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1. Introduction

The use of fractional differential operators and integral operators in mathematical models has become in-
creasingly popular in recent decades. Fractional calculus has, therefore, found numerous applications in
different technical and scientific fields, such as fluid mechanics [1], signal processing [2], thermodynamics

[3], biology [4], economics [5], viscoelasticity [6], control [7] and many other physical mechanisms.

In conjunction with these efforts in research, fractional differential equations (FDEs) have also been pro-
posed and implemented in modeling several physical and engineering problems. As a result, an active
consulting firm has been involved in discovering reliable and effective methods for resolving FDEs. Since,
it is not easy to find the exact solutions of most FDEs, some approximate and numerical schemes must
be produced. Some of the numerical methods used to solve FDEs are differential transform method [8]
for fractional partial differential equation from finance, Adams-Bashforth method [9] for chaotic differen-
tial equations and Fisher’s equation, homotopy analysis method [10] for Nizhnik-Novikov-Veselov system,
g-homotopy analysis method [11] for seventh-order time-fractional Lax’s Korteweg-de Vries and Sawada-

Kotera equations, Shehu transform method [12] for Burgers-Fisher, backward Klomogorov and Klein-Gordon
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equations and some other systems, perturbation-iteration algorithm [13] for fuzzy partial differential equa-

tions and Adomian decomposition method [14] for Burger-Huxley’s equation.

Besides, as analytical methods, the functional variable method [15] for the Zakharov-Kuznetsov equation,
the Benjamin-Bona-Mahony equation and the Korteweg-de Vries equation, Sine-Gordon expansion method
[16] for RLW-class equations, modified Khater method and sech-tanh functions expansion method [17] for
emerging telecommunication model, Exp(—¢(¢))-expansion method [18] for nematicons, new extended
direct algebraic method [19] for Konno-Ono equation and Kudryashov’s method [20] for nonlinear schrodinger

equation are worth mentioning.

In this piece of research, the residual power series method [21-23] is used to obtain new approximate so-
lutions for below mentioned time-fractional Drinfeld-Sokolov-Wilson equation that arise in shallow water
flow models. We successfully solved differential equations with this method before [26-29]. Also Jaradat et.

al.[30] used RPSM for solving DSW equation where the fractional derivatives are in Caputo sense.

Consider the following nonlinear conformable time-fractional DSW equation, as

a“w(x,t)+ o(x t)av(x, 2] —0
ora  HURETET SR -
6"‘v(x,t)+ 63v(x,t)+ ( t)av(x,t)+€( t)dw(x,t) 0 o<a<l )
w(x, v(x,t)—— =0, a<l,
are 1 Y dx
subject to the initial conditions
w(x,0) = h(x),
(1.2)
v(x,0) = R(x).

The purpose of this study is to construct a power series solution for Eqs. (1.1) and (1.2) by its power series
expansion among its truncated residual function.The major improvement of the RPSM is that by choosing
suitable initial conditions, it can be applied directly to the problem without perturbation, linearization or
discretization, in other words, without any adjustments. Furthermore, present method is capable of obtain-

ing results without complicated calculations.

The remainder of the study is carried out as follows: In Section 2, we present essential definitions and results
for RPSM. Within Section 3, general procedure of the RPSM is summarized In Sections 4, Implementation of
RPSM for Drinfeld-Sokolov-Wilson system is presented. In Section 5, numerical results illustrated. Finally,

Section 5 is reserved for conclusion.
2. Essential Definitions and Results for RPSM

Suppose that f is an infinitely a-differentiable function, for some « € (0,1] at a neighborhood of a point
t = tp then f has the following conformable fractional power series expansion [24, 25]:
X (TP HP (1~ to)P®

fo=>

p=0

. fo<t<ty+RY* R>0. 2.1
aPp!

where (T2 f)P) is the application of the fractional derivative p times. [23, 25] A power series of the form
Z‘;O:O 8p (x)(1)P* for 0 = m—1 < a < m is called multiple fractional power series about #, = 0, where gp’s are

functions of x called the coefficients of the series.  [25] Suppose that u(x, ¢) has the following multiple
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fractional power series representation at #y = 0:

oo
utx,t)=) gy0)tP%, O<a<lxel,0<t<R'% 2.2)
p=0
1If 1P i I%(0,RY%), k=0,1,2,..., th TAC)
u; (x,r) are continuous on I x (0, ), k=0,1,2,..., t engp(x)— arp]

3. General Procedure of the RPSM

The main steps of this procedure are described as follows:
Step 1. Suppose that the solution of Eq. (1.1) and Eq. (1.2) is expressed in the form of fractional power series

expansion about the initial point £ =0, as

[e°] l.pa
wx, =) hplx)—,
(x, 1) ,;o p )app!
oo oo 1 (3.1)
v(x,)=) zp(x)——, O<a<l,xel,0<r<Ra.
p=0 aPp!

The RPSM guarantees that the analytical approximate solution for Eq. (1.1) and Eq. (1.2) are in the form of
an infinite fractional power series. To obtain the numerical values from these series, let wy(x, ) and vi(x, t)

denotes the k-th truncated series of w(x, f) and v(x, 1), respectively. i.e.,

k o
wi(x,t) = hy(x)—,
k(x, 1) p;o p( )app!
f (3.2)
pa L
Vi(x, t) = Zp(X) ——, O<a<l xel,0<t<Rea.
k(x, ) p;o p )app!

Take k = 0 and by the initial condition, the 0-th residual power series approximate solution of w(x, ) and

v(x, ) can be written in the following form, as

wy(x, 1) = ho(x) = w(x,0) = h(x),

(3.3)
Vo(x, 1) = zo(x) = v(x,0) = R(x).
The Eq. (3.2) can be rewritten, as
k e
wi(x, ) = h(x) + p; hp(x) e
(3.4)
k pa
Vi(x, 1) =R(x) +p§1zp(x)a7p!, O<a<l xel,0<t¢,

where k=1,2,3,.... By viewing the representations of wy(x, ) and vi(x, t), the k-th residual power series
approximate solutions will be obtained after h,(x), z,(x), p =1,2,3, ..., k, are available.

Step 2. Define the residual function, for Eq. (1.1) and Eq. (1.2), as

0%w(x, 1) ov(x, 1)
Resw(x, ) =———— + pu(x, ) ———,

a“a(ta N 8vx 1) ov(x, 1) dw(x, 1) 5.5
Res,(x,t) = AL vy +yw(x, ) S +&v(x, 1) W

are 1T o3 ox ox
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and the k-th residual functions, k =1,2,3,..., can be expressed, as

0 b 0 N
Reswk(x; t) :M+Hyk(xr t)My
’ ot ox (3.6)
0%vy(x, t Buvp(x, t ovi(x, t Qwy(x, t '
Res, i (x,1) = K )+17 k( )+)/wk(x, )+)+6 vi(x, L

0% 0x3 O0x

From [25], some useful results for Res,, (x, t) and Res, i (x, t) which are essential in the residual power

series solution for j =0,1,2,..., k are stated as follows:

(i) Resy(x,t) =0,Resy(x, 1) =0,

(ii) lim Resy k(x,t) = Resy(x, 1), lim Res,i(x,t) = Resy(x,t), foreachxelandt=0,
k—o0 ’ k—oo ’ 3.7

ja ja ja ja

0
(lll) Resw(x 0) = Reswk(x 0) = 6 Resy(x 0) = Resvk(x 0)=

Step 3. Substitute the k-th truncated series of w(x, t) and v(x, t) into Eq. (3.6) and calculate the fractional
derivative at(k vz Of Resy, i (x, ) and Res, i (x, 1), k=1,2,3,... at £ = 0, together with Eq. (3.7), the following
algebraic systems are obtained:

6(k—1)0¢

at(k——l)aReS“’vk(x’O) =0,

0(k—1)a (3.8)

at(k—l)aReSv'k(x’O)ZO’ 0<a51, k:1,2,3,,,_‘

Step 4. After solving the systems (3.8), the values of the coefficients h,(x), z,(x), p=1,2,3,..., k are obtained.

Thus, the k-th residual power series approximate solutions is derived.
In the next discussion, the 1st, 2nd, 3rd and 4th residual power series approximate solutions are determined
in detail by following the above steps.

4.Implementation of RPSM

For k =1, the 1st-residual power series solutions can be written, as

a

wy(x, 1) = h(x) + (x)%,

o (4.1)
v1(x, 1) = R(x) + 21 (x) —.
a
The 1st-residual functions can be written, as
o b 0 b
Reswl(x’ t):M +IJ/U1(x, t)M,
’ ot® 0x 4.2)
%vi(x, 1)  ui(x, 1) v1(x, 1) dw; (x, 1) '
Resyy (o= 0000 0D D e, )1—

o T o3 ox
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Substitute the 1st truncated series, w;(x,t) and v;(x, f) into the 1st residual functions, Res,,(x, ) and

Res, 1 (x, 1), respectively. i.e.,

Resu (6,0) = () + (R0 + 2100 =) (RO )+ 20 (0 = )
_ ) 3 1 ) (W 0
Res, 1 (x, 1) = 210 + (X900 + 2 () - )+ y(hto + o - )(N () + 20 () — )

t? t*
+E(R@+ 20— (MY + AP =)
a a
From Eq. (3.8) and Eq. (4.3), it can be written, as

By (x) = = (LRORY (1)),
z1(x) = = (ERE) AV (1) + yAx)RD (x) + nRP (1).

The 1st RPS approximate solutions can be written in the following form, as

a

—ho - M
w1 (6, 0) = h) - —(RWRY (),

(5, =R = — (EREOAD 00 + YRR () + 78 ()

For k = 2, the 2nd-residual power series solution can be written, as

% tZa
wi(x, 1) = h(x) + hi(X)— + h2 (x) =,
a 2a?

@ 2a
v1(x, 1) = R(X) + 21 (X) — + 22(%) 5.
a 2a

Substitute the 2nd truncated series u» (x, t) into the 2nd residual function Res,(x, 1), i.e.,

a a

2a a 2a
Resw(x, 1) = Iy (%) + ha (x) % + u(N(x) +z (x)% +2 (x)t—)(xﬂ’ (x) + 2" (x)t— 20 (x) —)

Resyo(x, 1) = 21 (x) + 22(%) t— + n(x‘?’) ) +2% (x)t— 2% (x) ) + y(ﬁ(x) +hy (x)—

a
+ Iy (x)—) (N(D (x) + 2V (x) + 20 (x) ) + e(N(x) +21 (x)t—
T\ (50 W
+ 2p(x) Zaz)(h (x) + 1y (x) o hy” (x) 2a2)

From Eq.(3.8) and Eq.(4.7), it can be written, as

ha(x) = —(,Uzl(x)N(D (x) + pR(x0) 2V (x)),
22 (x)=- (Q(.Zl (X)h(l) (x)+ fN(x)hgl) (x) + th (JC)N(D (x)

+ yh(x)zil) (x) + nzgs) (x))

(4.3)

(4.4)

(4.5)

(4.6)

4.7)

(4.8)
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The 2nd residual power series approximate solutions can be written in the following form, as

2a
ws(x, 1) = h(x) - —(ux(xm(”(x)) (uzl XD () + R0 2" (),

2a
vy, 1) = N(x)——(éN(x)h(D(x)+yh(x)N(”(x)+nN(3)(x)) L (Eaton 4.9

+ &R AP (0 + YR (R (x0) + Y h(x) 2P (x) + 2 (x)).

For k = 3, substitute the 3rd truncated series,
a 2a 3a
ws(x, 1) = h(x) + (x)— +ha(X) 55 + h3(X) 3,

ta 2a 3a ’ (4.10)
v3(X, 1) = R(X) + 21 (X) — + 22(X) — + 23(X) —.
a 2a? ad

of Eq. (1.1) and Eq. (1.2) into the 3rd residual function, Ress(x, t), of Eq.(3.6), i.e.,

a tZa ta t2a 3
Resus(x, 1) = Iy () + Iy (x)— () + N(N(x) 20—+ 20 + 20 )(N(” x)

+z1”(x) +z2”(x) +z31)( )—)

a a 3a
Resyas, =210+ 220 o+ 230 L (8004 200 5 4 2P0 4 )

2a (4.11)
+ y(ﬁ(x) +h (x)— +hy (x)— + hg(x) )(Nm x) +2" (x)

o 2a m 3 1% t2a 3 W
+A o+ 4 W )+5(N(x)+z1(x)—+zz(x) 5+ 505 )(h ()

+ hil) (x) + h(l)( ) + h(l)( ) )
Now, solving the equation %Resk(x, 0) =0, for k = 3 gives the required value of g3(x), as

B3 (x) = —(,uzz RV () + 2021 (020 (1) + R () 280 (x)),
230) = =(£220RD (0 +2621 (A () + RO () + Y ha (DR () (4.12)

+2yh (x)zll) (x) +yh(x) 221) (x) + nz(3) (x))

Based on the previous results for gy (x), g1 (x) and g2 (x), the 3rd residual power series approximate solution
becomes

2a
wale, =000 = (“N(xmm )3 - 573 (ke R ) + pr 2 ()
3a
- @ (IJZZ (X)N(l) (x) +2uz1 ()C)Zil) (%) + ,UN(X)ZS) (X)),

- _ﬁ @ 1 3) _tz_a 1)
3 1) =R~ —[ERWAY ) + 7R () + 8O () = 2 (€21 AP () w13

+ERWAY (0 + Y (ORY () +yh(x) 2 (0 + 72 ()
3a
— %(&z(x)h(l) (x)+28z (x)hil)(x) +€N(x)h§” ) +Yh2(X)N(1)(x)

+2yh (x)z1 Vi) + Yh(x) ZZD (x)+ nz(g) (x)).
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For k = 4, substitute the 4th truncated series

wa(x, 1) = h0) + hy (0 5 + hp(0) gy + ha (0 £ + (0 5hr, va(x, 8) = RO + 21 (05 + 20 (0) ey + 25 (0) 55 +

2404‘“
zﬂx)%; of Eq. (1.1) and Eq. (1.2) into the 4th residual function,Resy(x, t), of Eq.(3.6), i.e, Resy(x,t) is

equals to

1% 2a 3a a 2a
Resya(x,t) = hy(x)+ hy (x)— + h3 (x) 5+ h4(x) ! 3+ ,u(N(x) + 21 (x)t— + 2 (x)—

t3oc 4a o W 2 " t?,a
2500 +Z4(x)24 4)(N W +20 = +z2 (x)—+z3 ()=
(1)
™) 24a 4)
% 2a t3a Al
Resya(x, 1) =z21(x) + 22 (x)— + Z3(x) =tz (x) —+ n(N(‘o’) (x)+ z(s) (x) —
20 (4.14)
2 (x) 2 (x) 2o 4) + Y(h(x) U AE LA
() o tw =+ ha(x) a3 )(N(D () + z(“(x) + 20 (x) +z D(x) sa
24(14 1 2 3
W t4a t% 2a 3a
+e 0 )+6(N(x)+z1(x)— + 2005 + 20—
+ z4(x) t4 )(h(l)(x) + h(l)(x) h(l)(x) h(l)(X)j + h(l (x) t4a )
244 1 4at
From Eq. (3.8) and Eq. (4.14), it can be written, as
ha(x) = —(uZ3(x)N(1)(x) +31z2 (020 (%) + 321 (1) 25" (x) + PR (x) 25" (x)),
2400 = =(£250RY () + Y hs IR () + 3822 () A () + 3821 () A () + ER D RSP () (4.15)

+2Yhp(x) 27 (x) + 3y hy (0) 25° (x) + Yh(x0) 2{" (x) + 02l (x))

Based on the previous results for h(x), h1(x), ho(x) and hs(x) and zy(x), z1(x), z2(x) and z3(x), the 4th

residual power series approximate solution can be obtained. For the convergence analysis, see [25]
5. Numerical Results

To illustrate the authenticity of the RPSM method to solve the nonlinear conformable time-fractional Drinfeld-
Sokolov-Wilson equation, three applications are considered. Consider the following time-fractional Drinfeld-

Sokolov-Wilson equation, as

0%w(x, 1) ov(x, t)
—— +3v(x, f)———— =0,

ot 0x 5.1)
Ov(x 1) a3u(x D 4o t)av(x, D 4 e t)aw(x, D_o0 o<a<l '

ot 0x3 ’ ’ ox ’

subject to the initial conditions
w(x,0) = 3sech®(x),
(5.2)

v(x,0) =2sech(x).
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The exact solution of this problem for @ =1 is given in, as

w(x,t) = 3sech? (x—21),
(5.3)
v(x,t) =2sech(x—2t).

It can be observed that numerical results are agreement with the exact solution with a high accuracy. Also,
it is clear that the adding new terms of the residual power series approximations can make the overall error

smaller.

Figure 1. 3D surface plots for the 4th residual power series solution wy(x, f) witha. a =0.8and b. ¢ =0.9
for Example 5

Exact Solution Approgimate Solution

Figure 2. 3D surface plots of exact solution and approximate solution wy(x, t) at « = 1 of Example 5.

6. Conclusion

In this research, we have given an algorithm, namely the Residual Power Series Method (RPSM), for the ap-
proximate solution of the fractional Drinfeld - Sokolov - Wilson equation system. The scheme is based on
the power series and the solutions are determined in the form of a converging series with simple calcula-
tions. The approach offers approximate solutions with a good level of precision. Summing up these results,
we can conclude that the residual power series method, in its general form, offers a fair amount of calcu-
lations, is an efficient method and simple to apply for nonlinear fractional differential equations in general

form.
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Figure 3. 3D surface plots for the 4th residual power series solution v4(x, ) witha. @ =0.8 and b. a = 0.9 for
Example 5

Exact Solution Approximate Soltion

Figure 4. 3D surface plots of exact solution and approximate solution vy4(x, t) at & = 1 of Example 5.

-4 -1 2 L)

Figure 5. 2D plot of solutions ws at ¢ = 0.1 for Example 5.
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Figure 6. 2D plot of solutions v; at ¢t = 0.1 for Example 5.
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