Now, we shall give the some important theorems which
will be used to prove Theorem 5.10. We will denote F(X,Y") as a space of all Fredholm
operators which map from X to Y.

Theorem 5.5. ([5], Theorem 3.15.) Let T' € B(X,Y). Then the following statements are
equivalent:

(i) T € F(X,Y),

(ii) T has an approrimate inverse.

Theorem 5.6. ([5], Theorem 3.16.) Let X, Y, Z be Banach spaces. Let S € F(X,Y)
and suppose that T € F(Y,Z). Then TS € F(X,Z) and

indexTS = indexT + index S.

Theorem 5.7. ([5], Theorem 3.17.) Let T € F(X,Y) and suppose that S is compact.
Then T+ S € F(X,Y) and index(T + S) = index T'.

As stated in [5], the index of Fredholm operator is unchanged by compact perturbations.
(

[11], Theorem 7.3-1) Let T € B(X, X), where X is a Banach space. If
—T)~ ! exists as a bounded linear operator on the whole space X and

Theorem 5.8.
T <1, then (I

(I-T)"'= iTj =I+T+T*+ ..
j=0
where the series on the right is convergent in the norm on B(X, X).
Theorem 5.9. If ||B|| < 1 then I + B is Fredholm and index (I + B) = 0.
Proof. We need to find that the image of I 4+ B is closed and
dimKer(I + B) < oo and dimKer(I 4+ B)* < cc.
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To begin with, we need to check that if {¢,} € Ran(/ + B) and ¢, — ¢ then ¢ €
Ran(I + B). Let ¢, = (I + B)Y, and ¢ = (I + B)i. Then v, = (I + B) 'y, and
Y = (I + B) "'y since (I + B)~! exists by Theorem 5.8. We have that 1, — 1 as n — oo
since ¢, — ¢ as n — oo. Besides, we have (I + B)vY, — (I + B)1, which means that
wn — @ asn — oo and ¢ € Ran(I+ B). Now, we need to find Ker(/+ B) and Ker(/+ B)*.
Firstly, (I + B)y = 0 < By = —, which contradicts to || By|| < [[1]|. Then we have that
¥ = 0. Thus,
Ker(I + B) = {0} and dimKer(/+ B)=0 < oc.
Secondly, we know that if ||B|| < 1 then |B*|| = ||B| < 1.
I+B)Y=0& (B*+1) =0 B = —1,
which contradicts to ||B*Y| < ||¢||. Hence, we have that ¢ = 0.
Ker(I+ B)* ={0} and dimKer(I+ B)" =0 < 0.
Therefore, I + B is Fredholm operator. Moreover,
index(I + B) = dimKer(I 4+ B) — dim Ker(I + B)* = 0.
U
Now, we are ready to give one of the main theorems in this section and closely follow
its proof in [5] in detail.
Theorem 5.10. ([5], Theorem 3.18.) Let T € F(X,Y). Then there is a positive number §
such that if S € B(X,Y) and ||S|| < §, then T+ S € F(X,Y) and index(T'+S) = index T.

Proof. Let R # 0 be an approximate inverse of T'; so that there are compact maps K;
and K such that RT = Ix + K1, TR = Iy + K. Put 6 = ||R||"". We show that § has
the desired properties. Let S € B(X,Y) be such that ||S|| < d. Then |[|[RS]| < 1 and then
by Theorem 5.8, (Ix + RS)~! exists and is in B(X). Thus,

R(T+8)=Ix + K|+ RS = (Ix + RS)[Ix + (Ix + RS) ' K] (5.1)

and

(Ix + RS)'R(T + S) = Ix + (Ix + RS)'Kj.
Since (Ix+RS) 'K is compact this shows that T4 S has a left approximate inverse, which
is (Ix + RS)"'R. In the same way it follows that R(Iy + SR)~! is a right approximate
inverse of T'+ S. Now, we need to show that

(I+RS)"'R=R(I+SR)™"
Let us start with the summation of R and RSR. We know that
R+ RSR =R+ RSR.
Then we have that
R(I+ SR) = (I+ RS)R. (5.2)
If we apply (I + SR)~! to both right sides of the equation (5.2), then we have
R(I+ SR)(I+SR)™'=(I+ RS)R(I +SR)™..
R=RI=(I+RS)R(I+SR)™". (5.3)
If we apply (I + RS)~! to both left sides of equation (5.3), then we have
(I+RS)'R=(I+RS)"'(I+RS)R(I+SR)™L.
(I +RS)'R=TIR(I+SR)™' =R(I+SR)".
In conclusion, we have

(I+RS)™'R=R(I+SR)™' as required.
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Hence T+ S € F(X,Y) by Theorem 5.5. By Theorem 5.6, Theorem 5.9, we have
index R + index(T" + S) = index R(T + 5).
index R(T + S) = index(Ix + RS) + index[Ix + (Ix + RS)'Ki] =0

from equation (5.1). Therefore, index(T'+ S) = —index R. In addition to this, we know
that RT = Ix + K1, Ix is Fredholm with index 0 and K; is compact.

By Theorem 5.7, index(RT) = index(Ix + K1) = index Iy = 0.
Then we have that
0 = index(RT) = index R + indexT by Theorem 5.6.
Thus, indexT = —index R. Consequently, we have shown that index(7 + S) = index T
]

In order to evaluate the second main theorem in this section, which is Theorem 5.13
about the essential spectrum of Toeplitz operator with continuous symbol we give the
followings.

Theorem 5.11. ([13], Theorem 1.4.) Let a be a nonzero function in L. Then either
KerT, = {0} or KerT, ={0}.

Proof. Let f € KerT, and g € KerT;. Then af € H? and ag € H%. Therefore,

afge H ={a€ L' :a, =0, n >0} and afg € H.. Let h = afg. Then both h and

h belong to H', which means that h,, = 0 for any n € Z and so h = 0. Since a # 0, it

follows that either f =0 or g = 0. O

Theorem 5.12. ([13], Theorem 1.7.) Suppose Ker T, = {0}. Then there exists € > 0 such
that

ellflly <N Taflly < llaflly, f€ H?.

Furthermore, there is important relation between Hankel and Toeplitz operators and
there is a useful formula that relate Hankel operators with Toeplitz ones. This formula
that will be used is the following:

T<p1/) — TSDTw = H%H¢, CRVNS L™
(see [13]).

We now ready to give the following main theorem and closely follow its proof in [13] in

detail.
Theorem 5.13. ([13], Theorem 3.3.) Let a € C(T). Then spec.(Ty) = a(T).
Proof. Firstly, let us prove that spec,(T,) C a(T). Let a € C(T) and
a(T)={A € C:a(e?) =) forsome @€ [0,2n]}
={AeC:a— X vanisheson T}.

Suppose that A & a(T). We need to show that A & spec, T,,. We may say that a — A does

not vanish on T since A € a(T). If a— A does not vanish on T, then b = —L is continuous.

We need to show that T} is approximate inverse of T,_. We have

Tla—xyp = TaxTy = Hi —5Hp. (5.4)
Using equation (5.4), we have Th — T,_\T}, = H(*a_/\)Hb. Then we have
I—-T, Ty, = HﬁHb, I-T7T, = HgHa_)\.

Both operators are compact by Theorem 3.8. This means that T,,_y = T, — Al is Fredholm
by Theorem 5.5. Thus, A ¢ spec, T,. Therefore, we have proven that spec, T, C a(T).
Secondly, let us prove that a(T) C spec, T,,. It suffices to show that if 7}, is Fredholm, then
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a is invertible in C(T). By Theorem 5.11, either Ker7, = {0} or Ker T = {0}. Suppose
that Ker T, = {0}. Then by Theorem 5.12, there exists € > 0 such that

ellflly < 1 Tuflly < llaflly, fe H? (5.5)
Therefore, we can extend (5.5) to
ellz"flly < llaz" fll;
to be able to study on L?. The set {z"f : f € H?, n >0} is dense in L?. Indeed,

(@) o (oo}
Y f =D =D fend”
k=0 k=0

k=—n

g e L? 19(z) = Z gkzk and g(")(z) = Z gkzk-

k=—o00 k=—n

So, g™ is of the form z"f, f € H? and Hg(”) - gHL2 — 0 as n — oco. That is,

—n—1 00
ng-g\ﬂ:\ S o <] 5]
k=—00 L2 k=—o0 2
[o¢] o 9 1
Yoo =0 1)z =0
k=—o00 k=—o00

as n — oo. Since the set {z"f : f € H?, n >0} is dense in L?, it follows that
cliglly < llagll,
for any g € L?, which implies that é e C(T). O
The following definitions and theorem are taken from [4].
Definition 5.14. A homotopy between two continuous functions
Hg: X =Y

is a family of continuous functions h; : X — Y for ¢ € [0, 1] such that hy = f, hy = g, and
the map ¢t — h; is continuous functions X — Y.

Moreover, if we continuously deform a loop without touching a fixed point, say the
origin 0, the winding number around that point is constant during the entire deformation,
even if we allow the basepoint to move during the deformation. The type of deformation
we allow is called a free homotopy, which is just a homotopy through loops. More formally,
the definition of free homotopy is given below.

Definition 5.15. A free homotopy between two loops a and 3 in R?\ 0 is a function
h:[0,1)> — R2\ 0 such that 2(0,¢) = a(t) and h(1,t) = B(t) for all t and h(s,0) = h(s, 1)
for all s.

Theorem 5.16. Two loops o and 3 are freely homotopic in R?\ 0 if and only if wind o =
wind 3.

We now ready to give the following final main theorem and closely follow its proof in
[13] in detail.

Theorem 5.17. ([13], Theorem 3.3.) Let a € C(T). For A & spec, T,. We have
index(T, — AI) = —wind(a — \).
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Proof. Suppose A ¢ spec, T,. Without loss of generality we can assume that A = 0. Since
a does not vanish on T, the curve t — a(e*), t € [0,27], is homotopic in C\ {0} to the
curve t — e for some integer n. Let ¢ — a-(e') be this homotopy,

tn _ _n

v=0:ay=a and yzlzavzei 2"

Theorem 5.10 establishes that the index is a homotopy invariant: if T'(vy) is a norm con-
tinuous family of Fredholm operators then index7T'(y) does not depend on 7 (see, for
example, [3], Theorem 4.3.11.). Now, we need to check that T is norm continuous in

~. That is, need to check ’Tavl — Tav2
know that || (T, — T, )f | = |[Tir, ~ay | = [1Prlany = an)FIl 1Pyaf 2 < Cllafllpe <

2m - C- ||alloery - [[fllp2- Then we have

—0as |y —7|=0 Leta=ay, —a, We

|Tary =Tt < 27 C - llany = anallogmy - 112

Because of the definition of the homotopy, ||ay, — a,|| = 0 as | y1 — 72 |—= 0. Then we
have that ‘ TaVl - T

Ao
change under homotopy. Furthermore, Theorem 5.16 shows that the winding number is
homotopy invariant. Now, we may find wind a and index T finding wind 2™ and index T,n.
Firstly, wind ¢ = wind 2" = n. Indeed, we know the formulas
it 1
exp(iarg,(t)) = |ZEZ“;| and winda = %(arga(%r) —arg,(0)).

H — 0 as | 71 — 72 |= 0. Hence, we have that the index does not

We know that arg,(t) = —i log(%). Then we find that

2min )
= —ilog(e?™™)

arg,»(2m) = —ilog( = 2mn,

| eZTrin ’)

0
. € .
arg,.(0) = —zlog(W): —1.0 =0.

Thus, wind a = 5-(2rn—0) = n. Secondly, we know that if a(z) = 2", we have the operator
T,n : H? — H? such that Tynz = (0,0,...,0, fo, f1,...) (n zeros) where x = (fo, f1,...)-
Firstly, we need to find the kernel of T,». The kernel of T,» is the 0-dimensional subspace
consisting of vectors (0,0,0,...). Secondly, we need to find the kernel of T, which is
(Ran(T,n))*.

Ran(T.») = (0,0, ...,0, fo, f1,...)(nzeros) and (Ran(Tin))* = (fo, fi,-- fn1,0,0,...).
Thus, dim Ker(T%;

Zn

) = dim(Ran(T;»))* = n and dim Ker(T.») = 0. We have the formula

index T.n = dim Ker(T,n) — dim Ker(77,) =0 — n = —n.
Consequently, we have shown that
index T, = indexTy,» = —n = —windz" = —winda.

O
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