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Öz: Bu çalışmada, otonom olmayan ve lineer olmayan kesirli nötr sistemlerin 
asimptotik kararlılığı üzerine sonuçlar elde edilmiştir. Elde edilen kararlılık 
sonuçları gecikmeden bağımsızdır ve gecikmeler aynı zamanda hem zaman-
değişken olup hem de sınırlı değildir. Ayrıca bu çalışmadaki sonuçlar birer 
konveks optimizasyon problemi olarak ifade edilmiştir ve sonuçların 
uygulanabilirliği ve etkinliğini araştırmak için bir örnek kullanılmıştır. 

  

1. Introduction  
 

Fractional calculus which has a past of over 300 years, is said to have begun with a question 
asked by L'hospital to Leibniz in 1695 (Podlubny, 1999). Fractional calculus, which has been the subject 
of many scientific studies until today, continues to exist as a popular field of study in recent years, 
especially since it has found a concrete response in fields such as biology, physics, the various fields of 
engineering (Hale, 1977; Kilbas et al., 2006). In general, Caputo fractional derivative has been used in 
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studies on fractional differential equations, few of these studies are fractional derivatives of Riemann 
Liouville (see references and their references). Lyapunov's second approach, which is employed by 
researchers, is one of the most effective ways for analyzing the behavior of fractional differential 
equation solutions (Duarte-Mermoud et al., 2015; Liu et al., 2016a and 2016b; Liu et al., 2017; Korkmaz 
& Özdemir, 2019; Altun & Tunç, 2020). Heymans & Podlunny (2006) demonstrated that Riemann-
Liouville fractional derivatives with initial conditions can have physical meaning in a variety of 
viscoelasticity situations. Yang et al. (2017) worked on the Lyapunov stability analysis of nonlinear 
fractional systems with impulses. Deng et al. (2007) established a characteristic equation for multiple 
delayed fractional-order systems using the Laplace transform. Chen et al. (2016) discovered two novel 
delay-dependent sufficient conditions that ensure the stability of some fractional-order neural networks 
on a bounded-time interval by using the inequality approach. Chen et al. (2014) discovered a novel 
sufficient condition for guaranteeing local asymptotic stability of a variety of nonlinear fractional 
systems with fractional-order α :  1 < α < 2  by utilizing the Laplace transform, the generalized 
Gronwall inequality, and the Mittag-Leffler function. Li et al. (2015) obtained certain sufficient stability 
criteria by employing the relationship between the characteristic equations of integer order systems and 
fractional order systems. Qian et al. (2010) developed stability conditions for fractional-order systems 
with the Riemann-Liouville derivative, which includes linear systems, time-delayed systems, and 
perturbed systems. 

What motivates us in this paper is that while most of the research done on Caputo fractional 
derivative has been used, the Riemann-Liouville fractional derivative has not been studied sufficiently, 
and on the other hand, delayed neutral nonlinear differential equation systems are still an open problem. 
The Caputo derivative is more useful to real-world issues since its initial conditions are physically well-
understood. The major benefit of the Riemann-Liouville derivative, on the other hand, is the features of 
composition of the Riemann-Liouville derivative and the Riemann-Liouville integral. In fact, the 
Riemann-Liouville derivative is a continuous operator of order α. 
 
2. Material and Methods 
 

This section introduces several essential definitions of fractional calculus, as well as certain 
sufficient lemmas. 
 
Notation. 𝑅𝑅𝑛𝑛  indicates 𝑛𝑛 -dimensional Euclidean space. 𝑅𝑅𝑛𝑛×𝑛𝑛  represents the set of all 𝑛𝑛 × 𝑛𝑛  real 
matrices. ‖𝑥𝑥‖ denotes the Euclidean norm of a real vector 𝑥𝑥. ‖𝐴𝐴‖ denotes the spectral norm of matrix 
𝐴𝐴. 𝐴𝐴 > 0 (or 𝐴𝐴 < 0) indicates that the symmetric matrix 𝐴𝐴 is positive definite (or negative definite). 
 
Definition 1. The fractional-order integral and derivative of Riemann-Liouville are denoted by 
 

 𝑡𝑡0𝐷𝐷𝑡𝑡
−α𝑥𝑥(𝑡𝑡) =

1
Γ(α)�

(𝑡𝑡 − 𝑠𝑠)α−1𝑥𝑥(𝑠𝑠)𝑑𝑑𝑠𝑠
𝑡𝑡

𝑡𝑡0
,  (α > 0) (1) 

 

 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥(𝑡𝑡) =

1
Γ(𝑛𝑛 − α)

𝑑𝑑𝑛𝑛

𝑑𝑑𝑡𝑡𝑛𝑛
�

𝑥𝑥(𝑠𝑠)
(𝑡𝑡 − 𝑠𝑠)α+1−𝑛𝑛 𝑑𝑑𝑠𝑠

𝑡𝑡

𝑡𝑡0
,  (𝑛𝑛 − 1 ≤ α < 𝑛𝑛), (2) 

 
respectively (Podlubny, 1999). 
 
Lemma 1. Let  α > β > 0, then 
 

 𝑡𝑡0𝐷𝐷𝑡𝑡
𝛽𝛽 � 𝑡𝑡0𝐷𝐷𝑡𝑡

−𝛼𝛼𝑥𝑥(𝑡𝑡)� =𝑡𝑡0 𝐷𝐷𝑡𝑡
𝛽𝛽−𝛼𝛼𝑥𝑥(𝑡𝑡) (3) 

 
holds for “sufficiently good” functions 𝑥𝑥(𝑡𝑡). This relationship holds especially if 𝑥𝑥(𝑡𝑡) is integrable 
(Kilbas et al., 2006). 
 
Lemma 2. If 𝑥𝑥(𝑡𝑡) ∈ 𝑅𝑅𝑛𝑛 is a real vector of a differentiable function, then  
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1
2

𝐷𝐷𝑡𝑡0
 
𝑡𝑡
𝛼𝛼�𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝑥𝑥(𝑡𝑡)� ≤ 𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝑡𝑡0𝐷𝐷𝑡𝑡

𝛼𝛼𝑥𝑥(𝑡𝑡),  ∀𝛼𝛼 ∈ (0,1),∀𝑡𝑡 ≥ 𝑡𝑡0, (4) 

 
inequality holds, where 𝑃𝑃 ∈ 𝑅𝑅𝑛𝑛×𝑛𝑛 is a square, symmetric, positive semi-definite, and constant matrix 
(Liu et al., 2017). 
 
3. Results 
 

In this section, we obtain some stability criteria of nonlinear neutral fractional-order systems 
with time-dependent lags. For this, we employed the linear matrix inequality. 

Consider the nonlinear neutral fractional-order system shown below: 
 

 𝑡𝑡0
 𝐷𝐷𝑡𝑡𝛼𝛼𝑥𝑥(𝑡𝑡) = 𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − 𝜏𝜏1(𝑡𝑡)�� + 𝐶𝐶𝑡𝑡0

 𝐷𝐷𝑡𝑡𝛼𝛼𝑥𝑥�𝑡𝑡 − 𝜏𝜏2(𝑡𝑡)�, (5) 
 
where 𝑥𝑥 = [𝑥𝑥1,𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛]𝑇𝑇 ∈ 𝑅𝑅𝑛𝑛  is a real vector, 0 < α < 1  is a real number, for all 𝑡𝑡 > 𝑡𝑡0 , 
τ1(𝑡𝑡), τ2(𝑡𝑡) > 0  are time-varying delays, 𝐴𝐴,𝐵𝐵1,𝐵𝐵2,𝐶𝐶 ∈ 𝑅𝑅𝑛𝑛×𝑛𝑛  are known constant matrices.  
𝑓𝑓𝑗𝑗�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� (𝑗𝑗 = 1,2) are vector-valued time-varying nonlinear functions with 𝑓𝑓𝑗𝑗(𝑡𝑡, 0) = 0 and satisfies 
the following Lipschitz condition for all (𝑡𝑡, 𝑥𝑥), (𝑡𝑡, 𝑥𝑥�) ∈ 𝑅𝑅 × 𝑅𝑅𝑛𝑛 
 

�𝑓𝑓𝑗𝑗(𝑡𝑡, 𝑥𝑥) − 𝑓𝑓𝑗𝑗(𝑡𝑡, 𝑥𝑥�)� ≤ 𝑎𝑎𝑗𝑗�𝑀𝑀𝑗𝑗(𝑥𝑥 − 𝑥𝑥�)�,  𝑗𝑗 = 1,2 (6) 
 
where 𝑎𝑎𝑗𝑗 are positive scalars, and 𝑀𝑀𝑗𝑗 are constant matrices of the proper dimension. Consequently, due 
to 𝑓𝑓𝑗𝑗(𝑡𝑡, 0) = 0, we have 
 

�𝑓𝑓𝑗𝑗(𝑡𝑡, 𝑥𝑥)� ≤ 𝑎𝑎𝑗𝑗�𝑀𝑀𝑗𝑗𝑥𝑥�,  𝑗𝑗 = 1,2. (7) 
 

Thus, by satisfying the condition (7) of equation (5), we guarantee the uniqueness of the zero 
solution of (5). 
 
Theorem 1. If ‖𝐶𝐶‖ < 1, for all 𝑡𝑡 > 𝑡𝑡0, τ𝑖𝑖′(𝑡𝑡) ≤ 𝑑𝑑𝑖𝑖 < 1,  (𝑖𝑖 = 1,2) and there exist 𝑃𝑃,𝑅𝑅 and 𝑆𝑆 symmetric 
positive matrices that satisfy 
 

𝛱𝛱 =

⎝

⎜
⎛
𝛱𝛱11 𝛱𝛱12 𝛱𝛱13 𝛱𝛱14
𝛱𝛱12𝑇𝑇 𝛱𝛱22 𝛱𝛱23 𝛱𝛱24
𝛱𝛱13𝑇𝑇 𝛱𝛱23𝑇𝑇 𝛱𝛱33 𝛱𝛱34
𝛱𝛱14𝑇𝑇 𝛱𝛱24𝑇𝑇 𝛱𝛱34𝑇𝑇 𝛱𝛱44⎠

⎟
⎞

< 0, (8) 

 
LMI condition, then the zero solution of nonlinear fractional-order neutral system (5) is asymptotically 
stable, where 
 

Π11 = 𝐴𝐴𝑇𝑇𝑃𝑃 + 𝑃𝑃𝐴𝐴 + 𝐴𝐴𝑇𝑇(𝑅𝑅 +𝑚𝑚𝑆𝑆)𝐴𝐴 + 𝑎𝑎12𝑀𝑀1
𝑇𝑇𝑀𝑀1 + 𝑎𝑎22𝑀𝑀2

𝑇𝑇𝑀𝑀2,
Π12 = 𝑃𝑃𝐵𝐵1 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1,
Π13 = 𝑃𝑃𝐵𝐵2 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2,
Π14 = 𝑃𝑃𝐶𝐶 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶,
Π22 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1 − 𝐼𝐼,
Π23 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2,
Π24 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶,
Π33 = 𝐵𝐵2𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2 − (1 − 𝑑𝑑1)𝐼𝐼,
Π34 = 𝐵𝐵2𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶,
Π44 = 𝐶𝐶𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶 − (1 − 𝑑𝑑2)𝑅𝑅,
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𝐼𝐼 unit matrix and 𝑚𝑚 is a positive constant.  
 
Proof. Consider the Lyapunov-Krasovskii functional, which is described as: 
 

𝑉𝑉(𝑡𝑡) = 𝐷𝐷𝑡𝑡0
 
𝑡𝑡
α−1�𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝑥𝑥(𝑡𝑡)� + �  

𝑡𝑡

𝑡𝑡−τ2(𝑡𝑡)
� 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥(𝑠𝑠)�
𝑇𝑇
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥(𝑠𝑠)� 𝑑𝑑𝑠𝑠 

 +𝑎𝑎22 � 𝑥𝑥𝑇𝑇(𝑠𝑠)𝑀𝑀2
𝑇𝑇𝑀𝑀2𝑥𝑥(𝑠𝑠)𝑑𝑑𝑠𝑠

𝑡𝑡

𝑡𝑡−τ1(𝑡𝑡)
+ � �  

𝑡𝑡

θ

𝑡𝑡

𝑡𝑡−𝑚𝑚
� 𝑡𝑡0𝐷𝐷𝑠𝑠

α𝑥𝑥(𝑠𝑠)�
𝑇𝑇
𝑆𝑆 � 𝑡𝑡0𝐷𝐷𝑠𝑠

α𝑥𝑥(𝑠𝑠)� 𝑑𝑑𝑠𝑠𝑑𝑑θ. 

  
Because the matrices 𝑃𝑃,𝑅𝑅 and 𝑆𝑆 are all positive definite, the functional 𝑉𝑉(𝑡𝑡) is also positive 

definite. Therefore, from Lemma 1 and Lemma 2, the derivative of 𝑉𝑉(𝑡𝑡) is derived by utilizing the 
trajectories of system (5) as stated below: 

 
�̇�𝑉(𝑡𝑡) = 𝐷𝐷𝑡𝑡0

 
𝑡𝑡
α�𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝑥𝑥(𝑡𝑡)� + 𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1

𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡) − 𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1
𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡) 

 + � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥(𝑡𝑡)�

𝑇𝑇
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥(𝑡𝑡)� − �1 − τ2′ (𝑡𝑡)� � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�� 
 +𝑎𝑎22𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀2

𝑇𝑇𝑀𝑀2𝑥𝑥(𝑡𝑡) − �1 − τ1′ (𝑡𝑡)�𝑎𝑎22𝑥𝑥𝑇𝑇�𝑡𝑡 − τ1(𝑡𝑡)�𝑀𝑀2
𝑇𝑇𝑀𝑀2𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)� 

 +𝑚𝑚� 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥(𝑡𝑡)�

𝑇𝑇
𝑆𝑆 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥(𝑡𝑡)� − �  
𝑡𝑡

𝑡𝑡−𝑚𝑚
� 𝑡𝑡0𝐷𝐷𝑠𝑠

α𝑥𝑥(𝑠𝑠)�
𝑇𝑇
𝑆𝑆 � 𝑡𝑡0𝐷𝐷𝑠𝑠

α𝑥𝑥(𝑠𝑠)� 𝑑𝑑𝑠𝑠 

≤ 2𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝐷𝐷𝑡𝑡𝑎𝑎𝑥𝑥(𝑡𝑡) + 𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1
𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡) + 𝑎𝑎22𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀2

𝑇𝑇𝑀𝑀2𝑥𝑥(𝑡𝑡) 
 + � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥(𝑡𝑡)�
𝑇𝑇

(𝑅𝑅 + 𝑚𝑚𝑆𝑆) � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥(𝑡𝑡)� − (1 − 𝑑𝑑1)𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐼𝐼𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 

 −𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐼𝐼𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� − (1 − 𝑑𝑑2) � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�� 

= 2𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃 �𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� + 𝐶𝐶𝑡𝑡0
 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�� 

 +𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1
𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡) + 𝑎𝑎22𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀2

𝑇𝑇𝑀𝑀2𝑥𝑥(𝑡𝑡) 
 + �𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� + 𝐶𝐶𝑡𝑡0

 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��
𝑇𝑇
 

 × (𝑅𝑅 + 𝑚𝑚𝑆𝑆) �𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� + 𝐶𝐶𝑡𝑡0
 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�� 

 −𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐼𝐼𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� − (1 − 𝑑𝑑1)𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐼𝐼𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 

 −(1 − 𝑑𝑑2) � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�� 
= 𝑥𝑥𝑇𝑇(𝑡𝑡)(𝐴𝐴𝑇𝑇𝑃𝑃 + 𝑃𝑃𝐴𝐴 + 𝑎𝑎12𝑀𝑀1

𝑇𝑇𝑀𝑀1 + 𝑎𝑎22𝑀𝑀2
𝑇𝑇𝑀𝑀2 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐴𝐴)𝑥𝑥(𝑡𝑡) + 2𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� 

 +2𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� + 2𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝐶𝐶𝑡𝑡0
 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)� + 𝑥𝑥𝑇𝑇(𝑡𝑡)𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� 

 +𝑥𝑥𝑇𝑇(𝑡𝑡)𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� + 𝑥𝑥𝑇𝑇(𝑡𝑡)𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶𝑡𝑡0
 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)� 

 + �𝑓𝑓1�𝑡𝑡,𝑥𝑥(𝑡𝑡)��
𝑇𝑇
𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐴𝐴𝑥𝑥(𝑡𝑡) + �𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)��

𝑇𝑇
𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� 

 + �𝑓𝑓1�𝑡𝑡,𝑥𝑥(𝑡𝑡)��
𝑇𝑇
𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − 𝜏𝜏1(𝑡𝑡)�� 

 + �𝑓𝑓1�𝑡𝑡,𝑥𝑥(𝑡𝑡)��
𝑇𝑇
𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶𝑡𝑡0

 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)� 

 + �𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)���
𝑇𝑇
𝐵𝐵2𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐴𝐴𝑥𝑥(𝑡𝑡) + �𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)���

𝑇𝑇
𝐵𝐵2𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� 

 + �𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)���
𝑇𝑇
𝐵𝐵2𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 

 + �𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)���
𝑇𝑇
𝐵𝐵2𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶𝑡𝑡0

 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)� 

 + � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝐶𝐶𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐴𝐴𝑥𝑥(𝑡𝑡) + � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��
𝑇𝑇
𝐶𝐶𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� 

 + � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝐶𝐶𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 

 + � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝐶𝐶𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��
 
 

 −𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐼𝐼𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� − (1 − 𝑑𝑑1)𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐼𝐼𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 

 −(1 − 𝑑𝑑2) � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��. 
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So, we can estimate 
  

�̇�𝑉(𝑡𝑡) ≤ η𝑇𝑇Πη, (9) 
 
where 
 

𝛱𝛱 =

⎝

⎜
⎛
𝛱𝛱11 𝛱𝛱12 𝛱𝛱13 𝛱𝛱14
𝛱𝛱12𝑇𝑇 𝛱𝛱22 𝛱𝛱23 𝛱𝛱24
𝛱𝛱13𝑇𝑇 𝛱𝛱23𝑇𝑇 𝛱𝛱33 𝛱𝛱34
𝛱𝛱14𝑇𝑇 𝛱𝛱24𝑇𝑇 𝛱𝛱34𝑇𝑇 𝛱𝛱44⎠

⎟
⎞

,  

 
and 
 

Π11 = 𝐴𝐴𝑇𝑇𝑃𝑃 + 𝑃𝑃𝐴𝐴 + 𝐴𝐴𝑇𝑇(𝑅𝑅 +𝑚𝑚𝑆𝑆)𝐴𝐴 + 𝑎𝑎12𝑀𝑀1
𝑇𝑇𝑀𝑀1 + 𝑎𝑎22𝑀𝑀2

𝑇𝑇𝑀𝑀2,
Π12 = 𝑃𝑃𝐵𝐵1 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1,
Π13 = 𝑃𝑃𝐵𝐵2 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2,
Π14 = 𝑃𝑃𝐶𝐶 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶,
Π22 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1 − 𝐼𝐼,
Π23 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2,
Π24 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶,
Π33 = 𝐵𝐵2𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2 − (1 − 𝑑𝑑1)𝐼𝐼,
Π34 = 𝐵𝐵2𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶,
Π44 = 𝐶𝐶𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶 − (1 − 𝑑𝑑2)𝑅𝑅,

 

 
  

η = �𝑥𝑥𝑇𝑇(𝑡𝑡),𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�,𝑓𝑓2𝑇𝑇 �𝑡𝑡,−𝑥𝑥𝑇𝑇�𝑡𝑡 − τ1(𝑡𝑡)�� , � 𝑡𝑡0𝐷𝐷𝑡𝑡
α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
�
𝑇𝑇

. 
 
It is clear that �̇�𝑉(𝑡𝑡) is negative definite, due to the axiom of the Theorem 1. Then the zero 

solution of nonlinear fractional-order neutral system (5) is asymptotically stable, which completes the 
proof. 
 
Theorem 2. If ‖𝐶𝐶‖ < 1, for all 𝑡𝑡 > 𝑡𝑡0, τ𝑖𝑖′(𝑡𝑡) ≤ 𝑑𝑑𝑖𝑖 < 1,  (𝑖𝑖 = 1,2) and there exist 𝑃𝑃,𝑄𝑄 and 𝑅𝑅 symmetric 
positive matrices that satisfy 
 

Ω =

⎝

⎜
⎛
Ω11 Ω12 Ω13 Ω14
Ω12𝑇𝑇 Ω22 Ω23 Ω24
Ω13𝑇𝑇 Ω23𝑇𝑇 Ω33 Ω34
Ω14𝑇𝑇 Ω24𝑇𝑇 Ω34𝑇𝑇 Ω44⎠

⎟
⎞

< 0, (10) 

 
LMI condition, then the zero solution of nonlinear fractional-order neutral system (5) is asymptotically 
stable, where 
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Ω11 = 𝑃𝑃𝐴𝐴 + 𝐴𝐴𝑇𝑇𝑃𝑃 + 𝑎𝑎12𝑀𝑀1
𝑇𝑇𝑀𝑀1 + 𝑎𝑎22𝑀𝑀2

𝑇𝑇𝑀𝑀2 + 𝑄𝑄 +𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐴𝐴,
Ω12 = −𝐴𝐴𝑇𝑇𝑃𝑃𝐶𝐶,
Ω13 = 𝑃𝑃𝐵𝐵1 + 𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐵𝐵1,
Ω14 = 𝑃𝑃𝐵𝐵2 + 𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐵𝐵2,
Ω22 = −(1− 𝑑𝑑2)𝑄𝑄,
Ω23 = −𝐶𝐶𝑇𝑇𝑃𝑃𝐵𝐵1,
Ω24 = −𝐶𝐶𝑇𝑇𝑃𝑃𝐵𝐵2,
Ω33 = 𝑚𝑚𝐵𝐵1𝑇𝑇𝑅𝑅𝐵𝐵1 − 𝐼𝐼,
Ω34 = 𝑚𝑚𝐵𝐵1𝑇𝑇𝑅𝑅𝐵𝐵2,
Ω44 = 𝑚𝑚𝐵𝐵2𝑇𝑇𝑅𝑅𝐵𝐵2 − (1 − 𝑑𝑑1)𝐼𝐼,

 

  
𝐼𝐼 unit matrix and 𝑚𝑚 is a positive constant. 
 
Proof. Consider the Lyapunov-Krasovskii functional, which is described as: 
 

𝑉𝑉(𝑡𝑡) =  𝑡𝑡0𝐷𝐷𝑡𝑡
α−1 ��𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝑃𝑃 �𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��� 

 +𝑎𝑎22 � 𝑥𝑥𝑇𝑇(𝑠𝑠)𝑀𝑀2
𝑇𝑇𝑀𝑀2𝑥𝑥(𝑠𝑠)𝑑𝑑𝑠𝑠

𝑡𝑡

𝑡𝑡−τ1(𝑡𝑡)
+ � 𝑥𝑥𝑇𝑇(𝑠𝑠)𝑄𝑄𝑥𝑥(𝑠𝑠)𝑑𝑑𝑠𝑠

𝑡𝑡

𝑡𝑡−τ2(𝑡𝑡)
 

 +� � � 𝑡𝑡0𝐷𝐷𝑠𝑠
α �𝑥𝑥(𝑠𝑠) − 𝐶𝐶𝑥𝑥�𝑠𝑠 − τ2(𝑠𝑠)���

𝑇𝑇𝑡𝑡

θ

𝑡𝑡

𝑡𝑡−𝑚𝑚
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑠𝑠

α �𝑥𝑥(𝑠𝑠) − 𝐶𝐶𝑥𝑥�𝑠𝑠 − τ2(𝑠𝑠)��� 𝑑𝑑𝑠𝑠𝑑𝑑θ. 

  
Because the matrices 𝑃𝑃,𝑄𝑄 and 𝑅𝑅 are all positive definite, the functional 𝑉𝑉(𝑡𝑡) is also positive 

definite. Therefore, from Lemma 1 and Lemma 2, the derivative of 𝑉𝑉(𝑡𝑡) is derived by utilizing the 
trajectories of system (5) as stated below: 

 

𝑉𝑉 ̇ (𝑡𝑡) =  𝑡𝑡0𝐷𝐷𝑡𝑡
α ��𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝑃𝑃 �𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��� + 𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1

𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡) 

 −𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1
𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡) + 𝑎𝑎22𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀2

𝑇𝑇𝑀𝑀2𝑥𝑥(𝑡𝑡) − �1 − τ1′ (𝑡𝑡)�𝑎𝑎22𝑥𝑥𝑇𝑇�𝑡𝑡 − τ1(𝑡𝑡)�𝑀𝑀2
𝑇𝑇𝑀𝑀2𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)� 

 +𝑥𝑥𝑇𝑇(𝑡𝑡)𝑄𝑄𝑥𝑥(𝑡𝑡) − �1 − τ2′ (𝑡𝑡)�𝑥𝑥𝑇𝑇�𝑡𝑡 − τ2(𝑡𝑡)�𝑄𝑄𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)� 

 +𝑚𝑚(𝑡𝑡0𝐷𝐷𝑡𝑡
α �𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��

𝑇𝑇
𝑅𝑅(𝑡𝑡0𝐷𝐷𝑡𝑡

α �𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�� 

 −�  
𝑡𝑡

𝑡𝑡−𝑚𝑚
� 𝑡𝑡0𝐷𝐷𝑠𝑠

α �𝑥𝑥(𝑠𝑠) − 𝐶𝐶𝑥𝑥�𝑠𝑠 − τ2(𝑠𝑠)���
𝑇𝑇
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑠𝑠

α �𝑥𝑥(𝑠𝑠) − 𝐶𝐶𝑥𝑥�𝑠𝑠 − τ2(𝑠𝑠)��� 𝑑𝑑𝑠𝑠 

≤ 2 �𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��
𝑇𝑇
𝑃𝑃𝑡𝑡0𝐷𝐷𝑡𝑡

α �𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�� 
 +𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1

𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡) + 𝑎𝑎22𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀2
𝑇𝑇𝑀𝑀2𝑥𝑥(𝑡𝑡) + 𝑥𝑥𝑇𝑇(𝑡𝑡)𝑄𝑄𝑥𝑥(𝑡𝑡) 

 +𝑚𝑚� 𝑡𝑡0𝐷𝐷𝑠𝑠
α �𝑥𝑥(𝑠𝑠) − 𝐶𝐶𝑥𝑥�𝑠𝑠 − τ2(𝑠𝑠)���

𝑇𝑇
𝑅𝑅 � 𝑡𝑡0𝐷𝐷𝑡𝑡

α �𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��� 

 −𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐼𝐼𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� − (1 − 𝑑𝑑1)𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐼𝐼𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 
 −(1 − 𝑑𝑑2)𝑥𝑥𝑇𝑇�𝑡𝑡 − τ2(𝑡𝑡)�𝑄𝑄𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)� 

= 2 �𝑥𝑥(𝑡𝑡) − 𝐶𝐶𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)��
𝑇𝑇
𝑃𝑃 �𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)��� 

 +𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1
𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡) + 𝑚𝑚 �𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)���

𝑇𝑇
𝑅𝑅 

 × �𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)��� + 𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀2
𝑇𝑇𝑀𝑀2𝑥𝑥(𝑡𝑡) + 𝑎𝑎22𝑥𝑥𝑇𝑇(𝑡𝑡)𝑄𝑄𝑥𝑥(𝑡𝑡) 

 −𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐼𝐼𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� − (1 − 𝑑𝑑1)𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐼𝐼𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 
 −(1 − 𝑑𝑑2)𝑥𝑥𝑇𝑇�𝑡𝑡 − τ2(𝑡𝑡)�𝑄𝑄𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)� 

= 𝑥𝑥𝑇𝑇(𝑡𝑡)(𝑃𝑃𝐴𝐴 + 𝐴𝐴𝑇𝑇𝑃𝑃 + 𝑎𝑎12𝑀𝑀1
𝑇𝑇𝑀𝑀1 + 𝑎𝑎22𝑀𝑀2

𝑇𝑇𝑀𝑀2 + 𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐴𝐴 + 𝑄𝑄)𝑥𝑥(𝑡𝑡) 
 −2𝑥𝑥𝑇𝑇�𝑡𝑡 − τ2(𝑡𝑡)�𝐶𝐶𝑇𝑇𝑃𝑃𝐴𝐴𝑥𝑥(𝑡𝑡) + 2𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� − 2𝑥𝑥𝑇𝑇�𝑡𝑡 − τ2(𝑡𝑡)�𝐶𝐶𝑇𝑇𝑃𝑃𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� 
 +2𝑥𝑥𝑇𝑇(𝑡𝑡)𝑃𝑃𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� − 2𝑥𝑥𝑇𝑇�𝑡𝑡 − τ2(𝑡𝑡)�𝐶𝐶𝑇𝑇𝑃𝑃𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 

 +𝑚𝑚𝑥𝑥𝑇𝑇(𝑡𝑡)𝐴𝐴𝑇𝑇𝑅𝑅𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝑚𝑚𝑥𝑥𝑇𝑇(𝑡𝑡)𝐴𝐴𝑇𝑇𝑅𝑅𝐵𝐵2𝑓𝑓2 �𝑡𝑡,𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 
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 +𝑚𝑚𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐵𝐵1𝑇𝑇𝑅𝑅𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝑚𝑚𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐵𝐵1𝑇𝑇𝑅𝑅𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� 
 +𝑚𝑚𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐵𝐵1𝑇𝑇𝑅𝑅𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� + 𝑚𝑚𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐵𝐵2𝑇𝑇𝑅𝑅𝐴𝐴𝑥𝑥(𝑡𝑡) 

 +𝑚𝑚𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐵𝐵2𝑇𝑇𝑅𝑅𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝑚𝑚𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐵𝐵2𝑇𝑇𝑅𝑅𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 

 −𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�𝐼𝐼𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� − (1 − 𝑑𝑑1)𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 𝐼𝐼𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� 
 −(1 − 𝑑𝑑2)𝑥𝑥𝑇𝑇�𝑡𝑡 − τ2(𝑡𝑡)�𝑄𝑄𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�. 

 
So, we can estimate 

 
�̇�𝑉(𝑡𝑡) ≤ η𝑇𝑇Ωη, (11) 

 
where 
 

Ω =

⎝

⎜
⎛
Ω11 Ω12 Ω13 Ω14
Ω12𝑇𝑇 Ω22 Ω23 Ω24
Ω13𝑇𝑇 Ω23𝑇𝑇 Ω33 Ω34
Ω14𝑇𝑇 Ω24𝑇𝑇 Ω34𝑇𝑇 Ω44⎠

⎟
⎞

< 0, 

 
Ω11 = 𝑃𝑃𝐴𝐴 + 𝐴𝐴𝑇𝑇𝑃𝑃 + 𝑎𝑎12𝑀𝑀1

𝑇𝑇𝑀𝑀1 + 𝑎𝑎22𝑀𝑀2
𝑇𝑇𝑀𝑀2 + 𝑄𝑄 +𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐴𝐴,

Ω12 = −𝐴𝐴𝑇𝑇𝑃𝑃𝐶𝐶,
Ω13 = 𝑃𝑃𝐵𝐵1 + 𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐵𝐵1,
Ω14 = 𝑃𝑃𝐵𝐵2 + 𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐵𝐵2,
Ω22 = −(1− 𝑑𝑑2)𝑄𝑄,
Ω23 = −𝐶𝐶𝑇𝑇𝑃𝑃𝐵𝐵1,
Ω24 = −𝐶𝐶𝑇𝑇𝑃𝑃𝐵𝐵2,
Ω33 = 𝑚𝑚𝐵𝐵1𝑇𝑇𝑅𝑅𝐵𝐵1 − 𝐼𝐼,
Ω34 = 𝑚𝑚𝐵𝐵1𝑇𝑇𝑅𝑅𝐵𝐵2,
Ω44 = 𝑚𝑚𝐵𝐵2𝑇𝑇𝑅𝑅𝐵𝐵2 − (1 − 𝑑𝑑1)𝐼𝐼,

 

 

η = �𝑥𝑥𝑇𝑇(𝑡𝑡),𝑥𝑥𝑇𝑇�𝑡𝑡 − τ2(𝑡𝑡)�,𝑓𝑓1𝑇𝑇�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�,𝑓𝑓2𝑇𝑇 �𝑡𝑡, 𝑥𝑥𝑇𝑇�𝑡𝑡 − τ1(𝑡𝑡)���
𝑇𝑇

. 
 
It is clear that �̇�𝑉(𝑡𝑡) is negative definite, due to the axiom of the Theorem 2. Then the zero 

solution of the nonlinear fractional-order neutral system (5) is asymptotically stable, which completes 
proof. 
 Now, asymptotic stability conditions for nonlinear fractional-order neutral systems (5) are 
presented as a convex optimization problem. The efficacy of the obtained results is demonstrated 
through a practical example. 
 
Corollary 1. If ‖𝐶𝐶‖ < 1, for all 𝑡𝑡 > 𝑡𝑡0, τ𝑖𝑖′(𝑡𝑡) ≤ 𝑑𝑑𝑖𝑖 < 1,  (𝑖𝑖 = 1,2) and there exist 𝑃𝑃,𝑅𝑅 and 𝑆𝑆 symmetric 
matrices and 𝑎𝑎12 and 𝑎𝑎22 scalars such that the following convex optimization problem in the variables 
𝑃𝑃,𝑅𝑅 and 𝑆𝑆 matrices and 𝑎𝑎12 scalar: 
 

min −𝑎𝑎12 (12) s. t. 𝑃𝑃 > 0, 𝑅𝑅 > 0, 𝑆𝑆 > 0, Π < 0. 
 
is feasible, then the zero solution of nonlinear fractional-order neutral system (5) is asymptotically 
stable, where Π is a matrix defined by (8). 
 
Corollary 2. If ‖𝐶𝐶‖ < 1, for all 𝑡𝑡 > 𝑡𝑡0, τ𝑖𝑖′(𝑡𝑡) ≤ 𝑑𝑑𝑖𝑖 < 1,  (𝑖𝑖 = 1,2) and there exist 𝑃𝑃,𝑅𝑅 and 𝑆𝑆 symmetric 
matrices and 𝑎𝑎12 and 𝑎𝑎22 scalars such that the following convex optimization problem in the variables 
𝑃𝑃,𝑄𝑄 and 𝑅𝑅 matrices and 𝑎𝑎12 scalar: 
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min −𝑎𝑎12 (13) s. t. 𝑃𝑃 > 0, 𝑄𝑄 > 0, 𝑅𝑅 > 0, Ω < 0 

 
is feasible, then the zero solution of nonlinear fractional-order neutral system (5) is asymptotically 
stable, where Ω is a matrix defined by (10). 

Let 𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� = 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�, then the nonlinear fractional-order neutral system (5) 
can write as stated below: 
 

 𝑡𝑡0
 𝐷𝐷𝑡𝑡α𝑥𝑥(𝑡𝑡) = 𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)� + 𝐶𝐶0 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�, (14) 

 
where 𝑥𝑥 = [𝑥𝑥1,𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛]𝑇𝑇 ∈ 𝑅𝑅𝑛𝑛  is the real vector, 0 < α < 1  is a real number, for all 𝑡𝑡 > 𝑡𝑡0 , 
τ1(𝑡𝑡), τ2(𝑡𝑡) > 0 are time-varying delays,  𝐴𝐴,𝐵𝐵1,𝐵𝐵2,𝐶𝐶 ∈ 𝑅𝑅𝑛𝑛×𝑛𝑛 are known constant matrices.  𝑓𝑓1(𝑡𝑡, 𝑥𝑥) is 
a vector-valued time-varying nonlinear function with 𝑓𝑓1(𝑡𝑡, 0) = 0 and satisfies the following Lipschitz 
condition for all (𝑡𝑡, 𝑥𝑥) ∈ 𝑅𝑅 × 𝑅𝑅𝑛𝑛 
 

‖𝑓𝑓1(𝑡𝑡, 𝑥𝑥)‖ ≤ 𝑎𝑎1‖𝑀𝑀1𝑥𝑥‖, 
 
where 𝑎𝑎1 is a positive scalar, 𝑀𝑀1 is a constant matrix of the proper dimension.  
 
Corollary 3. If ‖𝐶𝐶‖ < 1 , for all 𝑡𝑡 > 𝑡𝑡0 , τ𝑖𝑖′(𝑡𝑡) ≤ 𝑑𝑑𝑖𝑖 < 1,  (𝑖𝑖 = 1,2)  and there exist 𝑃𝑃,𝑄𝑄,𝑅𝑅  and 𝑆𝑆 
symmetric matrices and 𝑎𝑎12 scalar such that the following convex optimization problem in the variables 
𝑃𝑃,𝑄𝑄,𝑅𝑅 and 𝑆𝑆 matrices and 𝑎𝑎12 scalar: 
 

min −𝑎𝑎12 

(15) 

s. t. 𝑃𝑃 > 0, 𝑄𝑄 > 0, 𝑅𝑅 > 0, 𝑆𝑆 > 0,   

 Σ =

⎝

⎜
⎛
Σ11 Σ12 Σ13 Σ14
Σ12𝑇𝑇 Σ22 Σ23 Σ24
Σ13𝑇𝑇 Σ23𝑇𝑇 Σ33 Σ34
Σ14𝑇𝑇 Σ24𝑇𝑇 Σ34𝑇𝑇 Σ44⎠

⎟
⎞

< 0, 

 
is feasible, then the zero solution of the nonlinear fractional-order neutral system (14) is asymptotically 
stable, where 
 

Σ11 = 𝐴𝐴𝑇𝑇𝑃𝑃 + 𝑃𝑃𝐴𝐴 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐴𝐴 + 𝑄𝑄 + 𝑎𝑎12𝑀𝑀1
𝑇𝑇𝑀𝑀1,

Σ12 = 𝑃𝑃𝐵𝐵1 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵1,
Σ13 = 𝑃𝑃𝐵𝐵2 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐵𝐵2,
Σ14 = 𝑃𝑃𝐶𝐶 + 𝐴𝐴𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶,
Σ22 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 +𝑚𝑚𝑆𝑆)𝐵𝐵1 − 𝐼𝐼,
Σ23 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 +𝑚𝑚𝑆𝑆)𝐵𝐵2,
Σ24 = 𝐵𝐵1𝑇𝑇(𝑅𝑅 +𝑚𝑚𝑆𝑆)𝐶𝐶,
Σ33 = 𝐵𝐵2𝑇𝑇(𝑅𝑅 +𝑚𝑚𝑆𝑆)𝐵𝐵2 − (1 − 𝑑𝑑1)𝑄𝑄,
Σ34 = 𝐵𝐵2𝑇𝑇(𝑅𝑅 +𝑚𝑚𝑆𝑆)𝐶𝐶,
Σ44 = 𝐶𝐶𝑇𝑇(𝑅𝑅 + 𝑚𝑚𝑆𝑆)𝐶𝐶 − (1 − 𝑑𝑑2)𝑅𝑅,

 

 
𝐼𝐼 unit matrix and 𝑚𝑚 is a positive constant. 
 
Corollary 4. If ‖𝐶𝐶‖ < 1 , for all 𝑡𝑡 > 𝑡𝑡0 , τ𝑖𝑖′(𝑡𝑡) ≤ 𝑑𝑑𝑖𝑖 < 1,  (𝑖𝑖 = 1,2)  and there exist 𝑃𝑃,𝑄𝑄1,𝑄𝑄2  and 𝑅𝑅 
symmetric matrices and 𝑎𝑎12 scalar such that the following convex optimization problem in the variables 
𝑃𝑃,𝑄𝑄1,𝑄𝑄2 and 𝑅𝑅 matrices and 𝑎𝑎12 scalar: 
 

min −𝑎𝑎12 (16) 
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s. t. 𝑃𝑃 > 0, 𝑄𝑄1 > 0, 𝑄𝑄2 > 0, 𝑅𝑅 > 0, 

 Δ =

⎝

⎜
⎛
Δ11 Δ12 Δ13 Δ14
Δ12𝑇𝑇 Δ22 Δ23 Δ24
Δ13𝑇𝑇 Δ23𝑇𝑇 Δ33 Δ34
Δ14𝑇𝑇 Δ24𝑇𝑇 Δ34𝑇𝑇 Δ44⎠

⎟
⎞

< 0, 

 
is feasible, then the zero solution of the nonlinear fractional-order neutral system (14) is asymptotically 
stable, where 
 

Δ11 = 𝑃𝑃𝐴𝐴 + 𝐴𝐴𝑇𝑇𝑃𝑃 + 𝑎𝑎12𝑀𝑀1
𝑇𝑇𝑀𝑀1 + 𝑄𝑄1 + 𝑄𝑄2 + 𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐴𝐴,

Δ12 = −𝐴𝐴𝑇𝑇𝑃𝑃𝐶𝐶,
Δ13 = 𝑃𝑃𝐵𝐵2 + 𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐵𝐵2,
Δ14 = 𝑃𝑃𝐵𝐵1 + 𝑚𝑚𝐴𝐴𝑇𝑇𝑅𝑅𝐵𝐵1,
Δ22 = −(1− 𝑑𝑑2)𝑄𝑄2,
Δ23 = −𝐶𝐶𝑇𝑇𝑃𝑃𝐵𝐵2,
Δ24 = −𝐶𝐶𝑇𝑇𝑃𝑃𝐵𝐵1,
Δ33 = 𝑚𝑚𝐵𝐵2𝑇𝑇𝑅𝑅𝐵𝐵2 − (1 − 𝑑𝑑1)𝑄𝑄1,
Δ34 = 𝑚𝑚𝐵𝐵2𝑇𝑇𝑅𝑅𝐵𝐵1,
Δ44 = 𝑚𝑚𝐵𝐵1𝑇𝑇𝑅𝑅𝐵𝐵1 − 𝐼𝐼,

 

 
𝐼𝐼 unit matrix and 𝑚𝑚 is a positive constant. 
 
Example 1. Consider the fractional neutral system given as: 
 

 𝑡𝑡0
 𝐷𝐷𝑡𝑡α𝑥𝑥(𝑡𝑡) = 𝐴𝐴𝑥𝑥(𝑡𝑡) + 𝐵𝐵1𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� + 𝐵𝐵2𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� + 𝐶𝐶𝑡𝑡0

 𝐷𝐷𝑡𝑡α𝑥𝑥�𝑡𝑡 − τ2(𝑡𝑡)�, (17) 
 
where α ∈ (1,0), τ1(𝑡𝑡) = 0.5𝑡𝑡 + 0.3𝑠𝑠𝑖𝑖𝑛𝑛(𝑡𝑡), τ2(𝑡𝑡) = 0.3𝑡𝑡 + 0.1𝑐𝑐𝑐𝑐𝑠𝑠(𝑡𝑡), 
 

𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)� = 𝑎𝑎1 �
𝑠𝑠𝑖𝑖𝑛𝑛�𝑥𝑥2(𝑡𝑡)�
𝑐𝑐𝑐𝑐𝑠𝑠�𝑥𝑥1(𝑡𝑡)�

� ,  𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�� = 0.5�
𝑒𝑒−0.5𝑡𝑡𝑠𝑠𝑖𝑖𝑛𝑛 �𝑥𝑥2�𝑡𝑡 − τ1(𝑡𝑡)��

𝑒𝑒−0.3𝑡𝑡𝑐𝑐𝑐𝑐𝑠𝑠 �𝑥𝑥1�𝑡𝑡 − τ1(𝑡𝑡)��
� 

 
𝐴𝐴 = �−70 10

10 −50� ,  𝐵𝐵1 = �10 0
0 10� ,  𝐵𝐵2 = �10 0

0 10� ,  𝐶𝐶 = �0.1 0
0 0.1�. 

 
For 𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�, we have  
 

𝑓𝑓1�𝑡𝑡, 𝑥𝑥(𝑡𝑡)�2 = 𝑎𝑎12 �𝑠𝑠𝑖𝑖𝑛𝑛2�𝑥𝑥2(𝑡𝑡)� + 𝑐𝑐𝑐𝑐𝑠𝑠2�𝑥𝑥1(𝑡𝑡)�� 
≤ 𝑎𝑎12�𝑥𝑥12(𝑡𝑡) + 𝑥𝑥22(𝑡𝑡)� 
= 𝑎𝑎12𝑥𝑥𝑇𝑇(𝑡𝑡)𝑀𝑀1

𝑇𝑇𝑀𝑀1𝑥𝑥(𝑡𝑡), 
 
where 𝑀𝑀1 = 𝐼𝐼2. For 𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)��, we have  
 

�𝑓𝑓2 �𝑡𝑡, 𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)���
2

= 0.25 �𝑒𝑒−𝑡𝑡𝑠𝑠𝑖𝑖𝑛𝑛2 �𝑥𝑥2�𝑡𝑡 − τ1(𝑡𝑡)�� + 𝑒𝑒−0.6𝑡𝑡𝑐𝑐𝑐𝑐𝑠𝑠2 �𝑥𝑥1�𝑡𝑡 − τ1(𝑡𝑡)��� 

≤ 0.25�𝑥𝑥12(𝑡𝑡) + 𝑥𝑥22(𝑡𝑡)� 
= 0.25𝑥𝑥𝑇𝑇�𝑡𝑡 − τ1(𝑡𝑡)�𝑀𝑀2

𝑇𝑇𝑀𝑀2𝑥𝑥�𝑡𝑡 − τ1(𝑡𝑡)�, 
 
where 𝑀𝑀2 = 𝐼𝐼2.  

Let us choose 𝑑𝑑1 = 0.8, 𝑑𝑑2 = 0.4, 𝑚𝑚 = 0.001. Hence, we have a solution for the convex 
optimization problem (12) as 𝑎𝑎1𝑚𝑚𝑎𝑎𝑚𝑚 = 1.7796, where 
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𝑃𝑃 = �0.0746 0

0 0.0746� ,  𝑅𝑅 = �0.0011 0
0 0.0011� ,  𝑆𝑆 = �0.0865 0

0 0.0865�, 
 

and  
 

Π =

⎝

⎜
⎜
⎜
⎜
⎛

−1.0448 0.0557 −0.0919 0.1198 −0.0919 0.1198 −0.0009 0.0012
0.0557 −0.9334 0.1198 0.1476 0.1198 0.1476 0.0012 0.0015
−0.0919 0.1198 −0.8802 0 0.1198 0 0.0012 0
0.1198 0.1476 0 −0.8802 0 0.1198 0 0.0012
−0.0919 0.1198 0.1198 0 −0.0802 0 0.0012 0
0.1198 0.1476 0 0.1198 0 −0.0802 0 0.0012
−0.0009 0.0012 0.0012 0 0.0012 0 −0.0007 0
0.0012 0.0015 0 0.0012 0 0.0012 0 −0.0007⎠

⎟
⎟
⎟
⎟
⎞

. 

 
On the other hand, when all conditions are equal, we have that a solution for convex optimization 
problem (13) as 𝑎𝑎1𝑚𝑚𝑎𝑎𝑚𝑚 = 1.7802, where 

 
𝑃𝑃 = �0.0763 0

0 0.0763� ,  𝑅𝑅 = �0.0940 0
0 0.0940� ,  𝑄𝑄 = �0.0825 0

0 0.0825�, 
 

and  
 

Ω =

⎝

⎜
⎜
⎜
⎜
⎛

−6.7873 1.4124 0.5338 −0.0763 0.6968 0.0094 0.6968 0.0094
1.4124 −3.9626 −0.0763 0.3813 0.0094 0.7156 0.0094 0.7156
0.5338 −0.0763 −0.0495 0 −0.0763 0 −0.0763 0
−0.0763 0.3813 0 −0.0495 0 −0.0763 0 −0.0763
0.6968 0.0094 −0.0763 0 −0.9906 0 0.0094 0
0.0094 0.7156 0 −0.0763 0 −0.9906 0 0.0094
0.6968 0.0094 −0.0763 0 0.0094 0 −0.1906 0
0.0094 0.7156 0 −0.0763 0 0.0094 0 −0.1906⎠

⎟
⎟
⎟
⎟
⎞

. 

 
When comparing Corollary 1 and 2, it can be observed that the tolerable bound 𝑎𝑎1𝑚𝑚𝑎𝑎𝑚𝑚 = 1.7802 in 
Corollary 2 is greater than 𝑎𝑎1𝑚𝑚𝑎𝑎𝑚𝑚 = 1.7796 in Corollary 1. 
 
4. Discussion and Conclusion 
 

In conclusion, two different theorems are provided to establish the asymptotic stability of 
solutions for some type of nonlinear fractional-order neutral systems having time delays. We've 
converted each of these theorems into a convex optimization problem to see which is more efficient. 
The effectiveness of the theorems is demonstrated using an example, and it is found that the efficiency 
of the two theorems differs only slightly. The solutions to the convex optimization problems were 
calculated using the LMI toolbox. 
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