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Abstract 

The aim of this study is to develop a two-dimensional mathematical model for the conservative solute transport in heterogeneous adsorbing 
porous media. Solutions for semi-infinite and finite domains are obtained in two separate cases. Groundwater velocity is considered to be a 
linear function of position as well as a function of time.  After a certain time interval, the velocity of the groundwater changes over different 
time periods, so mathematically it is represented by a different temporarily dependent function. The dispersion coefficient is squarely pro-
portional to groundwater velocity with position in both directions and directly proportional to time. Space and time-dependent groundwater 
velocity and dispersion coefficients are assumed to be in degenerate forms. The assumption of segmented, temporally, and spatially correlated 
diffusion and groundwater velocities is a unique feature of this paper. The input source applied along the flow is of uniform nature. The 
concentration gradient along both axes is set to zero at non-source end of both semi-infinite and finite domain cases. The Laplace Integral 
Transform Technique (LITT) is used to obtain the final solution to the proposed problem. The effect of aquifer heterogeneity and spatio-
temporal dependence of dispersion on the solute transport is shown graphically in each case. 
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1. Introduction

The transport of solutes is a significant physical phenomenon that usually occurs through porous media in a variety of industrial, 
natural, and non-natural systems. Understanding the process of solute transport is a challenging task due to the complex structure 
of porous media. Structurally, most of the porous media that exist in the subsurface are heterogeneous in nature. At different 
length scales, the spatial distribution of heterogeneity can have a significant impact on aquifer dynamics as well as flow behavior. 
Waste on the earth's surface seeps into the groundwater through rainwater, thereby polluting the groundwater. The groundwater 
gets polluted due to the seepage of waste accumulated on the earth's surface through rainwater. An efficient mathematical model 
helps us understand solute transport phenomena, although it is difficult to develop due to complex geological conditions. A 
mathematical model, that describes the processes of groundwater flow and solute transport in porous media, is represented by the 
advection-dispersion equation (ADE). In addition to hydrodynamic conditions, dispersion, groundwater velocity, retardation fac-
tors, and solute properties also influence the solute transport process. In the literature, there are many approaches to address 
problems of contamination mixing in groundwater in form of one- or two- or three-dimensional studies. Over the past few dec-
ades, many researchers have studied the effects of pollutant transport in aquifer systems based on common assumptions like 
unsteady velocity, homogeneous porous medium [1-2]. Many researchers have attempted to characterize the effects of transient 
conditions on the transport of pollutants in aquatic systems. In the past, many researchers have solved time-varying models using 
analytical and numerical techniques [3-4]. It is an established fact that variations in the direction of the hydraulic gradient are more 
important than variations in its magnitude [5]. Batu [6-7] used Fourier analysis and the Laplace transform to develop a two-
dimensional analytical solution for solute transport in a bounded aquifer. Broadbridge et al. [8] obtained an analytical solution for 
velocity-dependent dispersion in two-dimensional isotropic porous media. Chen et al. [9] developed an analytical solution for a 
two-dimensional ADE with linearly spatially dependent dispersion using a power chain method. Yadav et al. [10] developed an 
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analytical solution for the two-dimensional additive-diffusion equation in isotropic finite porous media using the Laplace Integral 
Transform Technique. 

Analytical solutions to the two-dimensional advection-dispersion equation in porous media were developed using the Laplace 
Integral Transform Technique [11]. Singh and Mahato [12] proposed solution for two-dimensional transport problem for accessing 
the effect of dispersion on distribution of the concentration generated from a  time dependent input sources. Singh et al. [13] 
obtained solution for transport problem considering varying pulse-type stationary point source in two-dimensional flow to examine 
the role of different parameters. Singh and Ahamad [14] presented solution of one-dimensional transport problem to state the 
effect of temporal dispersion and groundwater velocity on solute distribution with time and position. Perez Guerrero et al. [15] 
used the Generalized Integral Transform Technique (GITT) to develop a formal exact solution to the linear advection-dispersion 
equation with transient and constant coefficients. It is well known that the spatial pattern, composition, and heterogeneity of media 
play a significant impact in determining solute transport [16-17]. Chen et al. [18] obtained analytical solutions to the two-dimen-
sional advection-dispersion equations (ADE) in cylindrical coordinates using Laplace and Finite Hankel transform techniques 
under third type of input boundary condition. Singh et al. [19] established an analytical solution for two-dimensional solute 
transport in a finite homogeneous aquifer using the Hankel transform technique. In a finite porous media domain, Chen et al. [20] 
developed an analytical solution for two-dimensional solute transport in a cylindrical coordinate system. The two-dimensional 
linear advection-dispersion equations in cylindrical coordinates over a finite domain are obtained analytically under the first and 
third kinds of boundary conditions [4]. 

The purpose of this study is to develop a comprehensive analytical solution for the transport of solutes in two-dimensional semi-
infinite and finite heterogeneous porous media. Two key parameters (dispersion and groundwater velocity) are considered in 
degenerate form. Furthermore, for different time intervals, the dispersion coefficient and groundwater velocity are considered to 
be different smooth functions of time. The closed-form analytical solutions of the two-dimensional advection-dispersion equation 
(ADE) are obtained using the Laplace Integral Transform Technique. Finally, the analytical solutions illustrated graphically with 
the help of appropriate input parameters. The developed model can objectively assess pollution levels in any given situation and 
time, and this information can help the government authorities to take remedial measures. 

2. Mathematical Formulation and Solution of the Problem 

This study describes the two-dimensional non-reactive solute transport in a semi-infinite heterogeneous porous medium to predict 
the concentration in the domain. The governing two-dimensional advection-dispersion equation (ADE) describing the solute 
transport in adsorbing porous medium may be written as: 
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is time,
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The governing equation also includes the retardation factor R  which is a dimensionless 

quantity occurs in the porous medium due to adsorption.  There are three important mechanisms for solute transport in porous 
media: diffusion, dispersion and convection. The effect of diffusion is considered to be negligible. Groundwater velocity and 
dispersion coefficient are spatially and temporally dependent, and their nature changes after a certain period of time. Expressions 
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Substituting Eq. (2) in Eq. (1) we get; 

( ) ( )( ) ( )

( ) ( )( ) ( )
















+−



+++




+





++−



+++




+




=





ctFbyyu
x

c
tFbyaxxyD

y

c
tFbyyyD

y

ctFaxxu
y

c
tFbyaxxyD

x

c
tFaxxxD

xt

c
R

)(1
0

)(11
0

)(
2

1
0

)(1
0

)(11
0

)(
2

1
0

    (3) 

where, 0,0 yyDxxD  and 0,0 yuxu  are initial values of the corresponding dispersion coefficients and groundwater velocity along 

x  and y axes, respectively. The expression ( ) 3,2,1; =itimif  is dimensionless and im  is an unsteady parameter having dimen-

sion inverse of time. a  and b  are the heterogeneity parameter having dimension inverse of position. The study of semi-infinite 

and finite domain heterogeneous porous media is carried out in two different scenarios of case 1 and case II, respectively.  It's 
worth noting that the only fundamental difference between the two cases is the length of the porous domain. The comparative 
study gives us a better opportunity to understand the effect of the parameters on the distribution pattern of concentration when 
the size of the domain changes. The cases are as follows:  

Case I: For Semi-Infinite Porous Domain  

To solve the proposed problem, we assume the following initial and boundary conditions as: 
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Initially, some concentration ic  [ML-3]   is already present in the aquifer. The constant solute source of potential 0c  [ML-3] placed 

at the point )0,0( . The zero flux boundary conditions at the far end/non-source end i.e., at →→ yx ,   are considered along 

both axes. Mathematically, these are expressed by Eqs. (3-6). 

In order to remove the time-dependent coefficient from Eq. (3), we introduce a new time variable as follows (Crank, 1975) [22]: 
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To get the solution in a simple way, we use some suitable transformations. 

Using transformation Eq. (7) into Eq. (3) we have: 
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Using Eq. (7) corresponding initial and boundary conditions Esq. (4-6) may be written in new time variable as follows: 

( ) 0,0,0;,, == TyxicTyxc           (9) 

( ) 0,0,0;0,, === TyxcTyxc            (10) 
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To convert the variable coefficient from Eq. (8) to a constant coefficient, we introduce another transformation as follows (Kumar 
et al., 2010) [23]: 
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Inserting the transformation Eq. (12), Eq. (8) may be written as follows: 
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In order to reduce the Eq. (13) into a single position variable z , we use the following transformation as follows: 

YXz +=             (14) 

Incorporating the transformation Eq. (14), Eq. (13) reduces as follows: 
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byuaxu 000 += ,   

Using transformations in Eq. (12) and Eq. (14), the corresponding initial and boundary conditions Eqs. (9-11) may be written as 
follows: 
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We now introduce another transformation to reduce the convective term from Eq. (16) as follows: 
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Inserting the transformation Eq. (21) in Eq. (16) and Eqs. (18-20), we get a diffusive problem in new dependent variable as follows: 
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Now, applying Laplace Integral Transformation, Esq. (22–25) reduce as follows: 
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where, p  is a Laplace parameter. The solution of Eqs. (26-28) may be written as follows: 
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Taking the inverse Laplace Integral Transform to the Eq. (29) and using back transformation Eq. (21), the final solution may be 
written as follows: 
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The values of ),( TzF and ),( TzF  are obtained by replacing  = and  = in ),( TzF
, respectively. 

Case II: For Finite Porous Domain

 
In this case, the length of the porous domain is finite, and all the initial and boundary conditions are same as taken  in Eqs.(4-6) 

in previous case but are taken for finite domain of length  
1

L and 
2

L  along x  and y  axes, respectively. These conditions may 

be written as: 
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where 𝐿1and 𝐿2 are the longitudinal and transversal length of the porous domain, respectively. 

Using Eq. (7),  Eqs. (31-33) may be written as follows: 
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Using transformation in Eq. (12) and Eq. (14), the initial and boundary condition Eqs. (34-36) may be written as follows: 
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Like the differential Eq. (26) obtained by applying Laplace Transformation on Eq. (22) using Eq. (23). The General solution of 
differential equation which is obtained by applying Laplace Transformation on Eq. (22) using initial condition obtained from Eq. 
(37) after applying Eq. (21) may be written as follows:  
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And boundary conditions takes Eqs. (37-39) takes the following form after using conditions in Eq. (21) and then taking Laplace 
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Solving the Eq. (40) with boundary conditions the Eqs. (41-42), we have following solution:  
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Taking Inverse Laplace Transforms Technique of Eq. (43) and using Eq. (21) final solution of present case may be written as 
follows: 
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3. Result and Discussion 

In this study, a two-dimensional spatially and temporally dependent dispersion model is developed for non-reactive solute 
transport in two different scenarios (semi-infinite and finite). For semi-infinite and finite domains, the analytical solutions are 
described by Eq. 30 and Eq. 44, respectively. Different graphs describe the effect of various parameters on the concentration 

distribution. The value of 512.01 =L  and 512.02 =L  are taken for finite domain. For both types (semi-infinite and finite) the 

longitudinal and lateral domains are taken 0 ≤ 𝑥(𝑘𝑚) ≤ 0.512  and 0 ≤ 𝑦(𝑘𝑚) ≤ 0.512 respectively. 

For both semi-infinite (Case I) and finite domain (Cases II), the value of the input parameter is chosen as:  

The numerical values of the dispersion coefficient and groundwater velocity are derived from the expressions given by Eq. (2). 

where, 

( )

  ( )

( )

( )
( )















+
+−

−

+−



=

5;4
153

53
3

51;2)1(2exp1

10;)1exp(

)(

yearts
tm

tm
s

yeartstms

yearttm

tF         (45) 

Components of groundwater velocity along x (longitudinal) and y (lateral) axes are ( )1
02.0

0

−
= yearkmxu ,

( )1
005.0

0

−
= yearkmyu , respectively. Reference concentrations are ,10 =c

 
1.0=ic . The other regulating parameters are  
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−
= yearm  ( )1

3.02
−
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and ( )1

4.03
−

= yearm . Retardation factor is  25.1=R , and the values of some con-

stants in Eq.(45) are 0.368391  =s , 0.7367812   =s 0.9173243  =s  
 
and 125684661.959879504  =s . 

Case I: For Semi-Infinite Porous Domain 

Figs. 1a, 1b, 1c, and 1d are drawn for a semi-infinite porous medium. Fig.1a is the surface plot in xy -plane while Figs. 1b, 1c, and 

1d are contour plots drawn for three different times ( )yeart 5.5,0.2,5.0= , respectively and values for dispersion coefficients 

( )12
06.00

−
= yearkmxxD , ( )12

04.00
−

= yearkmyyD
 
and ( )12

0053.00
−

= yearkmxyD  and heterogeneity parameters

( )1
1.0

−
= kma  and ( )1

1.0
−

= kmb  are taken for all these graphs (Figs. 1a, 1b, 1c, and 1d). 
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Figure 1a. Surface graph for the concentration profiles obtained from Eq. (30) in three different times period ( ),5.0 yeart =  

( )yeart 0.2=  and ( )yeart 5.5= . 

Fig.1a explores the concentration profiles at different times in the three time domains ( ) 10  yeart , ( ) 51  yeart  and 

( ) 5yeart , respectively, in the square space domain ( ) 512.00  kmx  and ( ) 512.00  kmy . Concentration levels within 

the domains were found to increase with time, as groundwater velocity and dispersion coefficients varied with time across all time 
domains, as shown in Eq. (45). In the first two time domains, the dispersion coefficient and groundwater velocity increase over 
time, with the effect that the increase in concentration in the first domain is slower than in the second domain. On the other hand, 
in the last time domain, the concentration value increases asymptomatically. Unlike previous studies, the dispersion coefficient 
varies over time intervals because the properties of flow may not always remain the same in real situations. 

 
 

Figure 1b. Contour graph for the concentration profiles obtained from Eq. (30) at time ( )yeart 5.0=  in the xy -plane. 
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Figure 1c. Contour graph for the concentration profiles obtained from Eq. (30) at time ( )yeart 0.2=  in xy -plane. 

 

  

Figure 1d. Contour graph for the concentration profiles obtained from Eq. (30) at time ( )yeart 5.5=  in xy -plane. 

Figs.1b, 1c and 1d explore the concentration profiles at different times ( )yeart 5.5,0.2,5.0=  respectively. All these three times 

are taken from time domain ( ) 10  yeart , ( ) 51  yeart
 
and ( ) 5yeart , respectively. This means that all three figures 

(Figs.1b, 1c and 1d)   together represent the concentration distribution of Fig. 1a in different ways. Figs. 1b, 1c and 1d show that 
the concentration level in the domain increases with time inside the domain. The concentration level on the x-axis is greater than 
the concentration level on the y-axis for same radial distances from origin. This is because the longitudinal components of the 
diffusion coefficient and groundwater velocity are larger than the transverse components, which is consistent with the established 
theory [24]. 
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As we move from the x-axis to the y-axis, keeping the radial distance constant, the level of the solute concentration decreases with 
time. 

 
 
 

Figure 2a. Contour graph for the concentration profiles obtained from Eq. (30) for various dispersion coefficients
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Figure 2b. Contour graph for the concentration profiles obtained from Eq. (30) for various dispersion coefficients
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Figure 2c. Contour graph for the concentration profiles obtained from Eq. (30) for different dispersion coefficients 
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,
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In Figs. 2a, 2b, and 2c, the concentration distribution patterns are represented at time ( )yeart 0.2=   by contour plots for three 

different dispersion coefficients in the time domain 
( ) 51  yeart

 time and fixed heterogeneity parameters 
( )1

1.0
−

= kma  and

( )1
1.0

−
= kmb . The dispersion in corresponding components increases from Fig.2a to Fig.2c. Inside the region, as the dispersion 

coefficient increases, the concentration level over the entire domain also increases. The rate of change in the concentration level 
may be different in different directions. For example, concentration changes more rapidly along the y-axis than along the x-axis. 
Therefore, it can be concluded that dispersion plays an important role in the solute transport phenomenon. 

 
 
 

Figure 3a. Contour graph for the concentration profiles obtained from Eq. (30) for heterogeneity parameters ( )1
1.0

−
= kma  and 

( )1
1.0

−
= kmb  in xy -plane. 
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Figure 3b. Contour graph for concentration profiles obtained from Eq. (30) for heterogeneity parameters ( )1
15.0

−
= kma  and 

( )1
15.0

−
= kmb  in xy -plane. 

  

Figure 3c. Contour graph for concentration profile obtained from Eq. (30) time )(0.2 yeart =  and heterogeneity parameters 
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= kmb  in xy -plane. 

In Figs.3a, 3b, and 3c, the concentration distribution patterns along with the contour plots represent at time 
( )yeart 0.2=
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time domain
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and 
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 for three sets of heterogeneity parameters ‘a’ and ‘b’. The dispersion and groundwater velocity 
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increase with an increase in the heterogeneity parameters at a certain point and consequently the solute is bounded to move more 
rapidly. Hence concentration slows down at that point. Furthermore, it is concluded that the concentration decreases faster along 
the y-axis than along the x-axis. 

Case II: For Finite Porous Domain 

Figs. 4a, 4b, 4c, and 4d are drawn for finite porous medium. Fig.4a is the surface graph in xy -plane while Figs. 4b, 4c, and 4d are 

contour graphs drawn for three different times ( )yeart 5.5,0.2,5.0= , respectively and for  dispersion coefficients 

( )12
06.00

−
= yearkmxxD , ( )12

04.00
−

= yearkmyyD , ( )12
0053.00

−
= yearkmxyD  and for heterogeneity parameter 

( )1
1.0

−
= kma  and ( )1

1.0
−

= kmb  for all these graphs (Figs. 4a, 4b, 4c, and 4d). 

Fig.4a explores the concentration profiles at different times ( ),5.0 yeart =  ( )yeart 0.2=  and ( )yeart 5.5=  Concentration 

levels are increase with time within the domains, as groundwater velocity and dispersion coefficients varies with time across all 
time domains, as shown in Eq. (45). The non-source concentration is affected by the concentration introduced at the source end 
after a given time in a finite domain, while the concentration introduced at the source end has no effect on the non-source end in 
the semi-infinite domain. 

 

Figure 4a. Surface graph for the concentration profiles obtained from Eq. (44) in three different times period ( ),5.0 yeart =  

( )yeart 0.2=  and ( )yeart 5.5= . 

In the first two time domains, the dispersion coefficient and groundwater velocity increase with time and the result is that the 
concentration increases more slowly in the first domain than in the second, as in the semi-infinite domain. On the other hand, in 
the last time domain, the concentration value increases asymptomatically. In contrast to previous studies, the dispersion coefficient 
follows different patterns at different time intervals because the dispersion depends on the groundwater velocity which can vary 
with time. 
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Figure 4b. Contour graph for the concentration profiles obtained from Eq. (44) at time ( )yeart 5.0=
 
in xy -plane. 

 
 
 

Figure 4c. Contour graph for the concentration profiles obtained from Eq. (44) at time ( )yeart 0.2=  in xy -plane. 
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Figure 4d. Contour graph for the concentration profiles obtained from Eq. (44) at time
 

( )yeart 5.5=  in xy  plane. 

 

 
Figure 5a. Contour graph for the concentration profiles obtained from Eq. (44) for various dispersion coefficients 
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Figs.4b, 4c and 4d explore the concentration profiles with contour plot view for different times ( )yeart 5.5,0.2,5.0=  in time 

domain ( ) 10  yeart , ( ) 51  yeart
 

and ( ) 5yeart , respectively, in square space domain

( ) ( ) 512.00,512.00  kmykmx . It means all these three figures together represent the concentration profile of Fig. 4a. 

with different approach. Concentration level rises up at each area of square region inside the region from Fig.4b to Fig.4d i.e., with 
time. At equal distances from the beginning point on x-axis and y axis, the concentration level on x-axis is higher than that of on 
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y-axis. Such is the case here because the x-axis component of dispersion and groundwater velocity (longitudinal components) is 
greater than that of y-axis component (lateral/transversal components).  Therefore, spreading solute decreases for fixed time on 
moving from x-axis to y-axis keeping radial distance fixed. 

 
 

Figure 5b. Contour graph for the concentration profiles obtained from Eq. (44) for various dispersion coefficients
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Figure 5c. Contour graph for the concentration profiles obtained from Eq. (44) for various dispersion coefficients 
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Figure 6a. Contour graph for the concentration profiles obtained from Eq. (44) for heterogeneity parameters ( )1
1.0

−
= kma  

and 

( )1
1.0

−
= kmb  in xy -plane. 

 

 

Figure 6b. Contour graph for the concentration profiles obtained from Eq. (44) for heterogeneity parameters ( )1
15.0

−
= kma  and

( )1
15.0

−
= kmb  in xy -plane. 

The concentration distribution patterns in Figures 5a, 5b, and 5c demonstrate the effect of three sets of dispersion coefficients in 
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= kmb .The dispersion in 
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corresponding components increases from Fig.5a to Fig.5c. Furthermore, as the dispersion coefficient increases, the concentration 
level also increases at every point in the domain except the starting point. The rate of change in concentration levels may vary in 
directions. As can be seen, the concentration changes faster along the y-axis than on the x-axis. Therefore, it can be concluded 
that dispersion plays an important role in the solute transport phenomenon. 

 
 

Figure 6c. Contour graph for the concentration profiles obtained from Eq. (44) for heterogeneity parameters ( )1
2.0

−
= kma and 

( )1
2.0

−
= kmb  in xy -plane. 

Figs.6a, 6b and 6c show the concentration distribution patterns at time ( )yeart 0.2=  in time domain ( ) 51  yeart  and for 

fixed  dispersion coefficients ( )1
year

2
km0.12xx0D

−
= , ( )12
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and ( )12

0113.00
−
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through a contour graph for the three heterogeneity parameters ' a ' and 'b '. It can be inferred that as the value of the heteroge-

neity parameter at a location increases, the dispersion and groundwater velocity at that point also increase. Hence, the solute is 
eventually forced to move faster. Thereafter, the concentration slows down at this particular point. Furthermore, the contour plot 
shows that the concentration decreases faster along the y-axis than along the x-axis. 

As can be seen from Figs (2a and 5a), (2b and 5b), (2c and 5c), (3a and 6a), (3b and 6b) and (3c and 6c), the concentration level at 
a certain point in the finite domain is higher than the semi-infinite domain. Furthermore, it was observed that the concentration 
level increases more rapidly along the transverse direction (y-axis) than longitudinal direction (x-axis). 

4. Conclusions 

Analytical solutions for two-dimensional conservative solute transport in a heterogeneous porous medium with degenerate forms 
of groundwater velocity and dispersion are obtained using Laplace Integral Transform Technique. The effects of the dispersion 
coefficient and groundwater velocity are supposed to be time and space-dependent. Keeping all parameter values the same for the 
posed problem, the concentration profiles in finite and semi-infinite porous media are demonstrated. Different diagrams are used 
to describe the solute concentration distribution. The developed model may help policy makers in water management to objectively 
assess pollution levels at a given time and position. This study is also important for analyzing the validity of numerical solutions. 
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