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Abstract: In this paper, we introduce a new type of non-lightlike general helix that we name non-lightlike
associated helix which is associated with a non-lightlike special surface curve. By using the Darboux frame
of a surface curve, we generate the position vector of a non-lightlike associated helix in parametric form.
We investigate special cases when the non-lightlike surface curve is a helical curve, a relatively normal-slant
helix or an isophote curve. In every case, we obtain the position vector of the non-lightlike associated helix

by solving differential equations and examples are given for the achieved results.
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1. Introduction

Geometrical structures of special type such as special surfaces or curves have always been a focus
of interest for different disciplines. Without a doubt, the helix curve is the most fascinating of
such special geometric structures. A general helix is defined by the property that the tangent
makes a constant angle with a fixed straight line (the axis of the general helix) and a necessary and
sufficient condition that a curve to be a general helix is that the ratio of curvature s to torsion
7 be constant [3]. Helices arise in carbon nano-tubes, nano-springs, DNA double and collagen
triple helix, a-helices, bacterial flagella in salmonella and escherichia coli, lipid bilayers, bacterial
shape in spirochetes, aerial hyphae in actinomycetes, tendrils, horns, screws, springs, vines, helical
staircases and sea shells [4, 14, 17]. Helical structures such as hyper-helices are used in fractal
geometry [22]. In the realm of computer-aided design and computer graphics, helix shapes can be
utilized for describing tool paths, simulating movement, and creating designs for roads, ete. [25].
Instead of tangent, by considering principal normal vector, a new type of special curve

called slant helix has been defined by Izumiya and Takeuchi [10]. Later, further studies have been
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done. For instance, Ali investigated the position vector of spacelike slant helices, Ali and Turgut

investigated the position vector of timelike slant helices in Minkowski 3-space [1, 2].

A surface curve is a curve that lies on a surface. While properties of any arbitrary curve are
examined by Frenet frame, properties of surface curves can also be examined by Darboux frame
{T,g,n} (see Section 2 for details). On a surface, helical curves, relatively normal-slant helices and
isophote curves have been defined considering the vectors of Darboux frame, by the property that
the vector T', g and n makes a constant angle with a fixed straight line, respectively. Puig-Pey,
Gaélvez and Iglesias have studied helical surface curves and for the parametric and the implicit
forms of a surface, they introduced a new method of generating helical tool paths [20]. In 2017,
Macit and Diildiil introduced relatively normal-slant helices and studied their axis in Euclidean
3-space [15]. El Haimi and Chahdi investigated the parametric equations of relatively normal-slant
helices also in Euclidean 3-space [8]. Further studies have been done by Yadav and Pal, Yadav
and Yadav in Minkowski 3-space [23, 24]. On the other hand, isophote curves have been studied
in both Euclidean and Lorentzian spaces [5-7]. An isophote curve on a surface is also a result of
Lambert’s cosine law in optics. Lambert’s cosine law indicates that the intensity of illumination
on a diffuse surface is proportional to the cosine of the angle between the surface normal and the
light vector. According to this law, the intensity is irrespective of the actual viewpoint; hence
the illumination is the same when viewed from any direction [12]. By considering Lambert’s law
Dogan and Yayh introduced the geometric description of isophote curves in [7]. Isophote curves
have many applications in different areas such as car body construction, local shading of a surface
or geometry of surfaces of rotation and canal surfaces [11, 19, 21]. Oztiirk, Negovié¢ and Kog Oztiirk
have presented a method for numerical computing of general helices, relatively normal-slant helices,

and isophote curves lying on a non-degenerate surface in Minkowski space E3 [18].

In [16], Onder defined new types of associated helices that are associated with special surface
curves such as helical curves, relatively normal-slant helices and isophote curves in Euclidean 3-
space. He introduced parametric forms of some special associated helices with respect to Darboux

frame of special surface curves.

In this paper, we define new types of non-lightlike associated helices in Minkowski 3-space.
We name these new helices as non-lightlike (spacelike or timelike) surface curve-connected (SCC)
associated helices and we obtain parametrizations for such helices by considering helical curves,

relatively normal-slant helices and isophote curves on a non-lightlike surface in Minkowski 3-space.
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2. Preliminaries

Minkowski 3-space which is denoted by E? is a real vector space endowed with the metric (,) =
~dx® + dy? + dz?, where (x,y,2) is a rectangular coordinate system. This metric is also called
Lorentzian metric. In E3, a vector u is called spacelike (resp. timelike or lightlike) if (wu,u) > 0
or u=0 (resp. (u,u) <0 or (u,u) =0). Similarly, a curve is called spacelike (resp. timelike or
lightlike) if its velocity vector is spacelike (resp. timelike or lightlike). In the case of surfaces, a
surface is called spacelike (timelike or lightlike) if the induced metric on the surface is Riemannian
(Lorentzian or degenerate), i.e., the normal vector on the surface is timelike (spacelike or lightlike,
respectively) [13]. Throughout this paper, we only consider non-lightlike curves and surfaces.
Therefore, whenever we talk about a surface or a curve, we assume that they are either spacelike
or timelike.

The Lorentzian cross product for any vectors u,v € E} is defined by
ux v = (U3 — UzV2, UIV3 — UV, UV] — UTV2),

where u = (u1,ug2,u3) and v = (v1,v9,v3) [13]. The Frenet formulae {T, N, B} for a unit speed

non-lightlike curve @ with arc-length parameter s is given by
T =kN, N =egrT +7B, B ' =e77N, (1)

where T, N, B are the tangent (velocity) vector, principal normal vector, binormal vector, respec-
tively, er = (T, T), eg = (B, B), ' denotes derivative with respect to s, x is curvature and 7 is
torsion of the curve «. Here, er and ep determines the Lorentzian character of the vectors T
and B, respectively. If ep =ep =1, then « is a spacelike curve with timelike principal normal
vector. If er =1 and eg = -1, then « is a spacelike curve with spacelike principal normal vector.
If ey = -1, then « is a timelike curve [13].

Let ¢ be a regular surface in E? and a: I c R - ¢ be a non-lightlike smooth curve on ¢.
Then, the Darboux frame {T,g,n} along the surface curve « is well defined and its formulae is
given by

T' = Kgg+egknn, ¢ =enkyT +ertyn, n' =k, T + 749, (2)
where T', g = ¢,7 x n, n are tangent vector of «, intrinsic normal, surface normal along «,
respectively, k, is normal curvature, k, is geodesic curvature, 7, is geodesic torsion, er = (T,T),
eg=1{9,9) and €, =(n,n). If ep =, =1, then both ¢ and « are spacelike. If er =1 and ¢, = -1,
then ¢ is timelike and « is spacelike. Finally, if ep = -1 and ¢, = 1, then both ¢ and « are
timelike [5, 6].

Considering Darboux vector fields defined in [9], we define following vector fields for non-

lightlike surface curves on non-lightlike surfaces.

109



Onur Kaya / FCMS

Definition 2.1 Let « be a unit speed non-lightlike curve on a regular non-lightlike surface ¢ with

Darbouz frame {T,g,n}. Then, the vector fields D,,, D, and D, along a defined by
Dy =-kng+enkgn, Dp=-14T-rgn, D, =crtyT +egkng

are called normal Darboux vector field, rectifying Darboux vector field and osculating Darbouz

vector field, respectively.

Lemma 2.2 [16] Let ¢ be a regular non-lightlike surface and a be a smooth non-lightlike curve on
¢ with Darbouz frame {T,g,n}, normal curvature k, , geodesic curvature kg and geodesic torsion
Tg. We have the followings:

(i) o is a geodesic curve < kg =0.

(i) o is an asymptotic curve < k, =0.

(111) « is a line of curvature < 14=0.

Definition 2.3 [24] Let « be a unit speed non-lightlike curve on a regular non-lightlike surface
¢ with Darbouz frame {T,g,n}. Then, o is called a relatively normal-slant heliz if the vector g

makes a constant angle with a fived unit direction.

Definition 2.4 [5, 6] Let « be a unit speed non-lightlike curve on a regular non-lightlike surface
¢ with Darbouzx frame {T,g,n}. Then, « is called an isophote curve if the vector n makes a

constant angle with a fived unit direction.

Similar to the definition given by Onder in [16], we give the following definition for non-

lightlike surface curves in Minkowski 3-space.

Definition 2.5 Let a be a unit speed non-lightlike curve on a regular non-lightlike surface ¢ with
Darboux vector fields D,,, D, and D,. Then, « is called a D;-Darbouz slant helixz if the Darboux

vector field D; makes a constant angle with a fized unit direction, where i € {n,r,o}.
By using the above definitions, we introduce helices associated with special surface curves

in the following section.

3. Helices Associated with Surface Curves in E?

Let ¢ be a regular non-lightlike surface and a: I ¢ R - ¢ be a smooth, unit speed non-lightlike

curve with arc-length parameter s, Frenet frame {T,N,B} and Darboux frame {T,g,n}. We

consider another non-lightlike curve 3:J c R — E3 which is given by the parametrization

B(s) = a(s) +x(s)T(s) +y(s)g(s) + 2(s)n(s), (3)
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where = = z(s), y = y(s) and z = z(s) are smooth functions of s. The non-lightlike curve § is
called non-lightlike associated curve of surface curve a” or SCC-associated curve”, where SCC
stands for surface curve connected. As well as the associated curve S might be on ¢, it might be
totally apart from . The position that £ is on ¢ or not relies on the values which the functions
x,y, z take. We investigate special cases for the functions z,y, z in the following subsections.
Moreover to the definition of the curve [, considering that £ is a general helix it would be
called SCC-associated helix. Now, let us differentiate the equation (3) with respect to s by using

(1) and (2). As the result of this differentiation, we get
B'(s) = Ri(s)T(s) + Ra(s)g(s) + Rs(s)n(s), (4)
where R = R1(s), Re = Ra(s) and R3 = R3(s) are smooth functions of s which are defined by
Ri=a'+epkgy+knz+1, Ro=rex+y +742, Rs=cghpw+ertyy+2. (5)

In the following subsections, we investigate special cases when [ is a helix and it is associated

with a special surface curve.

3.1. Non-lightlike Helices Associated with Helical Curves on a Surface in E}

In this first subsection, we assume that the tangent vector 8’ of the non-lightlike associated curve
(B of any arbitrary non-lightlike surface curve « is linearly dependent with the tangent vector of
«. For this special case, from (4), we get Ry # 0, R =0, Rz =0 and thus 5'(s) = R1(s)T(s).
Let sg be the arc-length parameter of the associated curve 3. Then, from 3'(s) = R1(s)T'(s), we

obtain dsg = +Rids and the Frenet vectors of 8 are computed as

1
Tg=+T, Npg=+——oo—_(Kgg+egknn),
|sgm§ +enk2|

635

Bg = (Enﬂgn—kng)=53,3m,

|£gm§ + snk%|
where ep, = (Bg,Bg) and Tz, Ng, Bpg are tangent vector, principal normal vector, binormal

vector of (3, respectively. By using Definition 2.1 and (6), we obtain the following Theorem 3.1:

Theorem 3.1 Let 5 be a non-lightlike associated curve of an arbitrary non-lightlike surface curve
a with (kn,kq) # (0,0) which lies on a reqular surface ¢ with the condition that 8’ and o =T

are linearly dependent. Then, followings are equivalent:
(i) B is a heliz.
(ii) « is a helical curve on ¢.

(i) « is a D, -Darboux slant heliz on ¢.
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Remark 3.2 The non-lightlike heliz curve 8 which is associated with a non-lightlike helical surface
curve a can be referred to as: Non-lightlike helical curve-connected associated helixz or non-lightlike

HCC-associated helix.

Let us now, investigate special cases when x,y or z vanishes, respectively. Such special

cases allow us to determine the position vector of 8 in parametric form. From (5), we have the

following system
T tenkgy+knz+1#0, rgr+y +7,2=0, eghpx+ert,y+2 =0. (7)
Case 1: x =0. Then, from (7) we have the system
Enkgy+knz+1%0, y +7,2=0, errgy+2'=0. (8)

If 7, # 0, then the solution of system (8) depends on the sign of er. Let ep = 1. By using a

variable change t = [ 7,(s)ds, for constants c1, ¢ € R the solution of the system (8) is calculated

y=-c1 sinh([ Tg(S)dS)—CQCOSh(/ 7'9(5)d5)7
z=c cosh([ Tg(s)ds)+0281nh(f Tg(s)ds)7

which we substitute in (3) and obtain the parametric form of the position vector of 8 as follows

B(s) = a(s) - [cl sinh(f Tg(S)dS) +C2 cosh(f Tg(S)dS)] g(s)

+ [cl cosh(/ Tg(S)dS)+CQSiDh([ Tg(s)ds)]n(s).

In this case, a, 8 are spacelike curves and ¢ is a non-lightlike, i.e., spacelike or timelike, surface.

Let er = —1. Then, for constants c3,c4 € R the solution of system (8) is given by

Y = €3 COS (/ Tg(s)ds) , Z=cgsin ([ Tg(s)ds) ,

which similarly leads to the parametric form of the position vector of 3 as follows

B(s) = a(s) + 3 cos ([ Tg(S)dS) g(s) + cqsin (f Tg(S)dS) n(s). (10)

In this case, «, B are timelike curves and ¢ is a timelike surface.

If 7, =0, then, from second and third equations of system (8), we get y = ¢5 and z = cg,
respectively, where c5,cs € R are constants. Therefore, position vector of 3 curve is given by
B(s) = a(s) +cs59(s) +cn(s).

We can give the following theorem and corollary as results of the above investigation.
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Theorem 3.3 The spacelike (resp. timelike) associated curve B given in (9) (resp. (10)) is a
general heliz if and only if « is a spacelike (resp. timelike) helical curve on a non-lightlike (resp.

timelike) surface ¢.

Remark 3.4 The spacelike (resp. timelike) associated curve (9) (resp. (10)) can be referred to
as: Spacelike (resp. timelike) helical curve-connected associated helix of type 1 or spacelike (resp.

timelike) HCC-associated heliz of type 1.

Corollary 3.5 The helical curve a is a line of curvature if and only if non-lightlike HCC-associated

helixz has the parametrization B(s) = a(s) + c59(s) + cgn(s), where c5,c6 € R are constants.

Case 2: y=0. From (7), it follows

24 knz+1#0, Kr+752=0, egkpz+2' =0, (11)
with the condition (kg4,7,) # (0,0). If k; # 0, then we get = = ~79, from second equation of
Ry

system (11). We substitute this equality in the third equation of system (11) and get the differential
equation

coknT
P AL A |

Kg

egknty

whose solution is z = c7 exp ( / ds), where c¢7 € R is constant. Hence, the position vector

Kg

of B is given by

B(s) :a+07exp(—[%ds) (—TgT+n). (12)

Kg Kg

If k,=0 and ky # 0, then we obtain = = z =0 and therefore 5(s) = a(s).

By the investigation above, the followings can be given.

Theorem 3.6 The non-lightlike associated curve 8 given by (12) is a general helix if and only if

« is a non-lightlike helical curve on ¢.

Remark 3.7 The associated curve (12) can be referred to as: spacelike (timelike) helical curve-

connected associated heliz of type 2 or spacelike (timelike) HCC-associated helix of type 2.

Corollary 3.8 (i) The non-lightlike helical curve a is an asymptotic curve with kg # 0 if

and only if non-lightlike HCC-associated heliz of type 2 has the parametrization [(s) =

C5T, .
a(s) = —=2T +cyn, where c7 € R is constant.
K
g
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(i) The non-lightlike helical curve « is a line of curvature if and only if non-lightlike HCC-

associated heliz of type 2 has the parametrization 5(s) = cyn, where ¢; € R is constant.
Case 3: z=0. In this case, from (7), we have the following system

' +enkgy#0, Ker+y =0, egkpx+ertyy=0, (13)

ETTy

with (kn,7y) # (0,0). If k, # 0, then from third equation of system (13), we have z = — P
egkn

By substituting z in second equation of system (13), we get the following differential equation

1 ETTgkyg

0,
egkn

ETTgRg

whose solution is y = cgexp ( f ds), where cg € R is constant. Hence, the position vector

Eghn

of B is given by

B(s) =OL(S)+CgeXp(f st) (—gTTgT+g). (14)

Egkn Egkn

If ky, =0, then it follows z =y =0 and S(s) = a(s).

By the investigation above, we can give the followings.

Theorem 3.9 The non-lightlike associated curve B given by (14) is a general helix if and only if

« is a non-lightlike helical curve on ¢.

Remark 3.10 The non-lightlike associated curve (14) can be referred to as: Non-lightlike helical

curve-connected associated helix of type 8 or non-lightlike HCC-associated heliz of type 3.

Corollary 3.11 (i) The non-lightlike helical curve « is a geodesic curve if and only if non-

lightlike HCC-associated heliz of type 3 has the parametrization B(s) = a(s) - CSEZTQ
Egkn

T +cgg,

where cg € R is constant.

(ii) The non-lightlike helical curve « is a line of curvature if and only if non-lightlike HCC-

associated heliz of type 3 has the parametrization B(s) = a(s)+csg, where cg € R is constant.

3.2. Non-lightlike Helices Associated with Relatively Normal-slant Helices in E?

This subsection is to investigate non-lightlike associated helices of relatively normal-slant helices.
In order to do the mentioned investigation, we assume that tangent vector 8’ of the associated

curve [ is linearly dependent with intrinsic normal vector field g of a surface curve .. Then, from
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, 1t tollows s) = R2(s)g(s) and thus the Frenet vectors , , o) are calculated as
4), it foll B R d th he F Ts, Ng, Bg of 8 lculated

1
—| | (enkgT +erTyn),
\|eTKZ +ent?
e, D (15)

Bg = —————(kgn+T7,T) =€,
|lerk2 + en72|

Tﬁ = %4, Ng ==
1D:]”
where ep, = (Bg, Bg). We can give the following theorem by using (15) and Definition 2.1.

Theorem 3.12 Let 8 be a non-lightlike associated curve of an arbitrary non-lightlike surface curve
a with (kg,74) # (0,0) who lies on a regular surface ¢ with the condition that 5’ and intrinsic

normal g are linearly dependent. Then, followings are equivalent:
(i) B is a heliz.
(ii) « is a relatively normal-slant heliz on ¢.

(ii) o is a D, -Darboux slant heliz on ¢.

Remark 3.13 The non-lightlike helix B which is associated with relatively normal-slant heliz
«a can be referred to as: Non-lightlike relatively normal-slant heliz-connected associated heliz or

non-lightlike RNS-HC-assoctiated heliz.

Investigating when x,y, z functions have special values leads us to the following cases. From

(5), we have
T tenkgytknz+1=0, rKer+y +7,2%0, eghpx+ert,y+2' =0. (16)
Case 1: z =0. Then, the system (16) is reduced to
Enkigy+knz+1=0, Y +7,2#0, eprgy+2' =0 (17)

with (ky,kg) #(0,0). If kg # 0, then first and third equations of system (16) yields the following
linear differential equation

ETknT ETT,
o STy _ 179
Enkyg Enkyg

whose solution can be calculated as

z:exp([ ETknngs) [fexp(—[ngnngs) €T7—gds+09],
Enkg Enkg Enkg

where cg € R is constant. Then, position vector of associated curve beta is given by

ky ky
1+knexp(fmds)|:[exp(—fmd)eTT d5+09]
Enk Enk Enk
B(s) = afs) - . . ’ g
Enlig (18)

5 knT, 5 knT, ETT,
+ exp L9 s fexp L9 s £d5+09 n
Enkg Enkg Enkg
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1 4
If kg =0 and 74 # 0, then from the first equation of system (16), we get z = o Since 2’ = k—;,
n n
k,/
from the third equation of system (16), it follows y = — kz . Thus, associated curve beta is
ETRL Ty
given with the position vector
k! 1
B(s) =a(s) - —5—9——n (19)

ET]{?nTg kn

Theorem 3.14 The non-lightlike associated curve [ given in (18) (resp. (19)) is a general heliz

if and only if « is a relatively normal-slant helixz on .

Remark 3.15 The non-lightlike associated curve (18) (resp. (19)) can be referred to as: Non-
lightlike relatively normal-slant heliz-connected associated helix of type 1 or non-lightlike RNS-HC-

associated helix of type 1.

Corollary 3.16 (i) The non-lightlike relatively normal-slant helix o« is an asymptotic curve

on ¢ with (kn,kg) # (0,0) if and only if RNS-HC-associated heliz has the parametrization

1 ETT,
g+ f Yds+cr|n.
Enkg Enkg

(it) The non-lightlike relatively normal-slant heliz o is a geodesic curve on @ with (ky, k) # (0,0)

B(s)=a-

if and only if RNS-HC-associated helix has the parametrization in (19).

(1ii) The non-lightlike relatively normal-slant heliz o is a line of curvature on ¢ with (kn,kg) #

kn+1
(0,0) if and only if RNS-HC-associated helix has the parametrization B(s) = oz(s)—u
nkg
crn.
Case 2: y =0. The system (16) becomes
' +knz=0, Kgr+7y2#0, egkpz+2 =0. (20)
If k, #0, then, from system (20), the following differential equation is derived
k’
2=y e k22 = e gk, (21)

kn
whose homogeneous part can be obtained with the aid of a variable change t = f k,ds as follows

d?z

ﬁ—&?gz=0. (22)

The differential equation (22) has two different types of solutions with respect to the value of ¢g.
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Let £, = 1. In this case, 5 is a spacelike curve. Then, the general solution of (21) is obtained

as follows

z = ¢ cosh (/ knds) + ¢11 sinh (f k:nds)

(23)
—cosh( [ knds) [ sinh( [ knds) ds+sinh( [ k;nds) [ cosh( [ k:nds)ds,
where cyg,c11 € R are constants. This leads us to
T = —clgsinh(f knds)—cll cosh(f knds)
(24)

+sinh(f knds)fsinh(f knds)ds—cosh(/ knds)[cosh(f knds)ds

14

z
since x = o from the third equation of system (20). In this case, § is a spacelike curve and « is
n

a spacelike (resp. timelike) curve on a spacelike (resp. timelike) surface. Thus, by using (23) and

(24), the position vector of spacelike associated curve § is given as follows

-t o ) - )
i ) ) f ) o s
[eweosn{ [ k) - xssion [ 1)
i ) s ) ) f o ]

Let €4 =—1. In this case, T" and n become spacelike vectors. Then, we get ¢ is a timelike

(25)

surface, « is a spacelike curve and f is a timelike curve. Similar to the previous case, the general

solution of (21) is obtained as follows

Z=C12 Cos(f knds)+013 sin(f knds)
+cos(f knds)fsin(f knds) ds—sin([ knds)[cos(f knds)ds,
where c¢q9,c13 € R are constants and thus
T = —Ci sin(/ knd8)+013 cos([ knds)
—Sin(f knds)/sin(f knds)ds—cos([ knds)[cos(f knds)ds.
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Hence, the position vector of timelike associated curve f is stated as

560 = a0+ [erwsin [ huts) < evscos [ ks
([ ) [ o [ ) con [ ) [ cos( [ huts)s] 2
[ecos( [ ) crasin [ e
soon( [ ) fron([f s} tssin [ ) feon( [ ruts) s

If k, =0, then from first and third equations of system (20), we get © = —s + ¢19, 2z = C20,

(26)

respectively, and therefore the position vector of 3 is given by
B(s) =a(s) +(-s+c14)T + c15n, (27)

where cy14,c15 € R are constants. Now, we can give the followings:

Theorem 3.17 The spacelike (resp. timelike and non-lightlike) associated curve B given by (25)

(resp. (26) and (27)) is a general heliz if and only if o is a relatively normal-slant heliz on ¢.

Remark 3.18 The associated curves (25) and (26) can be referred to as: Spacelike and timelike
relatively normal-slant helix-connected associated helix of type 2 or spacelike and timelike RNS-

HC-associated helixz of type 2, respectively.

Corollary 3.19 The non-lightlike relatively normal-slant helix o is an asymptotic curve on ¢ if

and only if non-lightlike RNS-HC-associated helix has the parametrization in (27).

Case 3: z =0. In this case, from system (16), we obtain

T tenkgy+1=0, Kex+y #0, eghpx+ert,y=0. (28)
. . . egkn
with (k,,74) # (0,0). If 75 # 0, then from the third equation of system (28), we have y = — .
ETTy
€gEnknk €4€
Substituting y in first equation of (28), it follows 2’ - """ 2+1 =0, where = = —1. Then,
ETTy ErT
following differential equation is obtained
z’ + Mm =-1,
Tg

whose general solution is

x:exp(—fkn%gds) [—/exp(f knﬁgds)ds+016],
Ty Ty
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where c16 € R is constant. Hence, we obtain y as follows

k., k., kr
Zg exp (— f Fg ds) [— f exp (f Ry ds) ds + 016] ,
ETT, 5 T

and the position vector of associated curve § is given by

B(s)=a(s)+exp(—f k’;jgds) [—fexp(f k:_:gds) ds+cl6] (T—Z]Zg). (29)

If kg #0 and 74 =0, then from the system (28), we get =0 and y = —

. Thus, the position
Enkg

vector of associated curve g is given by

B(s)=a(s) - ——. (30)

Enky
Theorem 3.20 The non-lightlike associated curve 8 given by (29) (resp. (30)) is a general helix

if and only if a is a relatively normal-slant heliz on ¢.

Remark 3.21 The non-lightlike associated curve (29) (resp. (30)) can be referred to as: Non-

lightlike relatively normal-slant heliz-connected associated helix of type 3 or non-lightlike RNS-HC-

associated helix of type 3.

Corollary 3.22 (i) The non-lightlike relatively normal-slant helix o« is an asymptotic curve
on ¢ if and only if non-lightlike RNS-HC-associated heliz has the parametrization B(s) =
a(s) + (-=s+c16)T, where c16 € R is constant.

(ii) The non-lightlike relatively normal-slant heliz « is a geodesic curve on ¢ if and only if

non-lightlike RNS-HC-associated heliz has the parametrization (s) = a(s) + (s + c16)T +

(=s+ci6)egkn

e g, where c16 € R is constant.

(iii) The non-lightlike relatively normal-slant heliz « is a line of curvature on ¢ if and only if

non-lightlike RNS-HC-associated helix has the parametrization in (30).

3.3. Non-lightlike helices associated with isophote curves in E}

In this final subsection of Section 3, we investigate non-lightlike helices associated with isophote
curves. Let the tangent vector 3’ of associated curve § be linearly dependent with the unit surface
normal along an arbitrary non-lightlike curve « on an oriented surface ¢. Then, from (4), we have

Ry =Ry =0 and p'(s) = R3(s)n(s). Arc-length parameter and Frenet vectors Tz, Nz, Bg of 8
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are calculated as dsg = +R3zds and

1
Tg=+n, Ng=+——e=o—— (kT +1y9),
erk? + 472
L, VEreerl b &
B o
BB T ——— (Egkng + 5TTgT) =¢€Bg D77
|€Tk,%+59792| 1D, |

respectively, where ep, = (Bg,Bg.). From (31) and Definition 2.1, we can give the following

theorem.

Theorem 3.23 Let 8 be a non-lightlike associated curve of an arbitrary non-lightlike surface curve
a with (kn,74) # (0,0) who lies on a reqular surface ¢ with the condition that B’ and unit surface

normal n along o are linearly dependent. Then, followings are equivalent:
(i) B is a heliz.
(i) « is an isophote curve on ¢.

(i) « is a D,-Darboux slant heliz on ¢.

Remark 3.24 The non-lightlike helixz B associated with isophote curve « can be referred to as:

Non-lightlike isophote curve-connected associated heliz or non-lightlike ICC-associated helix.

We now investigate special cases when x,y,z functions have special values. From (5), we

get

T tenkgytkhnz+1=0, rer+y +7,2=0, eghpx+ert,y+2' #0. (32)

Case 1: 2 =0. Then, from (32), we have
Enkigy+knz+1=0, y +7,2=0, epryy+z #0, (33)

with (kn,kg) #(0,0). If 7, # 0, then from second equation of system (33), we have z = —f—’ and by

substituting this equality in the third equation of system (33), we obtain the following differential
equation

r_EnkgTg Ty

ko kn’

whose general solution is

Yy = exp (/ 571:7979(133) ([ exp (— leig%ds) ;—gds + 617) , (34)

7
where cq7 is a real constant. Since z = _%7 it follows
g

1 n n n
z= B €k:g exp( Mds) (/ exp (— &:Zijwds) ;—ids + 017) . (35)
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Therefore, for the position vector of associated curve (8, we obtain

B(s) = a(s) + exp( W;ingdS) ([ exp (— leig%ds) ;—gds + 017)9

]- n n n
_ [k—n + Ek:g exp( EnligTy ZjTg ds) (f exp (— EnligTy ZjTg ds) ;—ids + 017)] n.

If k, # 0 and 7, = 0, then from the second equation of system (33), we get y = ci3 for a real

(36)

C18€nkg + 1
constant cjg. Substituting this result in first equation of system (33) yields z = —18%
n
Therefore, the position vector of associated curve [ is obtained as
C18€nkg + 1
B(s) = a(s) +cigg - % (37)
n

We state our findings with the following theorem and corollaries.

Theorem 3.25 The non-lightlike associated curve B given by (36) (resp. (37)) is a general heliz

if and only if o is an isophote curve on .

Remark 3.26 The non-lightlike associated curve (36) (resp. (37)) can be referred to as: Non-
lightlike isophote curve-connected associated heliz of type 1 or non-lightlike ICC-associated helixz of

type 1.

Corollary 3.27 (i) The non-lightlike isophote curve o with (ky,kg) # (0,0) is an asymptotic

curve if and only if non-lightlike ICC-associated helixz has the parametrization B(s) = a(s) -

4
1k
snngg s,,,ng'rg

n.

(i) The non-lightlike isophote curve o with (kn,kq) # (0,0) is a geodesic curve if and only if
non-lightlike ICC-associated heliz has the parametrization 5(s) = a(s) + [ ;—stg - k%n

(7ii) The non-lightlike isophote curve a with (ky,kg) # (0,0) is a line of curvature if and only if

non-lightlike ICC-associated heliz has the parametrization (37).

Case 2: y =0. From system (32), we have

' +kyz+1=0, Kgr+T792=0, eokpz+2 %0, (38)
with (kg,74) # (0,0). If 7, # 0, then, from the second equation of system (38), we get z = Loy
Tg

which we substitute in the first equation of system (38) and obtain the following differential
equation

! knﬁgw =-1

b
Tg
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whose general solution is

x:exp(f kj_:gds) [—[exp(—f kj_:gds)ds+clg], (39)

. . K . . .
where c19 is a real constant. Since z = ——*z, the position vector of the associated curve 3 is
g

obtained as

B(s) = a(s) +exp (f kj_ﬂgds) [— [ exp (— f k:_:gds) ds + 019] (T— :ign) . (40)

g9 g9

If k, # 0 and 7, = 0, then, second and first equations of system (38) yield z = 0 and z = —7-,

respectively. Thus, the position vector of associated curve ( is given by

B(s)=a- kin (41)

n

Now, we give the following theorem and corollaries.

Theorem 3.28 The non-lightlike associated curve B given by (40) (resp. (41)) is a general helix

if and only if o is an isophote curve on .

Remark 3.29 The non-lightlike associated curve (40) (resp. (41)) can be referred to as: Non-
lightlike isophote curve-connected associated heliz of type 2 or non-lightlike 1CC-associated heliz of
type 2.

Corollary 3.30 (i) The non-lightlike isophote curve a with (rkg,74) # (0,0) is an asymptotic
curve if and only if non-lightlike ICC-associated helixz has the parametrization B(s) = a(s) +
(—S + Clg)T + 7@,(5—019) n.

(ii) The non-lightlike isophote curve a with (kg,74) # (0,0) is a geodesic curve if and only if

non-lightlike ICC-associated helix has the parametrization B(s) = a(s) + (=s+c19)T.
(71t) The non-lightlike isophote curve o with (kg,74) # (0,0) is a line of curvature if and only if

non-lightlike ICC-associated heliz has the parametrization in (41).
Case 3: z=0. In this case, from (32) we obtain
T tenkgy+1=0, Kex+y =0, eghpx+ertyy#0. (42)

If kg =0, then, from system (42), we get x = —s+ cog9 and y = c30, where cgg,co1 are real

constants. Then, the position vector of the associated curve § is given by

B(s) =a(s) + (=s +¢20)T + ca19. (43)
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!

If k4 # 0, then from second equation of system (42), we have z = ~ Y We take the

kg
derivative of xz and substitute it in the first equation of system (42) and obtain the following
differential equation

k’
Y= 2y —enkiy = Ky,
kg
whose homogeneous part can be achieved by a parameter change t = [ k,ds as

d2
LA eny =0. (44)

The solution of (44) depends on the value of ¢, which could be either 1 or —1. If ¢, = 1, then we
get

Y = Coo cosh(/ mgds)+cQ3 sinh(/ /cgds)

—cosh(f ﬁgds)[sinh(/ﬁgds)ds+sinh(fKgds)fcosh(f Hgds)ds,
T= o sinh( [ /igds)—cm cosh( [ ngds)

+sinh( f Hgds) [ sinh( f /fgds)ds—cosh( f Iigds) f cosh( f Hgds)ds,

where co9, co3 are real constants.

If &, = -1, then we get

= cavcos( [ rgts) s czsin [ s
eos(f ) fr(f )t in ([ ) [ eos( [ )
e s [ ) s [ s
([ ngs) [ s [ ) s -con( [ ) [ eos( [ ) s

where co4,co5 are real constants. In either cases,
B(s) = a(s) + 2T +yg, (47)

where z,y are as defined in (45) or (46).

Theorem 3.31 The non-lightlike associated curve B given by (47) is a general heliz if and only

if a is an isophote curve on ¢.
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Remark 3.32 The non-lightlike associated curve (47) can be referred to as: Non-lightlike isophote

curve-connected associated helix of type 3 or non-lightlike ICC-associated heliz of type 3.

Corollary 3.33 The non-lightlike isophote curve « is a geodesic curve if and only if non-lightlike

ICC-associated heliz has the parametrization (43).

4. Examples

Example 4.1 Let the spacelike surface ¢ be given by the parametrization ¢(u,v) = (coshu,sinhu, v)

and

a(u) = (cosh (%) ,sinh (%) , %)
be a spacelike helix on . Then, elements of Darbouzx frame of a are calculated as
1 . s 1 s 1
- (g Gg) v (Va) va)
g(s) = (Sinh (%) ,cosh(%) , —%) , n(s)= (cosh(%) ,sinh(%) ,0) ,

1 _ _1 . _ . . .
kn=35, kg=0 and 74y = 5. Since ,=0, a is a geodesic curve on ¢. On the other hand, since g
and n are Lorenztian circles or arc of a Lorenztian circle, then we have that « is also a relatively
normal-slant heliz and an isophote curve on ¢. Figure 1 shows some B curves associated with «

considering the obtained results in Section 3.

Figure 1: Spacelike surface curve a (blue), spacelike HCC-associated helix of type 1 (red), spacelike
RNS-HC-associated helix of type 1 (black) and spacelike ICC-associated helix of type 2 (green),
respectively

Example 4.2 Let the timelike surface ¢ be given by the parametrization o(u,v) = (\/§u, veos(u), ’usin(u)) ,
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Figure 2: Timelike surface curve « (blue), timelike HCC-associated helix of type 3 (red), timelike
RNS-HC-associated helix of type 3 (black), respectively

Ve (—\/3, \/5) and

- (Vo) ()

be a timelike heliz on ¢. The elements of Darboux frame of « are calculated as

\/gsin(%) \/gcos(%) ko = lcosh(z) o = 1Smh(I

B \/is
2\/ _57 \/3_£ ) 3_£ 9 2 2 K 2 2
2 2 2

Tg = —— . Since ¢ is a Lorenztian circle or an arc of a Lorenztian circle, then we have that « is

n(s) =

) and

also a relatively normal-slant helix. Figure 2 shows some [ curves associated with « considering

the obtained results in Section 3.
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