CONSTRUCTIVE MATHEMATICAL ANALYSIS
6 (2023), No. 1, pp. 22-37

http://dergipark.org.tr/en/pub/cma
ISSN 2651 - 2939 .

-

;
g

Research Article

Branched continued fraction representations of ratios of Horn’s
confluent function H
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ABSTRACT. In this paper, we derive some branched continued fraction representations for the ratios of the Horn’s
confluent function He. The method employed is a two-dimensional generalization of the classical method of constructing
of Gaussian continued fraction. We establish the estimates of the rate of convergence for the branched continued fraction
expansions in some region 2 (here, region is a domain (open connected set) together with all, part or none of its
boundary). It is also proved that the corresponding branched continued fractions uniformly converge to holomorphic
functions on every compact subset of some domain ©, and that these functions are analytic continuations of the ratios
of double confluent hypergeometric series in ©. At the end, several numerical experiments are represented to indicate
the power and efficiency of branched continued fractions as an approximation tool compared to double confluent
hypergeometric series.
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1. INTRODUCTION

This paper deals with branched continued fraction representations for the ratios of the Horn's
confluent function Hg, which occurs in [27] (see also [24, Subsection 5.7.1]) of second-order
hypergeometric series of two variables. The branched continued fraction representations under
consideration will be two-dimensional generalization of the classical Gaussian continued fraction,
or rather its confluent case. Necessarily, due to the convergence of branched continued frac-
tions, this requires restrictions on the allowed values of the parameters of the Horn’s confluent
function Hg.

J. Horn [27] listed all convergent hypergeometric series of the second order: 14 complete
series, including Appell’s hypergeometric series Fy, F2, F3, and F4, dating back to 1880 [6], and
20 of their confluent cases. In [24, Section 5.9], for each function in Horn’s list a system of two
partial differential equations is given, which has this function as a solution. For the basics of
hypergeometric functions of two variables, see, for instance, [7, Chapter 9], [24, Section 5.9-2.12],
and [25, Chapter 1].

In order for a branched continued fraction to be a representation of a function, it is required
to solve such problems: to construct the branched continued fraction expansion, to prove the
convergence of the constructed expansion, and last, more important, to prove the convergence
of the branched continued fraction to the function of which it is an expansion.

For Appell’s hypergeometric functions, branched continued fraction representations were
derived in [8, pp. 244-252] for Fy, in [15] for F3, and in [16, 26] for F4. A branched continued
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fraction expansion for function F, was constructed in [13], but the problem of its convergence
remains open. In [1], it is represented a branched continued fraction representations for the
Horn’s function Hs. At last, in [18], it is indicated which three- and four-term recurrent relations
give similar expansions for the Horn’s function Hy. Some interesting and different branched
continued fraction representations of other hypergeometric series can be found in [2, 3, 14, 28, 29,
31], and some special analytic functions of one or several variables in [19, 20, 21, 22, 23, 30, 32].

The contents of this paper are as follows. In Section 2, we derive three different formal
branched continued fraction expansions for three different ratios of the Horn’s confluent func-
tion Hg. In Section 3, we establish the estimates of the rate of convergence for the branched
continued fractions mentioned above. We also prove that the branched continued fraction
expansions converge to the functions, which are analytic continuations of Horn’s confluent
function Hg ratios in some domain (here, domain is an open connected set), i.e., our main result
is formulated in the Theorem 3.3. Finally, in Section 4, we present some numerical experiments
to indicate the power and efficiency of branched continued fractions as an approximation tool
compared to double confluent hypergeometric series.

2. EXPANSIONS

The Horn's confluent function Hg [27] is defined as double power series by

oo

(@)2mtn 2725
2.1 H 1Z) = E —_— <1/4
( ) 6(‘13 G Z) (C)m+n minl’ |Zl| / ;

m,n=0

where a, c are complex numbers, ¢ ¢ {0,—1,—-2,...}, (); is the Pochhammer symbol, z =
(2:1, 2’2) € C2.

Throughout the paper, let [-] be an integer part of a number. We set Z;, = {1, 2,3} and for
k € N we introduce the following sets of multiindices

Ik:{l(k) = (ZO>21722aazk) ZO EIO? 27[(27”_171)/2] SZT S?’*[(Zr—lfl)/ﬂ? ].ST'S]C}

Using the idea of combining several branched continued fraction expansions into one form
using the Kronecker delta symbol, proposed in [1], we will prove the following theorem.

Theorem 2.1. Let for all ig € Iy

Hs(a, c; z)
2.2 ) e = R )
2) Bio(0.0:8) = a3 162 ¢ 1 62 4 6712)

(o 107

where &7 is the Kronecker delta. Then for each io € Ty, the ratio Ry, (a,c;z) has a formal branched
continued fraction expansion of the form

3—[(i0—1)/2] 3—[(i1—1)/2]
a Py(1y(2) Py(2)(2)

2.3 1——6 +
@3 D> > el

i1=2—[(ip—1)/2] i9=2—[(i1—1)/2]
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where for i(1) € I,

Py1)(2) = pig.i, (a,¢;2)

_2a—|—1

-2 ifio=1, i1 = 3,
(c2c—a)(a—|—1)

YT fie=2. 1 =2,

21, ifiozl, il :27

_ cle+1
@4) - c—(a ) . ,
—mzm ifip =2, i3 =3,
%, ifio=3, i = 1,
a e .
20(0—‘,—1)22’ ZfZO :3, 11 :2,
fori(k+1) € Iptq, k> 1,
k—1 k—1
Piri1)(2) = Digigss <a +h=> 6 c+k=) 8 ; z>
r=0 r=0
2a+k—YF 062 +1) . .
_ Z ;(11 Tl 21, zfzk = 1’ Zk:-l—l — 2’
- - ) Jig =1, 1g+1 = 9,
O
(2c —a+ IQJSZTH(&% — 26 N(a+k—Sr"0 03 +1)
o r=0\"4, O r=0 Yi, . ZfZ —9 —9
(cthk—Yr 06l etk —2r g6l +1) bR e
@5 = c—a+ Yl (s —ob) o
IR S N T I S s T Piem b =
kizloagw r=0 "4,
a+k— r= 3 . .
2(C+ k ék_—ol (;I )’ lflk = 37 te+1 = ]-7
- r=0 “i,
atk—Yr 8 - .
2c+k— S lsl Tk LSl ifin =3, inp1 =2,
(C+ Zr:O i,‘)(c—’— + Zr:ﬂ i,‘)

and for i(k) € Tp,, k > 1,

k—1 k—1
r=0 r=0

k—1
(2.6) PP VS 1 A
2ct+k—Yryot) "

Proof. The formal identities

2 1 1
(2.7)  Hg(a,c;z) =Hgla+1,¢;2) — leHG(a +2,c+1;z) — —29Hg(a+ 1,¢+ 1;2),
c c

(a+1)(2¢—a)

Hg(a,c;z) = Hgla+ 1,¢+ 1;2) — et 1)

z1Hg(a + 2,¢ + 2;27)

c-a zoHg(a + 1, ¢ + 2;2),

28) a c(c_—i- 1)
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and

a 2c—a
Hﬁ(av G Z) - ?CHG(G' +1lc+1; Z) + TCHG(av c+1; Z)
a
2. —_— ;
(29) +26(c+1)22H6(a+1;C+2,Z)
are easily verified from (2.1). Dividing (2.7) by Hg¢(a + 1,¢;2), (2.8) by Hg(a + 1,¢ + 1;2), and
(2.9) by Hg(a, ¢+ 1; z), we get

2(a+1) 1 1 1
210) R jz)=1-— -
( ) 1(G,C,Z) 21R2(a+1’c;z) CZQR?)(CL—FI,C;Z)’

(a+1)(2¢—a) 1 c—a 1
211) R 1z)=1~— -
@11 Bafa,ci2) ct1)  "Ralat etz cle+ D) Ryla+ e+ 1)
and

_ 1 1

(2.12) Ry(a, c;2) = 2c—a a a

2c * 2¢ Ry(a,c+ 1;2) + 2¢c(c+ l)zQRg(a,c—F 1;2)’
respectively. It is obvious that for i € Z; the identities (2.10)—(2.12) can be written as
a 3—[(i=1)/2]
2.1 i(a,c;2) =1 — —63
(2.13) Ri(a,ciz) =1— 50 + >
3=2-[(i-1)/2]

where p; ;(a,c;z), (i, ) € I, are defined as (2.4).
Now, we can construct branched continued fractions for ratios R;,(a, c;z) for all iy € Zy.

Setting ¢ = i¢, on the first step, from (2.13) for iy € Zy, we obtain

3—[(0—1)/2]

a
R, (a,c;z) =1— 2—05?0 +

Pi,j(a,c; z)
Rijla+1—63,c+1-46}2)

pio,’il (a7 C; z)
Ri(a+1-=6},c+1-46};2)

10

i1=2—[(i0—1)/2]

3—[(io—1)/2
—1- 248 g [Oz:) | Fun(@)
2¢ % Ri(a+1—-063,c+1-0};2z)

11=2—[(i0—1)/2] o’ 20’

It follows from (2.13) that for i; € Zg
Ri(a4+1—-082,c+1—06);2)

107 107
3—[(i1—1)/2]
=q,(a+1-6,c+1—-0,)+
i0=2—[(i1—1)/2]

3—[(i1—1)/2
=Q;1) + [IZ | Fix(2)
W Riy(a+2-5" 8 ct2->" 6;2)

ia=2—[(i1—1)/2] r=0 %, r=0 %,

where P;5(z), i(2) € Iy, and Q;(1), i(1) € Ty, are defined by (2.5) and (2.6), respectively. Then,
on the second step for iy € Z, we have

pil’iz(a-ﬁ- 1 _5§0’C+ 1 —51-10;Z)

Ri(a+2-%"'_ 8 c+2-3!_0l:2)

r=0 "1, r=0 Y,

3—[(i0—1)/2]
a Py1)(2)
Ryaco)=1- 26+ Yy S0
o(@:¢2) 2¢ "0 * T Qi(1)
i1=2—[(i0—1)/2]

3—[(i11—1)/2

Z Ri(a+2-%"' 6 c+2-2! . 0!:2)

i2=2—[(i1—1)/2] r=0 Y%, 7=0 %4,
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Next, applying (2.13) after nth steps, for iy € Z, we get

3_[(7;0—1)/2] B(l)(z) 3_[(i1_1)/2] Pz(2) (Z)

Ri,(a,c;z) =1— 2305?0 + Z Z

i1=2—[(i0—1)/2] @iy + ia=2—[(i1—1)/2] Qi(2)
3—[(in—2—1)/2] M
ot in-1=2~[(in-2-1)/2] Qi(n-1)
s Pi(n)(2)
=2y B (@4 = 20 00 e+ 2= 30000 6 52)

where P;1)(z),i(1) € I, Py (2), i(k) € Ty, 2 < k < n,and Q;), i(k) € I, 1 <k <n —1, are
defined by (2.4), (2.5), and (2.6), respectively. Finally, by (2.13), we obtain the formal branched
continued fraction expansions (2.3) for ratios (2.2) for all iy € Zy. O

3. CONVERGENCE

In this section, we consider some question of convergence of the branched continued fractions
(2.3). We refer the readers to [1, 5, 12] for the notations and definitions used below.

Let ig be an arbitrary index from the set Z,. For the "tails’ of the approximants of the branched
continued fraction (2.3), we set

(3.14) G\\(2) = Qiry, i(r) €T, 7> 1,
and
3—[(ix—1)/2 3—[(ir+1—1)/2]
G (2) = Qi + [ kz 2 Pir1)(z) ki Pi+2)(2)
i(k)\2) = Wi(k) Qithrt Q'(k+2)
in=2—[(ix—1)/2)  CFFD TG e (a2
3—[(ir—1-1)/2]
o - Pl(’!) (Z)
Gy, QO
where i(k) € 7, 1 <k <r —1, r > 2. Then, it is easily seen that relations
3—[(ix—1)/2]
P;
(315)  GY)(2) = Qiw + 3 ((’“fi”(z) k) €Ty, 1<k<r—1,r>2

=2 (G —1)/2) Girrn)(2)
hold. It follows that for each n > 1 the nth approximant
3—[(i0—1)/2] 3—[(i1—1)/2]
_ P, P,
£U0)(z) = 1 — 215;30 Py C;1)(2) N 3 C;m (2)
O a=lGen/a T T am G-y O
3—[(in—1-1)/2]
[ Zl: P (2)
+ 4+ Qi(n)

in:Q*[(in—lfl)/Q]

can be written as

3—[(0—-1)/2]
i a o3 Pz‘(l)(z)
f7(l 0)(Z) =1- ?C(Sio + Z G(n) ’
in=2-1Go-1)/2) Gi(1)(2)




Branched continued fraction representations of ratios of Horn’s confluent function Hg 27

In addition, it can be shown (see [12, p. 28]) that form > nandn > 1

a2 (2) = fi)(2)

3—[(io—1)/2]  3—[(i1—1)/2] 3—[(in—1)/2] Hn+1 ) (2)
_ n k 1
=" X > X —r
i1=2—[(i0—1)/2] ia=2—[(i1—1)/2]  ini1=2—[(in—1)/2] 1lk= 1 G )Hk 1 z(lc( )

provided Gz(.(rli)(z) # 0foralli(k) € Zy, 1 < k < r,r € {m,n}, which for convenience we will
write as

. . 3—[(io—1)/2] 2 po)
R RO C LD DD D= 0
in=2-1Go-1)/2]  ins1=2-[(m-1)/2) Gi(1) ()

n+1)/2 n/2
[(n+1)/2] Pi(Qk) (Z) [n/2] Pz(2k+1)( )
(3-16) < 1 - oo 11 (@) ’
=1 G, (2k—1) (= )Gi(Qk)(z) k=1 Gz(2k)( )Gz(2k+1 ()
where ¢ = m, r = n, if nis even, and ¢ = n, r = m, if n is odd.
To prove the main result, we will state the following theorem.

Theorem 3.2. Let a and c be real constants such that
(3.17) a>0, c>a+1+46, forall iy€ .
Then for each iy € I :
(A) The branched continued fraction (2.3) converges to a finite value () (z) for each z € €2, where
(3.18) Q={zcR?: —L[, <2 <0, —Ly < 2z <0},

Ly and L are positive constants such that 2Ly < ¢+ 1, and it converges uniformly on every
compact subset of an interior of 2.

(B) If i) (z) denotes the nth approximant of the branched continued fraction (2.3), then for each
z € Qandn>1

3.19 (io) _ £(io) < M; <77) ,
(.19) £09@) = £ @) < My, (
where
2(a+l)L1 2(C+1)L2 e
=1
c cle+1—Ly)’ fio =1,
(2¢—a)(a+ 1)L, 2(c—a)Lsy .
3.20 M;, = , =2,
(3:20) 0 c(e+1) * cle+1— L) ifio
o, ol ifio =3
2¢  2c(c+1)’ 0=
and
2Ls(c+1) c+1+ Lo
21 = 2L .
(3.21) K max{ 1+C(C+1—L2)7 c—i—l—QLg}

Proof. The proof is similar to that of Theorem 1 in [1]. In this case, it follows directly from (2.6)
that for all i(k) € 7, k > 1, the elements Q;x) = 1if ix # 3. When i}, = 3 from (2.6), we have

k— k— 153
(3.22) Qi(k) =1- o ZT kO 127 > 1 for all Z(k‘) €Ty, k> 1.
2e+2k—23 " 6L 2
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Since
k—1 k—1
—Z(s => (6, —62)=> 6! forall i(k)eTLy k>1,
r=0 r=0

then to prove the Vahdlty of (3.22), provided (3.17), it suffices to show that

k—1
(3.23) >l —62) <o) forall i(k) €Ly, k>1.
r=0

Indeed, if £ = 1, then for any iy € Z, inequalities (3.23) are obvious. If i(k) is a fixed arbitrary
multiindex in Z, k > 2, then for any r, 1 < r < k — 1, there is a possible pair of indices (i,_1, %),
such as (1,2), (1,3), (2,2), (2,3), (3,1), or (3,2). It clearly follows that (3.23) is valid in these
cases.

Let z be an arbitrary fixed point in (3.18) and n be an arbitrary natural number. It is easy to
see from (2.4)—(2.6), (3.14), (3.15), and (3.18) that inequalities

(3.24) G\ () >1 forall i(k) €T, 1<k<n,

hold for all i, # 3. By induction on k, we show that the following inequalities

n c+1—1L
(3.25) G (2) > 2

_— ) <k<
2 ST 1) forall i(k) € Zy, 1 <k <mn,

valid for i, = 3.

For k = n and for each i(n) € Z,,, inequalities (3.25) are obvious. By induction hypothesis
that (3.25) hold for k = r + 1, where r + 1 < n, and for each i(r + 1) € Z,y1, using (2.4), (2.5),
(3.14), (3.18), and (3.22) for any i(r) € Z, we get

Piy1(z)  Pyyy2(2)

G\ (2) = Qigry + -
" G\ (2) G (2

‘R, r) 2( )|
> Qi) — —m
Gl(r)2( )
o1 a—i—r—zg;ééf’p ]
> - - - - z
2 2etr— 0 hdl)etrtloyial)
C+ 1-— L2
2(c+1)
Next, we prove that
R LT 1< >|
(3.26) Z i(kt1) 1 i il o forall (k)€ T k> 1,

where 7 is defined by (3.21), which are equivalent to

3 [(ir—1)/2 3—[(ix—1)/2

[(Zk e M G (z)] — [(i :)/] |Pigrn) (2)]
Gl (@) e G 1) ()]

inr1=2—[(ix—1)/2] I7i(k+1) i1 =2=[(bs=1)/2] TMi(k+1)

for all i(k) € Iy, k > 1. Again, let n be an arbitrary natural number. Since it follows from
(2.4)-(2.6), (3.14), (3.15), (3.18), (3.22), (3.24), and (3.25) that, for any k, 1 < k < n, and i(k) € T4,
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and for any z € 2

atk—1-Yr28

| 22|

3
(n) | Pi(k+1)(2)]
|Gi(k)(z)| - Z ™l
ipt1=2 | i(k+1)(z)|
if iy, # 3, and
2
n | Pi(t1) (2)] |Pi(r) 2(2)]|
G (2)] = > S > g, :
W G (=) G 2
1
Z P
2 (c+k-1-%
1 |z
2 c+1
c+ ]. — 2L2
= 2(c+1) 7

if i;, = 3, then we obtain

Maol ek - kIhal)

29

|22

k—
23: Py ()] _ 2a+k— 30200 + 1)| . 2(c+1) \22|
n — k— k—
w2 G ()] et k=370 (ct+k—327208] (e +1~Ly)
2Lo(c+1)
<2L
=2t clc+1—Lo)
<,
if i, =1,
. k—1 k—1
i: |Pik+1)(2)] < (2c—a+k+3"0(07 =200 )a+k =356 +1) 24|
n — k—1 k—1
Thp1=2 |G§(;2+1)(Z)| (c+k—=>"20 52_1T)(c +k =20 6ilr +1)
(c—a+ 3,20 —0,))c+1) "
(c4 k=320 ) e+ k=025 0L +1)(c+1—Ly)
2L,
< 2L _
- L c+1— L2
<n,
if i, =2, and
i |Puesny(@)| _ a+ k=705 atk—308
n = k— k— k—
W |G @) T 20t k=308 ) 2et k=008 et k=206 + 1)
< 1 n Lo
2 20c+1)
o C—|—1+L2 C+1—2L2
e+ 1-2Ly 2(c+1)
c+1—2Ls
eyl

2(c+1)
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if i, = 3. Now, it is easy see from (2.4), (3.18), (3.20), (3.24) and (3.25) that

3—[(io—1)/2] |P (Z)|
(3.27) Z iOA ] <M,, forall izeZy and ¢>1.
& G\l (2)]
in=2-[Go-1/2 1Gi1)
From (3.18), (3.24), and (3.25) it follows that G}, (z) # 0 for all i(k) € Zy, 1 <k < ¢,¢ > 1,and

for all z € Q. Hence, applying (3.26) and (3.27) to (3.16) for any m > n > 1 and for any z € (2,
we obtain

3—[(i0—1)/2] n
- - Pi(2)
(i0) () _ f(i0) |Piyy "
0@ @ <Y ; (-2)

(@)
i1=2—[(i0—1)/2] G, )(Z)\

T] n
- <77+1) ’

where ¢ = m, if nis even, and ¢ = n, if n is odd. From this (A) follows if n — oco. At last, passing
to the limit as m — oo, we get (B). a

Now, we prove our main result.

Theorem 3.3. Let a and c be real constants satisfying the inequalities (3.17), and v, va, vs, i1, [i2, 13
be positive numbers such that

2V1 . 129] Vo } Vs 1
3.28 — < min<1-— —7,1— — s < -=-- .
(3:28) p2 { ST BT e Dus ( 2 18

Then for each iy € Iy :

(A) The branched continued fraction (2.3) converges uniformly on every compact subset of
(3.29) O ={zcC?: |z| +Re(z1) <21, |2a] + Re(za) < 2va, |22 — Re(zs) < 2v3}

to the function f(")(z) holomorphic in ©.
(B) The function fU)(z) is an analytic continuation of (2.2) in the domain (3.29).

Proof. The proof of (A) is similar to the proof of Theorem 2 [1]. Let z be an arbitrary fixed point
in (3.29). Since a and c satisfy (3.17), it follows from the proof of Theorem 2 that inequalities
(3.22) hold for iy = 3, and that for all i(k) € Zy, k > 1, the elements Q;(;) = 1 if iy, # 3. Now, for
any i(k) € Z, k > 1, from (2.4)-(2.6) and (3.29) with i, = 1, we have

2a+k—32508 +1)
c+ k=Y lal

r=0 "1,

| Pik).2(2)] — Re(Pi),2(2)) = (Iz1] + Re(z1))

< 41/17

|z2| + Re(22)
ct+k— Zf;é 51'1T
2V2

b

Cc

|Pi(r),3(z)| — Re(Pyr) 3(2)) =
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and, thus,
§~ P = RelPuern(@) _ dn , 2
ies1=2 Hipq 2 Cu3
<2(1-pm)

= 2(R6(Qz’(k)) — p1).
If i, = 2, we obtain
|Pi(ky 2(2)| — Re(Pir),2(2))
(2c—a+k+ 0008 —25L)(a+k— 30063 +1)

(c+hk—F 08t )e+k—r ol +1)

(1] + Re(z1))

< 41/1,
|Pi(r),3(2)] — Re(Pyx),3(2))
c—a+ 3 o(0% —oL)

= - e (|22] + Re(z2))
(ct+hk—Y0 g0l )e+k—3rgal +1)
21/2
c+1’

and, thus,

< —
Hig4r p2 - (e+1)us

< 2(Re(Qir)) — p2)-

23: |Pik+1)(2)] — Re(Pik41)(2)) 414 2v

ip41=2

At last, if i, = 3 we get

a+k-YEle avk-YE s
|Pitky1(z)| — Re(Pir)1(2)) = Z — T T
2(0 =+ k — ZT:O 5“) 2(C + k— ZTZO 5ir)
-0,

k—1
_ a+k—Zr:0 513T
20c+k - 0ot etk +1—r 00l

r=0 Y1,

|Pz'(lc),2(z)| - Re(Pi(k),2(Z)) (|22] — Re(22))

2V3
c+1’
and, thus,

22: | Pi(k+1)(z)| — Re(Pjr41)(2)) <9 (; _ #3>

ig41=1 Fig4a
< 2(Re(Qiqk)) — 13)-
Thus, by Lemma 1 [4], for all i(k) € Z;, 1 < k < n,n > 1, and for all z € O the following
inequalities hold

Re(Gy(}) (2)) > pr.
where GE&)) (z),i(k) € Iy, 1 < k < n,n > 1, are defined by (3.14) and (3.15). The approximants

fffo) (z),n > 1, of (2.3) form a sequence of functions holomorphic in (3.29).



32 Tamara Antonova, Roman Dmytryshyn and Serhii Sharyn

At last, it remains to show that the branched continued fraction (2.3) converges uniformly
on compact subsets of ©. Let K is an arbitrary compact subset of (3.29). Then there exists an
open ball around the origin with radius R, containing C. By (2.4), for the any z € K and for any
n > 1, we get

3—[(i0—1)/2]
; a [Pigy (=)
O [ e S D DI e

in=2-[Go—1)721 V)
:Cio(K:)v
where
1
2(a+ )R_~_£7 ifig =1,
et at VB (c—a)R
() = 4 Bezalla CTUR iy =2,
et Dz ele+ g
a aR .
1fl():3.

+ )
2cp1 2¢(c+ g

It follows that for each i € Z, the sequence { fn ( 0)( )} is uniformly bounded on K, and hence it
is uniformly bounded on every compact subset of the domain (3.29). We set 6 = min{c/4,v1,v3}.

Then, by Theorem 2, the sequence { fr (i 0)( )} converges in
A={zcC?: —§<Re(z) <0, Im(zx) =0, k=1,2},

which is the real neighborhood of the point z(?) = (—§/2, —§/2) in ©. Furthermore, it is clear
that A C ©. Thus, by Theorem 3 [1] (see also Theorem 2.17 [12]), for each iy € Z, the branched
continued fraction (2.3) converges uniformly on compact subsets of © to the function f(%)(z)
holomorphic in ©. This proves (A).

Finally, the proof of (B) is analogous to the proof of Theorem 2 [1]; hence it is omitted. [

Setting a = 0 and ig = 1 (or ¢p = 2 and replacing c by ¢ — 1) in Theorem 3.3, we get a corollary.

Corollary 3.1. Let c be real constant such that ¢ > 2, and vy, va,v3, 11, pi2, p3 be positive numbers
satisfying the inequalities (3.28). Then for ig = 1 (or iy = 2):

(A) The branched continued fraction

3—[(i1—1)/2 3—[(ir_1-1)/2
1 3 ) [(i1—1)/2] Pz(2)(z) [(ir—1 )/2] Pz(k:)(z)
(3.30) T4 Z Q1 Oim 4+ 4 > O 4
=2 i) in=2—[(i1—1)/2] 42 ir=2—[(in_1—-1)/2] <R
where for i(1) € T,
——Z1, lfil =2
-, 1_le =3
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fori(k+1) € Iptq, k > 1,

Pi(k+1)(2z)
2k —SF 163 +1
_ ( erklillr ) . ifiy =1, igp1 =2,
c+k72r=1 521’7‘71
A . )
_ — R 1 Zk:L Zk+1:3,
ctk =3I 0 —1 ’

Rc—1)+k+30@ —20 )k =S8 +1) .
- et o 21,  Ifik =2, kg1 = 2,
(c+k— Zr:l 524 —D(c+k— Zr:l 5@)

332) = e+ YPIE —8l) 1 - |
Tt kYol (et k_yrlel) Y ifir =2, i1 =3,
kT=11 31} r=1 9%,
k— Zr;l 51‘,\ L )
2(c+k—2k:% ok _1)’ ifix =3, ips1 =1,
Tik _Zrzk—l 53
r=1 ", 2'27 y(lk, e 37 Zk-‘rl — 27

2c+k— 30210k —D(c+k— 01 6))
and fori(k) € Iy, k > 1,

k—Yrlss
(3.33) Qi) =1~ Zrk__ll " 57,
2c+k—->,4 (511 -1

converges uniformly on every compact subset of (3.29) to the function f(z) holomorphic in ©.
(B) The function f(z) is an analytic continuation of He(1, ¢; z) in the domain (3.29).

4. NUMERICAL EXPERIMENTS

From [24, Formula (37), p. 236], it follows that Horn’s confluent function Hg (1, 2; z) satisfies
the system of two partial differential equations

8%u 0%u 0%u ou ou
1—4z)—= 1—4z)——— — 22~ 2—-1 — —4dzo— —2u =
2 Zl)@z% + 22( Zl)azlazg = 023 +( 021)821 =2 0729 u=0,
(4.34) 9 9
z &—i—z @—22 Ou +(2-=2 )iu —u=0
192,02, 26‘2% ) > Bz, -

where u = u(z) is an unknown function of independent variables z; and z,. If the conditions of
Corollary 3.1 are satisfied, the branched continued fraction (3.30) satisfies (4.34).

Setting ¢ = 2,11 = v, = v3 = 1/20, and p; = pe = pg = 1/5 it is easy to see that the
conditions (3.28) are satisfied. Thus, by Corollary 3.1, the approximations of (3.30) with ¢ = 2
can be used to approximate the solution of (4.34) in the domain (3.29). From (3.31)—(3.32), we
have such the approximations as

_ 3
_3—321—22’27

The values of these approximations f,,(z) are given in Table 1 together with the values of the
partial sums S, (z) of Hg(1,2,z) for 1 < n < 10 and for the various values of z. This table shows
the rate of convergence of f,,(z) and S,,(z) to u(z) as n increases. We also see that the branched
continued fraction gives better approximations of the solution of (4.34) than double confluent
hypergeometric series.

etc.

fi(z) =1, fa(z)
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TABLE 1. Approximation of the solution of (4.34) by branched continued frac-
tion (3.30) with ¢ = 2 and confluent hypergeometric series Hg(1, 2, z)

S

fn(—0.2,—0.04)

S,(—0.2,—0.04)

7n(0.04,0.04)

S,,(0.04,0.04)

= O 00NN UIk WN -~

o

1
0.8152173913043479
0.8436283082662936
0.8390655552756958
0.8397705605715909
0.8396627464248548
0.8396790254380795
0.8396765860675122
0.8396769494594616
0.839676895549416

0.78
0.8682666666666666
0.824104
0.8488421546666667
0.8339969065244445
0.8433291477625905
0.8372627668078485
0.8413072281608152
0.8385568865940254
0.8404571814141544

1
1.0714285714285714
1.066142202005891
1.0656278844624396
1.0656448968469723
1.065647430637354
1.0656473978749492
1.0656473883827595
1.0656473883916724
1.0656473884206237

1.06

1.0650666666666666
1.0655813333333333
1.0656393813333334
1.0656463745422222
1.0656472558998347
1.0656473706761305
1.0656473859992222
1.0656473880852033
1.0656473883736706

From [17, §3.4], it follows that

(4.35)

H6(17 272) =

+

[ (e

2(t — 2)1/ %2

F=21;
1 <272,a

(1 —4tz)B(1/2,3/2)

11 #(1—t)z2

1—4t21
3 3 t(l—1t)z32

2'2 1~ 4tz

F2<v

)

)

(A) M —5th, M — (4.35), @ - 10th

(B) M - 5th, M — (4.35), M - 10th

FIGURE 1. The plots of values of the nth approximants of (3.30)

In Figure 1 (A)—(B), we can see the plots of the values of 5th and 10th approximations of (3.30)
approaches to the plot of the function (4.35). Figure 2 (A)—(D) shows the plots where the 10th
approximants of (3.30) guarantees certain truncation error bounds for function (4.35). Finally, in
Table 2, we can see that the 5th approximant of (3.30) is eventually a better approximation to
(4.35) than the corresponding 5th partial sum of (2.2).
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FIGURE 2. The plots where the 10th approximants of (3.30) guarantees certain

truncation error bounds for (4.35)

TABLE 2. Relative errors of 5th partial sum and 5th approximant for the Horn’s

confluent function Hg(1, 2, z)

z (4.35) (2.2) (3.30)
(—0.01,0.01)  0.9951138277 3.8606 x 107 8.8026 x 10~%
(—0.1,0.1) 0.9593510752  6.2346 x 107%°  9.4458 x 10796
(—=0.1,—0.01)  0.9118965224 1.1498 x 1079 6.5181 x 1079
(0.09,0.05) 1.1425549298  1.1470 x 107 5.0158 x 1079
(—0.15,-0.2)  0.8094560924 2.3880 x 1079 2.0638 x 10~%4
(0.2,0.2) 1.5918307333 2.6823 x 10792 2.7319 x 1073
(0.2,-5.0) 0.1998004145 2.0382 x 10t%°  2.5676 x 1079
(—5.0,0.3) 0.3782185176  3.1579 x 1019 2.0912 x 10~°*
(—=10.0,—10.0) 0.0932899388 7.0858 x 10797 3.8248 x 10702
(

0.0395665845

1.6635 x 10110

6.6127 x 10791

35
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5. CONCLUSIONS

The paper considers the problem of representing the ratios of the confluent hypergeometric
Horn’s function Hg by branched continued fractions. It is proved that the branched continued
fractions converge to the ratios of the confluent hypergeometric series of which they are expan-
sions, but the conditions of their convergence impose additional restrictions on the parameters
of the function. The expediency and effectiveness of using branched continued fractions as
an approximation tool are confirmed by numerical experiments. Nevertheless, the problems
of improving and developing new methods of researching the convergence of such and sim-
ilar branched continued fractions are open. Along the way, let us note the recent interesting
and promising ideas regarding the study of the convergence of branched continued fractions
proposed in papers [9, 10, 11].
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