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Encoder Hurwitz Integers: Hurwitz Integers that have the
“Division with Small Remainder” Property

Ramazan DURAN*!

Abstract

Considering error-correcting codes over Hurwitz integers, prime Hurwitz integers are
considered. On the other hand, considering transmission over Gaussian channel, Hurwitz
integers, whose the norm is either a prime integer or not a prime integer, are considered. In this
study, we consider Hurwitz integers, the greatest common divisor of components of which is
one, i.e., primitive Hurwitz integers. We show, with the help of a proposition, that some
primitive Hurwitz integers accompanied by a related modulo function are not suitable for
constructing Hurwitz signal constellations. To solve this problem, we show, with the help of a
proposition, the existence of primitive Hurwitz integers that have the "division with small
remainder” property used to construct the Hurwitz constellations. We also call the set of these
integers named as "Encoder Hurwitz Integers" set. Moreover, we examine some properties of
the mentioned set. In addition, we investigate the performances of Hurwitz signal
constellations, which are constructed accompanied by a related modulo function using Hurwitz
integers, each component of which is in half-integers, for transmission over the additive white
Gaussian noise (AWGN) channel by means of the constellation figure of merit (CFM), average
energy, and signal-to-noise ratio (SNR).

Keywords: Quaternion integers, Hurwitz integers, residual class, signal constellations, code
constructions

1. NTRODUCTION a isequal to N() =} + o . The inverse of

. . . . . . _ a
A Gaussian integer is a complex number, each  a Gaussian integer « is equal to a™ =N—,
component of which is in integers. The set of ()

Gaussian integers that is denoted by Z[i] is where N (a)=0. A Gaussian integer a is
shown py called a prime Gaussian integer if its norm is

Z[i]={a=al+a2i La,a, EZ,i2 :_1}. Let a prime integer. A Gaussian integer o is

a=a,+a, be a Gaussian integer. The

conjugate of a Gaussian integer « is equal to
a =a, —a,i. The norm of a Gaussian integer

called a primitive Gaussian integer if the
greatest common divisor (gcd) of its
components is one, i.e. gcd(ey, @,) =1.In [1],
codes over Gaussian integers were first
presented by Huber. His original idea is to
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regard a finite field as a residue class of the
Gaussian integer ring modulo a prime
Gaussian integer. Moreover, the Euclidean
division is used to get a unique element of the
minimal norm in each residue class, which
represents each element of a finite field.
Therefore, each element of a finite field can
be represented by a Gaussian integer with the
minimal Galois norm in the residue class. The
visualization of the residue classes of
Gaussian integers, Eisenstein-Jacobi integers,
quaternion integers, Lipschitz integers, or
Hurwitz integers, respectively, is called a
signal  constellation, which is a
communication term. In coding theory, each
element of the signal constellation refers to a
complex-value codeword. Huber is used

prime  Gaussian integers such that
1=p mod 4,  where p=aa and
a,>a,>0. In this study, we consider

primitive Gaussian integers, the norm of
which is either a prime integer or not a prime
integer, where o, >a,>0. Codes over

Gaussian integer rings were studied in papers
[2-5].

Quaternions are a number system that extends
complex numbers. Let
7T =1, + 7+ 7, ]+ m,K beaquaternion. Here

7, i the real part, and 7,i+ 7, )+ 7,k is the

imaginary part. Multiplication of two
quaternions has no commutative property, in
general. Multiplication of two quaternions has
commutative property if their imaginary parts
are parallel or conjugate to each other. A
quaternion = is called a quaternion integer
just if z,, =,, 7, and =z, are in integers. In

[6], Ozen and Giizeltepe studied codes over
quaternion integers, which have the
commutative property. Codes over quaternion
integers were studied in papers [6-10]. A
quaternion integer 7 is called a Lipschitz
integer just if its components are in integers.
A Lipschitz integer 7 is called a primitive
Lipschitz integer if the greatest common
divisor of its components is one. Codes over
Lipschitz integers were studied in papers [11-
14, 19, 27].
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A quaternion integer z is called a Hurwitz
integer just if its components are either in 7Z

orin Z+%. A Hurwitz integer 7 is called a

primitive Hurwitz integer if the greatest
common divisor of its components is one. In
[15], Giizeltepe studied the classes of linear
codes over Hurwitz integers equipped with a
new metric that refer as the Hurwitz metric. In
[16], Rohweder et al. presented a new
algebraic construction technique to construct
finite sets of Hurwitz integers by a respective
modulo function. Moreover, they investigated
the performances of Hurwitz signal
constellations  constructed by Lipschitz
integers for transmission over the additive
white Gaussian noise (AWGN) channel.
Codes over Hurwitz integers were studied in
papers [15-21].

This work is organized as follows: In the next
section, we give some basic information used
throughout this paper. In Section IlI, we
define a new set named “encoder Hurwitz
integers”. This set comprises to the Hurwitz
integers that have the "division with small
remainder” property. In Section IV, we
investigate the performances of Hurwitz
signal constellations constructed by primitive
Hurwitz integers, whose components are in

Z+%, for transmission over the AWGN

channel by means of constellation figure of
merit (CFM), average energy, and signal-
noise-to ratio (SNR). Finally, we conclude the
paper in Section V.

2. PRELIMINARIES
We begin with some basic definitions.

Definition 2.1Let 7 =7, + 7,i + 7, j+ 7,k be

a quaternion. A quaternion integer 7 is called
a Hurwitz integer just if either

T\ Ty, g Ty €L OF  TT,,TT,, 704, 7T, eZ+E.

The set of all Hurwitz integers that is denoted
by ‘H is shown by
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VAR AR N B A SF A A A Y/

H:

1
Or 71,7, 7Ty, 7T, eZ+§

=H(Z)UH(Z+%)

For instance, +l+=i+ ji%k and

N -
N -

+-+

j are not Hurwitz integers, but

+

N|[W N
-+
N|lol N

ii% j igk is a Hurwitz integer and

so on. The ring of Hurwitz integers forms a
subring of the ring of all quaternions since it
is closed under multiplication and addition.
The conjugate of a Hurwitz integer 7 is
T=m—-mi-n,j—x,K. The norm of a
Hurwitz integer T IS
N(7)=r-ZT=nr]+m,+7;+7,. The
inverse of a Hurwitz integer 7 is

1 T

" NG

Definition 2.2Let 7 be a Hurwitz integer.
The Hurwitz integer 7 is called a prime
Hurwitz integer if its norm is a prime integer.

, where N(z)=0.

For instance, ~#7=2-3i+j+3k and

ﬂ:§+§i _3 j +Zk are the prime Hurwitz
2 2 27 2

integers since

N(7)=22+(-3)"+1*+3* =23 and

3 2 5 2 3 2 7 2
N ==+ =]+ -—=| + = | =23.
02 () )G
Definition 2.3Let 7 =7, + 7,i + 7, j + 7,k be

a Hurwitz integer. If 7 is a Hurwitz integer,
whose each component is in integers, then it
is called a primitive Hurwitz integer just if the
greatest common divisor of its components is

one, i.e. ged(my, 7, 7y m,)=1. If 7 is a

Hurwitz integer, whose each component is in
half-integers, then it is called a primitive

Sakarya University Journal of Science 27(4), 792-812, 2023

Hurwitz integer just if the greatest common
divisor of its numerators is one.

Note that, in this study, unless otherwise
stated, we consider primitive Hurwitz
integers, the norm of which is either a prime
integer or not a prime integer, where
M2, 2my2m, >0.

Definition 2.4 [15] Let o and = be Hurwitz
integers. If there exists AeH such that
q,—0, =Aa, then q,,q, €’H are said to be
right congruent modulo =z . This relation is
denoted by ¢, =, q,. Here, =, is represented

as the right congruent. This relation g, =, q,
is an equivalence relation. The elements in the
right ideal (7)={Ar:leH} define a
normal subgroup of the additive group of the
ring H . The set of cosets to () in H defines
the Abelian group denoted by H_=H/{x).

Analogous results are valid for left congruent
modulo .

Note that we consider the left congruent
modulo an element 7 in the Hurwitz integers
rings. Therefore, we consider the elements in

the left ideal (7)={zA:1eH}.

Definition 2.5A notation for the nearest
integer rounding is denoted by [-]. It is
rounding a rational number to the integer
closest to it. Each component is rounded to the
integer closest to it for a quaternion,
respectively.

Considering half-integers, the rounding is
done by the following. We take an example

% , Where 7, is an odd integer. If 7, is an odd

negative integer, then we round it as

. ﬂu:ﬂJrl, (1)
2] 272

Al |mll(m,l
) __Eﬂ’ Hzﬂ’ [2+2} (a

794
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If 7, is a positive integer, then we round it as

| = 1 3
[ ] —_— = — ——
_2“ 52 ©
o |amlo m]li (mL)
| 2 2 2 2
For instance, let 7Z'=§+1i—lj—§k be a
4 2 2 2

Hurwitz quaternion. By eq. (1), eq. (2), eg. (3)
and eq. (4), we get

B

In the rest of this study, we consider eq. (3)
and eq. (4) since z is a primitive Hurwitz
integer.

Definition 2.6 Let 7 be a primitive Hurwitz

integer, and let zeZy.,. The modulo

function x:7Z,,, — H, is defined by

N (7)
Tl
N=modr=z-7-lr2]=z-7]|-Z|. (5
u.(2) [7] [{N(”)N ()
Here, Z is the well-known residual class

N (r)
set of ordinary integers ring with N(x)
elements, H, is the left residual class set of
z with respect to the modulo function in eq.
(5), and u,(z) is given the remainder of z

with respect to the modulo function in eq. (5).
The quotient ring of the Hurwitz integers
modulo this equivalence relation, which we

denote as H, ={zmod |z eZ,,,}. This set
contains N (7z) elements. If 7 is a prime
Hurwitz integer, then the modulo function u

Sakarya University Journal of Science 27(4), 792-812, 2023

defines a bijective mapping from Z, , to H,.
Therefore, the modulo function g is a ring
isomorphism. Because there exists an inverse
map [22], and we have
w(z,+2,)=p(z)+u(z,) and
w(2,2,)=u(z)u(z,), for any z,2,eZ,.
If 7 is a primitive Hurwitz integer, the
modulo function 4 is a group isomorphism
with respect to addition between Z and

H

"

N(7)

A signal constellation is a physical diagram
describing all the possible symbols a
signaling system uses to transmit data. It is an
aid in designing better communications
systems. [23]. These symbols represent the
codewords. In other words, they represent the
elements, defined as the complex-value
codewords, in the set of the residual class of
Hurwitz integers ring. Thus, in the rest of this
study, we use the “signal constellation” term
instead of “the set of residual class” term. We
can take an example, "Hurwitz signal
constellation” instead of the “residue classes
of modulo an element 7 in the Hurwitz
integers rings”. You can find more details
about signal constellation in [23].

You can find more details about the
arithmetic properties of quaternions and
Hurwitz integers in [24-25].

3. ENCODER HURWITZ INTEGERS

The Euclid division algorithm states that
given positive integers a and b, there exist
unique integers g and r such that a=bqg-+r
and 0<r<Db. Here, a is the dividend, b is
the divisor, q is the quotient, and r is the
remainder. Considering Hurwitz integers, the
Euclid division algorithm states that given
Hurwitz integers @ and 7, there exist unique
Hurwitz integers £ and y such that

O=npf+y and 0<N(y)<N(x). In other
words, Hurwitz integers, each component of

which is in Z+%, satisfy the Euclid division
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algorithm but Hurwitz integers, each
component of which is in integers, do not. We
call that Hurwitz integers that satisfy the
Euclid division have the “division with small
remainder” property. The key point is that the
Euclid division algorithm is not worked with
some Hurwitz integers. Note that, in this
study, we consider the primitive Hurwitz
integers. Therefore, in this study, we
investigate which primitive Hurwitz integers
satisfy the Euclid division or not.

The following proposition shows that the
remainder and dividend are equal to each
other for the primitive Hurwitz integers, each
component of which is an odd integer.

Proposition 3.1 Let ~ be a primitive

Hurwitz integer, each component of which is
an odd integer. Then,

N [uﬂ (@D N() ©

with respect to the modulo function in eq. (5).

Proof Let 7=m+7mi+m,j+m,k be a

primitive Hurwitz integer, each component of
which is an odd integer. By eq. (5),

7ZN(7)
ﬂ[N(ﬂ)j:N(ﬂ)_ﬂ 2
2 2 N(rz)
LI
2 2
N(7)

== —(771+7r2i+ﬂ3j+ﬂ4k)“ﬁl_ﬂzl_z%j_ﬁ“k}l.

By eq. (3) and eqg. (4), Ilﬂll:ﬂ—i,

Sakarya University Journal of Science 27(4), 792-812, 2023

U (@jz@—(ﬂﬁ@i +7,] +7T4k)|:(%—%j

— T T, — Ty~ T,
2

_N(z) | #l+mi+ml+7.
2

+

Iy I T~ Ty~ R+ T T T
2

—TO Ty + O+ Ty 0, — Ty + Tyl — Ty — T, T, + 7, j
2

T I T Ty Ty M A~ )
2

_ N(=) N(ﬂ)+7rl+7r2+7r3+7r4
2 2 2

-+, -+, . T+, T, T, .
+( 1 22 3 4JH_( 1 22 3 4}1
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+(—7Z'l—72'22+72'3+72'4jk

_ AT A ATy (T T 7
2 2

/Ml P o/ Pl A I T, =T, t T+
_l_( 1 22 3 4jj+( 123 4jk'

Therefore, we get

N(ﬂ{@)} N[JZ'1+7Z'2-|2-72'3+7Z'4

-+, =T, + 7T, . T+, T, T, .
_l_( 1 22 3 4j|+( 1 22 3 4]1

4(7[12+7r22+7r32+7rf) ) ) ) )
= =7+, + 75 + 7T,
4 1 2 3 4

N (7)

Consequently, N (. (T

completes the proof.

))=N(z). This

The following proposition implies that the
primitive Hurwitz integers, each component
of which is in integers, do not have the
"division with small remainder" property.

Proposition 3.2 Let 7 be a primitive
Hurwitz integer, each component of which is
in integers, and let g be a Hurwitz integer,

where N(8)=0. Then, N(u, (B))<N(x).

Proof Let 7 be a primitive Hurwitz integer,
each component of which is in integers, and

let S=p+p0i+05]+p,k be a Hurwitz
integer, where N(3)=0. By eq. (5), we get

w0)- 5|0 |

Sakarya University Journal of Science 27(4), 792-812, 2023

Then, we get

7, (B) =7 - zlzﬂ’f—ﬂ]] ey H
T

VA

Zﬂ_l(ﬂ1+ﬂ2i+ﬂ3j +ﬂ4k)

_uﬂl+ﬂ2i+ﬂ3j +ﬂ4kﬂ

7
— B+ B+ B+ Bk

~l= B+ 7 B+ Bi+ a7 B
=B B+ B j+ Bk
G2 A [ EaZ Fi Rzl
S A S Ca S KA ]
+(7z‘1,b’3 —[[ﬂ‘lﬂ3]]) j +(7r‘l,84 —[[;r-lﬂ4]|) k.
Hereby, we get

1 4 1
T ﬂl_ﬂ” 131]”35 )

7, — [[ﬂ'_lﬂz ]” s

N |-

”_1ﬂ3 - ﬂﬂ_lﬂs I” <

N |-

7By - |I7fl,34 ]” <

N |-

Then, we get
(72'71ﬂ1 _[[7[71:81]])2 < % )

(”_1ﬂ2 _Hﬂ_lﬂz ]l)z < % ,
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-l>||—\

(=*a-[78]) <7,

-bll—\

N
Therefore, we ge
N (= (B)= (= A~ B])
e g B ) +(= A
(=g B])
-

Consequently,  since N (u,(B))<N(x)

N (ﬂfl,uﬂ (ﬂ)) = N (;;

completes the proof.

N—"

Examplel Let 7=3+i+j+3k be a
primitive Hurwitz integer. By eq. (5), the
Hurwitz signal constellation is

#:(0)=0, . (1) =1 1, (2)=2

ﬂﬂ(3) ( )=—2—21'

uﬂ(7) 1- 21# (8)=2-2j,
H, =1u,(9)=3-2j,u,(10)=4-2], . (7)

u, (11)=-3+2j, u, (12) = -2+2j,

u, (13)=-1+2j, u, (14) = 2],

w1, (15)=1+2j, 4, (16)=2+2]j,

y7a (17) =3, U, (18):—2,,11” (19):—
This set must contain twenty elements, but it
contains nineteen elements since
U, (10) =z=0modr, where

N (1, (10))=N(z)=20. Consequently, the
Hurwitz integer 7 =3+i+ j+3k does not
have the "division with small remainder"

Sakarya University Journal of Science 27(4), 792-812, 2023

property (see Proposition 3.2). In other words,
the Euclidean division algorithm does not
work for the primitive Hurwitz integer

7=3+i+j+3k. In addition, to be a
Euclidean metric, the inequality
d(a,p)+d(B,6)>d(a,6) should be

verified, where «,f,0<H, . Because the
conditions i) d(a,B)=0 if and only if
a=p, and ii) d(a,p)=d(B.«a) are
supplied. We consider o =, (10)=4-2],
B = (19)=-1and 6=, (18)=-2 in (7).

(a,)=29 since N(B-a)=29,
d(B.0)=1 since N(6-p)= and
d(a,0)=40 since N (6—a)=40.
Therefore, 29+1=30>40 since
d(a,p)+d(B,6)>d(a,6). This is a

contradiction. The Euclidean metric does not
satisfy the Hurwitz signal constellation H,

constructed by the primitive Hurwitz integer
r=3+i+j+3Kk.

In the following definition, we define a new
set named the encoder Hurwitz integer, which
consists of the primitive Hurwitz integers that
have the "division with small remainder"”

property.

Definition 3.1Let 7 =7, + m,i + 7, j + 7,k be
a primitive Hurwitz integer. If a primitive
Hurwitz integer 7 does not satisfy the

condition N (yﬁ (@D =N(z) (see

proposition 3.2) with respect to the related
modulo function, then it is called an encoder
Hurwitz integer. Note that a primitive
Hurwitz integer 7, each component of which

isin Z +%, is an encoder Hurwitz integer.

The above definition is flexible. So, the set of
encoder Hurwitz integers is expandable or
collapsible depending on the related modulo
technique. According to Definition 3.1, the
set of encoder Hurwitz integers in this study
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consists of the primitive Hurwitz integers,
each component of which is not an odd
integer (or each component of which is not the
same parity). In other words, the set of
encoder Hurwitz integers in this study
consists of the primitive Hurwitz integers,

each component of which is either in Z+%

or not an odd integer (or components are not
the same parity). In mathematics, parity is the
property of an integer of whether it is even or
odd [26].

Let us now show that the modulo function

IS a ring isomorphism when 7 is an encoder
Hurwitz integer.

Theorem 3.1 Let 7 be an encoder Hurwitz
integer, and let z,z,€Z,. The map

. ZN(”) — H_ is a ring homomorphism.

Proof Let 7 be an encoder Hurwitz integer
and, let z,,z, € Z,,,- By €q. (5), we get

@%N

1, (z,)=z,mod z = Zl—ﬂ'ﬁ

and

We suppose that A4 = dde) and
N (7)
7z :
A, = L-|l, where 4, and A, are Hurwitz
N(7)

integers, each component of which is in
integers. Therefore, we get

21:7[%"',“;:(21) (8)
and
22:”22"‘/‘;:(22)' )

Sakarya University Journal of Science 27(4), 792-812, 2023

Since

m, €q.(8)

respectively.
7(2,+1,)

N (z)

ﬂ,,(21+22)=221+22—7fﬂ

and eq. (9), then we get

ﬂz(21+22):”/11+ﬂn(21)+77ﬂ~2+,U;z(zz)

_ﬂHﬁ(ﬁﬂl"',un(zl)"'”ﬂz +ﬂn(zz))m
N (7)

:ﬂﬂl-i_/u/r(zl)-’_ﬂﬂ? +:u;z(22)

_ﬂﬁmwﬂﬁ(zlh)&:;mﬁﬁuﬁ(zz)]l

:72%1"‘/1”(21)“'”]2"'#”(22)

Y _ﬁﬁﬁﬂﬁ(zll\)lzﬂ_;lﬂ(zz)w

Since A4, and A, are the Hurwitz integers,
each component of which is in integers, then

A+ A, =4 +4,. Hereby, we get
qur(zl+22)=7z-/1l+lu7r(zl)+ﬂﬁQ

ﬂ-(/'lzr(zl)-l_lun(ZZ))-

+,uﬂ(22)—7r21—7r/12—7rﬁ

By eq. (5), we get
1, (z+2,)=(p, () + 1, (2,))mod 7.

On the other hand, according to the modulo
function in eq. (5), we get

v

u,(z,2,)=z2z,modrz =22, —EN
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By eq. (8) and eq. (9), we get
M, (2122) :(ﬂ%ﬂ. T U, (Zl))(”ﬂ"z + U, (22))
_ﬂﬁﬁ(ﬂ&wﬁ(a))(ﬂﬁz +ﬂﬁ(zz))m

N(7)

= Tty + T, (2,) + 1, (2) Ay

-I-/uzr(Zl)ﬂn(zz)_ﬂﬂﬁﬂﬂlﬂﬂz;f:;;lﬂ”(22)

7w, (z,) 74, +ﬁy,,(zl)ﬂﬁ(zz)ﬂl

’ N ()

Since N(7z)=77z, then, we get
ﬂz(z1zz):7ﬁl7ﬂz+”ﬂ1ﬂn(zz)+ﬂn(z1)”ﬂz
+ﬂ;z(21)ﬂ;z(22)_77 A7h, _”[[ﬂnu;z(zz)]]

_”ﬁﬁﬂ”(m%m‘”ﬁﬁﬂ”(mﬂ”(mw

N (7) N (7)
Since Ay = ATh,,
Hﬂl'uﬂ(ZZ)]]:ﬂlﬂn(zz) and
(1) | (2) 7, en we ge
ﬂ N (7) H xRt

H; (2122) = AT, + T, (ZZ)+1u/r (21)”%2
+,u;z(zl),un (Zz)_ﬂﬂiﬂﬂz — A, (Zz)

Sakarya University Journal of Science 27(4), 792-812, 2023

By eq. (5), we get
#,(22,) = p1, (2,) . (2, )mod 7.

Consequently, & function is a ring
homomorphism. This completes this proof.

Theorem 3.2 Let ~ be an encoder Hurwitz
integer. Then, Z,, =H, .

Proof Let 7 be an encoder Hurwitz integer
and, let z,z, e Zy,,. According to Theorem

3.1, u function is a ring homomorphism. The

modulo function in Definition 2.6 is a
surjective  ring  homomorphism  since
M, ={u,(D|2€Ly,,}=Imu. I 2=0,

then ,(0)=0. On the other hand, If z>1,

then u_(z) >1. Hereby, the modulo function
u is a bijective ring homomorphism since

Keryz{z € Ly | 1, (2) =O} ={0}.

Consequently, the modulo function x is a

ring isomorphism since it is both a surjective
ring homomorphism and a bijective ring
homomorphism, ie. Z,, =H,. This

completes the proof.

The following proposition demonstrates that
the encoder Hurwitz integers have the
"division with small remainder" property.

Proposition 3.3 Let # be an encoder
Hurwitz integer. Then, N(x, (z))<N(z).

Proof Let z7=nx +rmi+nmj+7,K be an

encoder Hurwitz integer. If encoder Hurwitz
integer 7, each component of which is in

Z+%,then N(,u,,(z))< N () holds on. For

encoder Hurwitz =z, each component of
which is in integers, let us analyze step by
step.

Case 1 Let 7 be an encoder Hurwitz integer,
each component of which is in integers.
Suppose that let 7, be an even integer, and let
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7,, m, and 7z, be odd integers. Therefore,
N () is an odd integer. By eq (5), we get

u,(z)=1 —ﬂ[[n’lz]].
Therefore, we get

7t (2)=r1-7'% [[ﬂ‘lz]] =n'z- [[7["12]]

Since 7 =x, —m,i — 7, j— K, then we get
1 _ 72'12 _ 72'22 - 72'32 .
e )

sk RE s

- Nﬂ(l;)_ Nﬁ(lyzz) _LN?;)_NNE(Z;)H}

‘LN”@)‘:N”@Zr):Jj‘[Nﬂf;>‘UNﬂfi>H]k'

Since =, is an even integer, 7,, 7, and =,

are odd integers, N () is an odd integer, and

@ is not an integer, then we get

7,7 _ w1z 1
0<|—2—=-| >

N(z) _N(ﬂ)m<2

2z | zz 1
0<|—2——|| =2 Py

N(z) _N(fr)m<2

Sakarya University Journal of Science 27(4), 792-812, 2023

T2 _ 7T,z 1
OS 3 _ 3 =,
N (z) N(ﬂ)]]<2
7,z » T,z 1
OS 4 _ 4 il
N (7) N(ﬂ)m<2

Therefore, we get
(e el eyl
+N[N7?;>‘HN7?§>H}N[N”E‘fzrfﬁzr):

EREEORE

Hereby, we get

N (ﬂ"l,u” (Z)) =N (7["1) N (1, (2))

=LN(/J,,(Z))<1.

N (7)

Consequently, N(z, (z)) <N(x).

Case 2 Let 7 be an encoder Hurwitz integer
each component of which is in integers.
Suppose that let 7, and 7, be even integers,
and let 7, and 7, be odd integers. We should
check whether to verify or not eg. (6) in
Proposition 3.1 since N(z) is an even
N (=)
2

integer. Let z = . Then, we get

() M), i

2 2
Therefore, we get

-1

T, (@) =t ¥ —n'r |l7r

]
2
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7z |# N(7)\, _ N(x)
:__H. NG (o) ==,

Since 7 =7, — m,i— 7, j — 7,k , then we get Consequently, N(ﬂﬁ(N;ﬂ))) <N(z). Onthe

L [N@#)) 7 (m). (m). (=, other hand, let z N hen we get

TN — === = |l-|= ]| = k 2
2 2 2 2 2
_ o u,(2)= Z—ﬁ[[ﬂ_lzll.

|[£ HE_HZ i+ ﬂ]]k

2] [ 2 2] 12 Hereby, we get
:ﬂ_ﬂﬂﬂ_ ﬁ_uﬁ- i 72'_1/1”(2)=7Z'_1Z—7Z'_17Z'[[7Z'_12]l

> 121 2 | 2]

) a 1 Tz A

T ). (x Vs =r"71-|n"z|= - .
anieaels e
1 . 1 x Since 7 =, —m,i—nr,j -k, then we get
?1 :?1 and Hf :?2 since 7, and 7,

are even integers. By eq. (3), then -1 T 7 VI PO (2 VR I
TN N NG

Zol 2%l g Qu:%_—l since 7,
| 2] 2 | 2 2 » _ _
and 7, are odd integers. Therefore, we get 7T O T I T
N(z))  [N(=)] [N(=)]

i [N o _m (7 m),
2 2 2 2 2

N ”3Z)Nj+ 7z |,

[N(7),

iR ) e e |
" [” (%JN 22 [ W ﬁ’?%]ﬂ j ( (] ﬁ N”{‘i): ]k'
N (7 )N [,uﬁ [ N(7) J - (—%)z +(—%)2 Since 7% ;”) , then we get

S S SIS oA LD

2
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7,7 _7rz 1
OS 2 _ 2 =,
N (z) _N(ﬂ)m%
7.2 >7Z'Z 1
OS 3 _ 3 =,
N(?Z') N(ﬂ')m<2
T,z —7Z'Z 1
0<| a2 | T | oL
N (z) N(ﬂ)N%

Therefore, we get

72

NLN%‘NN(”)_
W(Nﬂﬁifﬁ@??:):

G-

Therefore, we get

N (ﬂflyﬂ (Z)) =N (7{71) N (,u” (Z))

Consequently, N, (z))<N(x).

Case 3 Let 7 be an encoder Hurwitz integer,
each component of which is in integers.
Suppose that 7,, 7, and 7, are even integers,

and 7, is an odd integer. Therefore, N () is
an odd integer. Then we get

u,(z2)=z —72'[[72'_12]].
Hereby, we get

ﬂ’luﬂ (Z) =n'z- ﬂ’lﬂllﬂ"lz]]

Sakarya University Journal of Science 27(4), 792-812, 2023

=rlz- lIﬂ"lZ]]

Tl

_ |7z
“N(z) [N@)|

Since 7 =z, —m,i— 7, —x,K, then we get

1

7t (z)=

7,z

7,2

N(n)‘(

7,z

N (7)

(5w

(v

7z

[N(7)]

7,z

[N(7)]

7,2

+NNEE§>Hi

7,2

‘:Nw)M

2

7,2

N(7) _|[ N (7)]

— i N R _ "
IN(m)])" (N(=) [N(=)])
Since r, is an odd integer, z,, 7, and 7, are

even integers, and N () is an odd integer,
then we get

0= Nﬂ(lyzz) B -Nﬁ(l;zz)]] <%’
o<l (vl <&
o<y fwisl =
0= Nﬁ(“,zz) - >N7[(472r)]] <%'

Hereby, we get
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|
[

1V (1Y (1) (1Y
< =+ =+ =] +H = =

(ZJ (2) [Zj [Zj
Therefore, we get

N (72‘1/1” (Z)) =N (72'"1) N (1, (2))

1

N (7)

N (x,(2))<1.

Then, we get  N(u,(z))<N(7).
Consequently,  N(u,(z))<N(x). This
completes the proof.

The following examples give an example for
each case in the proof of Proposition 3.3.

Example 2 (Case 1) 7 =1+3i+2j+k isan
encoder Hurwitz integer. By eq. (5), the
Hurwitz signal constellation 7, is

#:(0)=0, 4, (1) =1 1,(2)=2,
w,(3)=i+j—2k, u (4)=-1+2j+Kk,
u,(5)=2j+k, 1, (6)=1+2j+k,

M, =dp (7)=2+2j+k, u, (8)=-2-2j-k,
w,(9)=-1-2j-k, u, (10)=-2j-Kk,
#, (1) =1-2j -k, u,(12) =~ - j+2k,
4 (13) =2, 1, (14) =1,

The set contains fifteen elements since
N () =15. The norm of each element in the

set is less than the norm of the primitive
Hurwitz integer (encoder Hurwitz integer) 7.

Example 3 (Case2) 7 =2+3i+j+2k is
an encoder Hurwitz integer. By eq. (5), the
Hurwitz signal constellation #, is

Sakarya University Journal of Science 27(4), 792-812, 2023

#.(0)=0, 1, (1)=1 p,(2)=2,11,(3)=3
w(4)=1+2i+2j-k u (5)=-2-2j-k,
,(6)=-1-2j—k,u (7)=-2j-k,
u,(8)=1-2j—k,u, (9)=2-2j-k,
©u, (10) =1+ 2j+k, 1, (1) = 2] +K,
w,(12)=1+2j+k, 1, (13)=2+2]+k,

1, (14)=—1-2i =2 +k, z1, (15) =—2i —2j +K,
U, (16) =-2,1, (17) =-1

The set contains eighteen elements since
N () =18. The norm of each element in the

set is less than the norm of a primitive
Hurwitz integer (encoder Hurwitz integer) =

Example 4 (Case3) 7=2+3i+2j+2k 1is
an encoder Hurwitz integer. By eq. (5), the
Hurwitz signal constellation H_ is

#,(0)=0, 1 (=1 1,(2)=2,1,(3)=3
u(4)=1+2i+2j- 2k,u() 2+2i+2j-2k,
u,(6)=3=i—j+k,u, (7)=—2-i- j+k,
u,(8)=—1-i—j+k,u, (9)=—i-j+k

" u,(10)=1-i—j+k, p, (11)=-1+i+j—k,

T, (12) =i+ -k, p, (13) =140+ -k,
u, (14)=2+i+ j-k,u, (15)=3+i+j-k,
1, (16)=-2-2i~2j+ 2K,
p, (17)=—1-2i-2j+ 2k, u_(18)=-3,
w1, (19)=-2, u (17)=-1

The set contains twenty-one elements since
N () = 21. The norm of each element in the

set is less than the norm of a primitive
Hurwitz integer (encoder Hurwitz integer) 7.

Example 2 (case 1), example 3 (case 2), and
example 4 (case 3) verify all the conditions to
be a Euclidean metric. Also, the Euclidean
division algorithm works for these primitive
Hurwitz integers (encoder Hurwitz integers).

In the following example, according to the
presented algebraic construction technique in
[16] by Rohweder et al., we show that a
Hurwitz integer 7, each component of which
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IS in integers, does not have the "division with
small remainder" property.

Example5 In [16], Rohweder et al.

presented the new construction method for
Hurwitz integers by

(10)

where 7 is a primitive Hurwitz integer and
ZEZN(”). They proposed four-dimensional

Hurwitz signal constellations are obtained
from the following mapping

H, =L ]JO,, (11)

where £_ is the subset of Lipschitz integers.
It can be evaluated by

£, ={u,(a+bj)labez,, |,

where ZN(”) denotes the ring of integers

modulo N(7). Also, O, in eq. (11) is the

corresponding coset of half-integers. It can be
calculated by

O, ={u (h+w)|heL,},

where W=£+1i+l j +£k. With respect to
2 2 27 2

the related modulo technique in [16], the size
of the set in eq. (11) is 2N? (). We take an

example 3+1 in [16, Table I]. We have

1, (5+5j) since a:wz5 and
N (3]
b =$ =5. By eq. (10), we get

yﬂ(5+5j):5+5j—N%ﬂ(3+i)

Sakarya University Journal of Science 27(4), 792-812, 2023

15—5i +15j +5k

10 ]|(3+i)

=5+5j—(1+j)(3+i)=5+5j-3-i-3j+k

:5+5j—ﬂ

=2-i+2j+k.

Since N(u,(5+5]j))=N(3+i), then we get
5+5j=0mod(3+i). Also, x (0)=0 since

a=0 and b=0. So, we conclude that the set
in eq. (11) has elements less than two hundred
elements since

1, (0)=p,(5+5j)=0mod(3+i). This

contradicts the size of the Hurwitz signal
constellation with two hundred elements. By
Proposition 3.1, we say that the Hurwitz
(Lipschitz) integer 3+i is not a suitable
Hurwitz (Lipschitz) integer for constructing
the Hurwitz signal constellation. Similarly,
we can show that the primitive Hurwitz
(Lipschitz) integer 2+2i+ j+k is not a
suitable Hurwitz (Lipschitz) integer for
constructing the Hurwitz signal constellation
with respect to the algebraic construction
technique in [16].

4. PERFORMANCES OF HURWITZ
SIGNAL CONSTELLATIONS FOR
TRANSMISSION OVER AWGN
CHANNEL

In this section, we present some distance and
performance measures. In addition, we
investigate the performances of Hurwitz
signal constellations constructed by primitive
Hurwitz integers (encoder Hurwitz integers),
each component of which is in halves-
integers, for transmission over the additive
white Gaussian noise (AWGN) channel by
the agency of the constellation figure of merit
(CFM), average energy, and signal-to-noise
ratio (SNR) gain.

We follow the procedures in [27] for distance,
performance measures, and set partitioning
property. The average energy of a signal
constellation denoted by £_ is computed by
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1 M@
& = N (%) ; N(,u”(z)).

The squared Euclidean distance of two
Hurwitz integers in the Hurwitz signal
constellation is defined as

dE(e’q)): N((D—@),

and the minimum squared Euclidean distance
of the signal constellation is

52 :rpjpdE(G,¢),

where 6,90 H_. In [28], Forney and Wei

proposed the constellation figure of merit
(CFM) to compare signal constellations of
different dimensions. The CFM is the ratio of
the minimum squared Euclidean distance and
the average energy per two-dimension. The
CFM of a M —dimensional signal
constellation is computed by

M&?
28

/2

CFM =

A higher CFM leads to better performance for
transmission over an AWGN channel [27].
Signal-to-noise ratio (SNR or S/N) is a
measure used in science and engineering that
compares the level of a desired signal to the
level of background noise [29]. SNR is
defined by the ratio of signal power to the
noise power, often expressed in decibels. A
ratio higher than 1:1 (greater than 0 dB)
indicates more signal than noise [29].
Asymptotic coding gain means a higher
signal-to-noise ratio (SNR) [1]. The SNR of
signal and noise power is computed by

SNR;ya =10-log,, (CFM of signal)  (12)
and
SNR e =10-log,, (CFM of noise),  (13)

Sakarya University Journal of Science 27(4), 792-812, 2023

respectively. As the noise, we consider the
Gaussian signal constellation G, , where « is

a primitive Gaussian integer. Therefore, the
SNR code gain of a Hurwitz signal
constellation over the AWGN channel is

SNRy, =SNR,, —SNR, ,

where Hurwitz signal constellation _, and
Gaussian signal constellation G, . By eq. (12)
and eq. (13),

SNRy; =10-log,, (CFM of H,)

—10-log,, (CFM of G,)

CFM of H,
CFM of G, )

=10- Iogm[

Note that the number of elements in the
Hurwitz signal constellation and the Gaussian
signal constellation should be the same to
compare performances over the AWGN
channel. According to the modulo function in
Definition 2.6, the Hurwitz signal
constellations that have the same size as
Gaussian signal constellations almost show
the same performances for transmission over
the AWGN channel. Moreover, the squared
Euclidean distance of the Hurwitz signal
constellations and the Gaussian signal
constellations, the size of which is the same,
is one. The set partitioning aims to find a
subset with a large squared Euclidean
distance. Therefore, we obtain the Hurwitz
signal constellations, which have the larger
CFM, showing better performance for
transmission over the AWGN channel.

A residue class ring of Hurwitz integers H,
arises from the residue class ring of integers
Zyy=101..,N(2)-1} for an integer
N(1), where A is a proposed primitive
Hurwitz integer. If N(Z) is not a prime
integer, then we can partition the set H, into
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subsets of equal size. Let N(1)=c-d. In
other words, we can partition the set H, into

¢ subsets H\",..,H Y each with d
elements. The subsets correspond to the
Hurwitz signal constellations Hﬁo),...,Hf’l),
where

H(O):{,ul (0), yl(c) 1, (2),..., 41, ((d —1)0)}
and HA . ,H
H()z{,u (Z):,u (Z—I)EH },

0 { 1, (1), 1, (1+2¢), (+3c)}.

uuz(l"_(d 1) )

) are the cosets of HA , 1.8,

where

The subset H\” is an additive subgroup of
‘H, since the modulo function g is an
isomorphism with respect to addition.

The SNR gain of the subset of a proposed
Hurwitz signal constellation over the AWGN
channel is computed by

CFM,
SNRy; =10-log,; | ———— |,

where the subset of a proposed Hurwitz signal
constellation #”, and Gaussian signal

constellation G, .

In the rest of this paper, we consider primitive
Hurwitz integers (encoder Hurwitz integers)
such  that =7m27z,27,>27,>0. We
investigate the performance of Hurwitz signal
constellations constructed by primitive
Hurwitz integers (encoder Hurwitz integers),

each component of which is in Z+%, over
the AWGN channel.

In Table 1, we present the performance of
Hurwitz signal constellations constructed by

primitive Hurwitz integers (encoder Hurwitz
integers), each component of which is in

Sakarya University Journal of Science 27(4), 792-812, 2023

7+ % over the AWGN channel by means of

average energy, CFM, and SNR coding gain.
In Table 1, the Hurwitz signal constellations
obtained by the modulo function in Definition
2.6 have almost similar properties as
Lipschitz signal constellations in the paper of
Freudenberger et al. [27]. The performance of
Hurwitz signal constellations in Table 1 is not
so good but better than nothing according to
the performance of the Lipschitz signal
constellations in [27, Table 1] over the
AWGN channel. Moreover, the performances
of proposed Hurwitz signal constellations
constructed by primitive Hurwitz integers
(encoder Hurwitz integers), each component
of which is in integers, are the same as the
performances of proposed Lipschitz signal
constellations in [27, Table 1].

In Table 2, we present the performance of the
proposed Hurwitz signal constellation
constructed by proposed primitive Hurwitz
integers (encoder Hurwitz integers), each

component of which is in Z+%, over the

AWGN channel by means of average energy,
CFM, and SNR coding gain. The proposed
Hurwitz signal constellations in Table 2 have
advantage performances for transmission
over the AWGN channel by set partitioning
property. There also exist different proposed
primitive Hurwitz integers (encoder Hurwitz
integers) used to construct proposed Hurwitz
signal constellations that have higher CFM
and lower average energy in equal size. You
can see the following examples. Moreover,
the below examples are given clues about the
construction of tables.

Example 6 We consider the proposed
Hurwitz signal constellation with
N =3-13=39 elements. There exist four
different proposed primitive Hurwitz integers
(encoder Hurwitz integers) used to construct
the proposed Hurwitz signal constellation
with N =39. These proposed primitive
Hurwitz integers (encoder Hurwitz integer)
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7. 3 9 5. 5. 5

7 7.
are —+—i+—j+=-k, —+=i+=]j+=Kk,
2 2 27 2 2 2 27 2
9 7. 5 1 11 5. 3 1
—+—i+—=j+=k, and =+—=i+—=j+=k.
2 2 27 2 2 2 27 2

There is no Gaussian signal constellation with
N =39 elements. Note that proposed
primitive Hurwitz integers (encoder Hurwitz
integers) are not to be the same size as
primitive Gaussian integers. Therefore, we
could use set partitioning property on
proposed primitive Hurwitz integers (encoder
Hurwitz integers). Firstly, we consider
proposed primitive Hurwitz integers (encoder
9 7. 5. 1

—+—i+—=j+=k
2 2 2 2

Hurwitz integer) and

1—21+g| +E j+= 5 k For the proposed Hurwitz

signal constellatlon H, 151

2 2 2 2
squared Euclidean distance, average energy
and CFM are 1, 125128 and 0.1598,
respectively. The proposed Hurwitz signal
constellation 7, RIS is partition the c=3

2.2 272

different subsets with each set d=13
elements. The minimum squared Euclidean

distance, average energy, and CFM of
Hurwitz signal constellation +®, . , are

it j+ k

9, 11.5385, and 1.5600, respectlvely. The
minimum  squared Euclidean distance,
average energy, and CFM of the Gaussian
signal constellation G,,,; with 13 elements
are 1, 2.1539, and 0.4643, respectively.
Therefore, the SNR coding gain of the

, the minimum

proposed Hurwitz signal constellation
7—{2&0)7 5.1 iS
§+E|+EJ+Ek
©)
SNR 101 M
0g
%%i%j%k CFM of G, .,

Sakarya University Journal of Science 27(4), 792-812, 2023

The minimum squared Euclidean distance,
average energy, and CFM of the proposed

Hurwitz signal constellation +, . 1 are
—+—| —j+
2

1, 12.5128, and 0.1598, respectlvely. The

proposed Hurwitz signal constellation
H, s 3, is partition the c¢=3 different
—+ i+
2 2

subsets with each set of d =13 elements. The
minimum squared Euclidean distance,
average energy, and CFM of Hurwitz signal

constellation 7, 3, are 9, 11.5385, and
—+ i+ 2

1.5600, respectlvely. The average energy,

minimum squared Euclidean distance and

CFM of Hurwitz signal constellations

©)
and 7’Q1 5,.3,.1 are the same. So,

22 22 2 2
Hurwitz signal constellatlons H, , and
E+2|+ J+
Hff)s " have the same performances for
2 2
transmlssmn over the AWGN channel.
Lastly, we consider proposed primitive
Hurwitz integers (encoder Hurwitz integers)
7 7. 7. 3 9 5. 5. 5
—+—i+—=j+=k, and —+—=i+—=j+=Kk.
2 2 2 2 2 2 2 2
For both  proposed Hurwitz signal
constellations, the minimum  squared

Euclidean distance, average energy, and CFM

are 1, 12.5128, and 0.1598, respectively. The

average energy, minimum squared Euclidean

distance and CFM of H§°)7 R and
2 2 J

are 3, 11.5385 and 0.5200,

+3k

(0)
Hg 5.,5:.5,

respectively. Therefore, the SNR coding gain
of these proposed Hurwitz signal
constellations IS

SNR,, :10|og(8'2§22) _0.49 dB.

Consequently, the proposed Hurwitz signal
constellations H, 751

=+ 7j+ k —+—i+=j+=k
2 2 2.2 22

have higher CFM, better SNR coding gain,
and larger minimum square Euclidean
distance. We choose the proposed primitive
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Hurwitz integer (encoder Hurwitz integer)

11+§i +§ j +%k to represent in Table 2.

2 2

Example 7 We consider the proposed
Hurwitz signal constellation with
N =3-29=87 elements. There exist eight
different proposed primitive Hurwitz integers
(encoder Hurwitz integers) used to construct
proposed Hurwitz signal constellations with
N =87. These proposed primitive Hurwitz
integers (encoder Hurwitz integers) are

11 11. 9. 5 13 9. 7. 7
—+=i+=j+=Kk, —+—i+=j+=Kk,
2 2 2 2 2 2 2 2
13 11. 7. 3 13 13. 3. 1
—+=i+—=j+=Kk, —+—=i+=j+=k,
2 2 27 2 2 2 2 2
15 7. 7. 5 15 11. 1. 1
—+—i+—=J+—=Kk, —+=i+=j+=k,
2 2 2° 2 2 2 27 2
17 5. 5. 3 17 7. 3. 1
—+—i+—j+=k,and —+—=i+—=j+=Kk.
2 2 27 2 2 2 27 2

There is no Gaussian signal constellation with
N =87 elements. The minimum squared
Euclidean distance, average energy, and
CFM  of proposed Hurwitz signal
constellations constructed by these proposed
primitive Hurwitz integers (encoder Hurwitz
integers) are 1, 285057, and 0.0702,
respectively. These proposed Hurwitz signal
constellations are partition the ¢ =3 different
subsets with each set d =29 elements. We
consider the Hurwitz signal constellations
711(;))11. 7. 3k’ and 711(?)7. 3.1 Wlth 29

i o —t—i+=j+=k
2 2 22 2.2 22

elements. The minimum square Euclidean
distance of these signal constellations is larger
than others. The minimum square Euclidean
distance of these signal constellations is 9,
but the others are 6. Also, the average energy
and CFM of these signal constellations are
275172 and 0.6541, respectively, but the
others are 27.5172 and 0.4361, respectively.
The minimum squared Euclidean distance,
average energy, and CFM of the Gaussian
signal constellation G, ,; with 29 elements

are 1, 4.8276, and 0.2071, respectively.
Therefore, the SNR coding gain of Hurwitz

Sakarya University Journal of Science 27(4), 792-812, 2023

signal  constellations © ., and
?+EI+EJ+EK
7301, Is
2+2H21+2
SNR,, =10log[ %941 _ 4 99 4B
0.2071

Table 1 Table of CFM, energy and SNR coding
gain of Hurwitz signal constellations constructed
by primitive Hurwitz integers (encoder Hurwitz

integer), each component of which is in Z + % ,

( d : The number of elements in the Hurwitz
signal constellation, G, : Gaussian signal

constellation, 7, : Hurwitz signal constellation )

o Signal
Primitive Constellations
d Hurwitz CEM SNR
Integers () ENERGY  [dB]
A H,
33 1.1 12500  1.6667
—+—i+=j+=k .
> 27 Toso00 12000 2R
13 5 +§i N 3 i +§k 0.4643  0.5200 0.49
2 2 22 2.1538  3.8462
5 5. 3. 3 03542 0.3864
—+—i+=j+=k .
75 oess saes 0%
s 9,3, 3,1, 02404 0251 026
2 2 2 2 41600 7.8400
2 9,.5;,3;,1 02071 02180 02
2 2 2 2 48276 91724
11 5 1. 1, 01623 0.1690
—+—=i+=j+=k .
24075 Te1e2 11ssis OB
g U588 01464 01519 o016
2 2 22 68293 13.1707
53 13,5,8,,3 _01182 01165 01
2 2 27 2 88302 17.1698
or 15,38, 1, 00084 01008 o1
2 2 27 2 101639  19.8361
65 ,1,3;,3 00923 00945 o1
2 2 272 108308 211692
7, 1;,1,, 1, 00822 0089 009
73 2 2 27 2 121644  2383%
13 13, 1. 1, 00706 0.0719
—+—=i+=j+=k )
8 o e mems 0%
17 7. 3. 3 00674 0.0686
—+—i+—j+=k
89 1Y Thsss maes 08
97 §+§i+1j+1k 0.0619  0.0628 0.06
2 2 22 161649 31.8351
Consequently, the Hurwitz signal

constellations that have higher CFM and
larger minimum square Euclidean distance
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. We choose

© ©
areHLSEZ 3 and H,’ 3,

2 2 22 2 2
the proposed primitive Hurwitz

13 1_1| +Z j+ 2 k to represent in Table 2.

2 2

integer

Table 2 Table of CFM, energy and SNR coding
gain of Hurwitz signal constellations constructed
by proposed primitive Hurwitz integers (encoder
Hurwitz integers), each component of which is in

7 +% , (N : The size of Hurwitz signal

constellation, c : the number of subsets of the
proposed Hurwitz signal constellation, d : the
size of subsets of the proposed Hurwitz signal
constellation, G, : Gauss signal constellation,

H\%: the subset of H, , where H, is the
proposed Hurwitz constellation )

Signal
Proposed Primitive Cons(t:elzzl:\zjltlons SNR
N=c-d Hurwitz Integers
¢ ) ENERGY (48]
G, O
1.2500 1.6667
15=3.5 Z+§i+1j+1k 1.25
2 2 27 2 0.8000 3.600
39=313 11 5. 3. 1 0.4643 1.5600
—+-i+=j+=k 5.26
2 2 27 2 2.1538 11.5385
51=3.17 11 7. 5. 3 0.3542 1.1591
—+—i+=j+=k 5.15
2 2 27 2 2.8235 15.5294
75=3-25 13 9. 7. 1 0.2404 0.7653
—+-i+-j+=k 5.03
2 2 2 2 4.1600 23.5200
=3. 0.2071 0.6541
87=3-29 E+E|+zj+§k 4.99
2 2 2 2 4.8276 27.5170
185=5.37 21 13. 9. 7 0.1623 0.8447
—+=i+=-j+-k 7.16
2 2 272 6.1622 59.1892
205=5-41 27 9. 3. 1 0.1464 0.7593
—+—i+=j+=k 7.15
2 2 2 2 6.8293 65.8537
=5. 0.1132 0.5824
265=5-53 21 15, 9, 5, _—
2 2 272 8.8302 85.8491
427=7-61 33 21. 13. 3 0.0984 0.7058
—+—i+—j+=k 8.56
2 2 272 10.1639 138.8520
455=7-65 33 11. 9. 3 0.0923 0.4724
—+=i+=j+=k 7.09
2 2 22 10.8308  105.8460
511=7-73 § g g] gk 0.0822 0.5874 854
2 2 2 2 12.1644 166.8490 '
595=7.85 33 29. 21. 3 0.0706 0.5030
—+—i+—=j+-k 8.53
2 2 272 14.1467 194.847
623=7-89 35 33 13. 3 0.0674 0.4800
—+—i+—j+=k 8.53
2 2 27 2 14.8315 204.1800
873=9.97 41 31. 29. 3 0.0619 0.5654
—+—i+—j+=k 9.61
2 2 2 2 16.1649 286.5150
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5. CONCLUSION

We showed, with the help of a proposition
(Proposition 3.1), some Hurwitz integers are
inappropriate for constructing Hurwitz signal
constellations with N («) elements, where «

IS a primitive Hurwitz integer. To solve this
problem, we presented a proposition to help
find out the primitive Hurwitz integers that
have the division with small remainder (see
Proposition 3.1). We also called the set of
these integers the "Encoder Hurwitz Integers™
set. We showed, with the help of a proposition
(see Proposition 3.3), the Euclid division is
satisfied by encoder Hurwitz integers.
Moreover, we presented new Hurwitz signal
constellations  constructed by Hurwitz
integers, each component of which is in half-
integers. We investigated the performances of
these signal constellations for transmission
over the AWGN channel.
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