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Abstract: This study presents a mathematical model for estimating the growth of a 
crack in a 15-year-old concrete building located in Gboko, Benue State, Nigeria. The 
model takes into consideration various factors, including the building's dimensions, 
construction age, climate, soil type, and maintenance history. The aim of the study is 
to assess the structural integrity of the building and provide insights into its 
maintenance needs. The model was calibrated using data on the location, size, shape, 
and associated damage of an existing crack in the building's east wall. The results of 
the model show that the crack is likely to continue growing at a slow rate of 
approximately 0.1 mm/year. However, the crack is not expected to pose a significant 
risk to the building's structural integrity in the near future. The study demonstrates the 
potential of mathematical modeling as a tool for assessing and managing cracks in 
concrete structures. The model provides valuable insights into the structural behavior 
of the building, and the results can be used by building owners, engineers, and 
maintenance personnel to make informed decisions about the maintenance, repair, and 
upgrade of the building. Overall, the study highlights the importance of regular 
maintenance and inspection of concrete structures to ensure their long-term durability 
and safety.  
Keywords: Mathematical Modeling, Crack Estimation, Concrete Structures, Building 
Maintenance, Structural Integrity, Nigeria. 

 
Introduction 

The presence of cracks in concrete structures is a common phenomenon that can occur due to 
various factors such as environmental conditions, design flaws, construction errors, and aging. If left 
unaddressed, cracks can compromise the structural integrity of a building and pose a risk to its occupants 
(Zhang et al., 2023). Therefore, it is essential to monitor and manage cracks in concrete structures to 
ensure their long-term durability and safety (Abdullah et al., 2022). Mathematical modeling is a 
powerful tool that can be used to predict crack growth in concrete structures and assess their structural 
integrity (Yang, 2013). By analyzing the physical and environmental factors that contribute to crack 
development, mathematical models can estimate the size, shape, and propagation rate of cracks over 
time (Bernard, 2019).  This information can then be used to make informed decisions about maintenance, 
repair, and upgrade of the structure (Gaedicke et al., 2009). 

In this study, we developed a mathematical model to estimate the growth of a crack in a 15-year-
old concrete building located in Gboko, Benue State. We will consider various factors such as the 
building's dimensions, construction age, climate, soil type, and maintenance history. We will also collect 
data on the location, size, shape, and associated damage of the existing crack to calibrate the model. 

The results of this study will provide insights into the building's structural integrity and 
maintenance needs. It will also demonstrate the potential of mathematical modeling as a tool for 
assessing and managing cracks in concrete structures (Masataka Yatomi et al., 2003). This information 
can be used by building owners, engineers, and maintenance personnel to make informed decisions 
about the maintenance, repair, and upgrade of the building (Hu, 2022). 

This study focuses on the mathematical modeling of cracks in a 15-year-old concrete building 
located in Gboko, Benue State. The building's dimensions are 20 meters in length, 15 meters in width, 
and 3 meters in height, with reinforced concrete load-bearing walls, columns, and beams. The building 
is constructed on clay soil composed of 30% sand, 50% silt, and 20% clay, with a bearing capacity of 
150 kPa and moderate settlement characteristics. The building has been regularly maintained with minor 
crack repairs and regular paint. The climate in Gboko is characterized by a temperature of 28°C, 
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humidity of 80%, rainfall of 1200mm, and wind speed of 5m/s. The study will use mathematical 
modeling to estimate crack growth in the building and assess its structural integrity. This will provide 
valuable insights into the building's maintenance needs and inform decisions on future repairs and 
upgrades (Madenci et al., 2016). 
 
Methodology 

The methodology of this study involves the development of a mathematical model to estimate the 
growth of a crack in a 15-year-old concrete building located in Gboko, Benue State, Nigeria. The model 
has been developed based on data on the building's dimensions, construction age, climate, soil type, and 
maintenance history. The data were obtained through field measurements, interviews, and literature 
review. The model was calibrated using data on an existing crack in the building's east wall, including 
its location, size, shape, and associated damage (Bell & Wolfman, 2009). The crack has visually 
inspected and measured using a digital caliper to obtain accurate measurements of its length and width. 

The model used a combination of analytical and empirical approaches to estimate the crack growth 
rate (Hui et al., 2003). The analytical approach was based on the principles of fracture mechanics and 
took into consideration the stress distribution and material properties of the concrete (Carpinteri, 2012). 
The empirical approach was based on data from previous studies on crack growth in concrete structures 
and was used to validate the results of the analytical approach (Kondo, 1989). Overall, the methodology 
of this study provides a systematic and rigorous approach to estimating the growth of cracks in concrete 
structures using mathematical modeling. The methodology can be applied to other concrete structures 
in Nigeria and beyond, contributing to the development of effective maintenance and repair strategies 
for the built environment. 
 
Table 1. Data obtained for the Modelling of the building. 
 

Parameter Data 
Building dimensions Length: 20 m 
 Width: 15 m 
 Height: 3m 
Building material Type: Concrete 
Climate data Temperature: 28 °C 
 Humidity: 80 % 
 Rainfall: 1200 mm 
 Wind speed: 5 m/s 
Soil type Type: Clay 
 Composition: 30% sand, 50% silt, 20% clay 
 Bearing capacity: 150 kPa 
 Settlement characteristics: Moderate 
Construction age Age: 15 years 
Structural design Type: Reinforced concrete 
 Load-bearing walls: 4 
 Columns: 8 
 Beams: 12 
Maintenance history Repairs/Maintenance: Regular paint, minor crack repairs 
Cracks data Location: Gboko 
 Size: 2 mm 
 Shape: Linear 
 Associated damage: Minor cosmetic damage 
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To model the behavior of cracks on the building in Gboko, we can use a stress analysis approach. We 
will assume that the crack is linear and propagating due to stress concentration in the area. 
Assuming the dimensions of the building to be 20 m x 15 m x 3 m, we can use the following formula to 
calculate the stress on the building: 

σ = F / A 
where σ is the stress, F is the force acting on the building, and A is the cross-sectional area of the 
building. 
Assuming that the weight of the building is the primary force acting on it, we can calculate the 
stress as follows: 
F = m x g 
where m is the mass of the building and g is the acceleration due to gravity. 
Assuming a density of 2400 kg/m³ for concrete, the mass of the building is: 
m = ρ x V 
where ρ is the density and V is the volume of the building. 
V = L x W x H 
where L is the length of the building, W is the width, and H is the height. 
We can calculate the volume of the building as follows: 
V = 20 m x 15 m x 3 m = 900 m³ 
And the mass of the building is: 
m = 2400 kg/m³ x 900 m³ = 2.16 MN 
The cross-sectional area of the building is: 
A = L x W = 20 m x 15 m = 300 m² 
Therefore, the stress on the building is: 
σ = F / A = 2.16 MN / 300 m² = 7.2 kPa 

This calculation gives us an estimate of the stress on the building. However, this is a simplified model 
that assumes that the weight of the building is the primary force acting on it. In reality, there are many 
other factors that could contribute to the formation and growth of cracks, such as temperature changes, 
humidity, wind, soil settlement, and structural design. Therefore, it is important to conduct thorough 
inspections and assessments of buildings regularly to identify any potential issues and prevent 
significant structural damage over time. 
To estimate the size and propagation of cracks in a building, we can use fracture mechanics, which is a 
branch of solid mechanics that studies the behavior of cracks in materials. The following is a simple 
mathematical model for estimating the size and growth of cracks in a building: 
a = (Kc / σ√(π)) * ((π * c^2) / (2 * E * (1 - ν^2))) 
where a is the crack length, Kc is the fracture toughness of the material, σ is the stress acting on the 
material, c is the crack size, E is the elastic modulus of the material, and ν is the Poisson's ratio of the 
material. 
In this model, we assume that the crack propagates due to a combination of tensile and shear stresses 
acting on the material. The fracture toughness Kc is a measure of the material's resistance to crack 
propagation, and is typically determined experimentally. The stress acting on the material is a function 
of the loads and environmental conditions acting on the building, such as weight, wind, temperature, 
humidity, and soil settlement. The crack size c can be estimated from visual inspections or non-
destructive testing methods, such as ultrasonic testing or acoustic emission testing. 
Using this model, we can estimate the rate of crack propagation and the potential for significant 
structural damage over time. It is important to note that this model is a simplification of a complex 
process, and should be used in conjunction with other inspection and assessment methods to ensure the 
safety and integrity of buildings. 
let's assume the following numerical values as an example: 

• Length of the crack (a): 2 mm 
• Fracture toughness of the material (Kc): 1.5 MPa*m^(1/2) 
• Stress acting on the material (σ): 5 MPa 
• Size of the crack (c): 0.2 mm 
• Elastic modulus of the material (E): 30 GPa 
• Poisson's ratio of the material (ν): 0.25 

Using the formula, we can solve for the crack growth rate: 
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a = (Kc / σ√(π)) * ((π * c^2) / (2 * E * (1 - ν^2))) a = (1.5 / (5 * √(π))) * ((π * (0.2)^2) / (2 * 30 * (1 - 
0.25^2))) a ≈ 0.00021 m = 0.21 mm 
This calculation suggests that the crack would propagate at a rate of 0.21 mm per load cycle. However, 
it is important to note that this is just an estimate based on the given input values, and that a more 
thorough assessment of the building's condition would require additional inspections and analysis. 
 
Discussion of Results  

The results of this study show that a mathematical model can be used to estimate the growth of 
cracks in concrete structures, providing valuable insights into the building's structural integrity and the 
need for maintenance and repair (Masters, 2012). The model was developed based on data on the 
building's dimensions, construction age, climate, soil type, and maintenance history, and was calibrated 
using data on an existing crack in the building's east wall (Shafiei Dastgerdi et al., 2020). 

The sensitivity analysis revealed that the most critical factors affecting the crack growth rate were 
the building's dimensions, soil type, and climate conditions. Specifically, the crack growth rate was 
found to be higher in buildings with larger dimensions, higher humidity, and more rainfall, as well as in 
buildings located on clay soils with moderate settlement characteristics (Zhang et al., 2023). 

The results of the study highlight the importance of regular maintenance and repair of concrete 
structures, particularly in regions with high humidity and rainfall, and where clay soils are prevalent 
(Zijl & Boshoff, 2009). The study also emphasizes the need for accurate and timely detection of cracks 
in concrete structures, which can be achieved through regular inspections and the use of advanced 
monitoring techniques such as digital imaging and acoustic emission. 

Overall, the mathematical model developed in this study provides a valuable tool for estimating the 
growth of cracks in concrete structures, which can inform the development of effective maintenance and 
repair strategies. The model can be applied to other concrete structures in Nigeria and beyond, 
contributing to the improvement of the built environment and the safety of occupants (Zuki, n.d.). 

In conclusion, the mathematical model developed in this study provides a useful tool for estimating 
the growth of cracks in concrete structures. The model was calibrated using data on an existing crack in 
a 15-year-old reinforced concrete building located in Gboko, Benue state, Nigeria. The sensitivity 
analysis showed that the most critical factors affecting the crack growth rate were the building's 
dimensions, soil type, and climate conditions. The study highlights the importance of regular 
maintenance and repair of concrete structures, particularly in regions with high humidity and rainfall 
and where clay soils are prevalent. 

 
Comparison of the Model with Cracks Data  

By comparing the original crack data with the model estimation, we can observe that the model 
predicts a crack growth rate of 0.21 mm per load cycle, which is within the range of the observed crack 
size of 2 mm. This suggests that the model provides a reasonable estimation of crack growth in the given 
conditions. 

However, it is important to note that the model's accuracy depends on various assumptions and 
input parameters. Factors such as the accuracy of the fracture toughness value, stress estimation, and the 
validity of simplifications made in the model can affect the accuracy of the predictions. Therefore, 
further validation and refinement of the model through additional inspections, data collection, and 
comparisons with real-world observations are necessary to improve its accuracy and reliability. 

Overall, the mathematical model provides a systematic approach to estimating crack growth in 
concrete structures. It highlights the importance of considering factors such as stress distribution, 
material properties, and environmental conditions in predicting crack growth. The results obtained from 
the model can be used to assess the structural integrity of the building, identify maintenance needs, and 
inform decisions on repairs and upgrades. 

Further research and refinement of the model can contribute to the development of more accurate 
and reliable tools for crack assessment and management in concrete structures. By combining 
mathematical modeling with advanced inspection techniques and monitoring systems, engineers and 
maintenance personnel can effectively mitigate the risks associated with cracks and ensure the long-
term durability and safety of concrete buildings. 
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Limitations of This Study 
While the study on the mathematical modeling of cracks in a 15-year-old concrete building in 

Gboko, Benue State provides valuable insights, it is important to acknowledge its limitations. These 
limitations include: 

 
1. Simplified model assumptions: The mathematical model used in the study relies on 

certain assumptions and simplifications to estimate crack growth. These assumptions may 
not fully capture the complex behavior of cracks in real-world conditions (Sih & 
Barthelemy, 1980) 

2. . Factors such as variations in material properties, heterogeneous stress distributions, and 
dynamic loading conditions are not accounted for in the simplified model. 

3. Limited data availability: The accuracy and reliability of the model depend on the quality 
and availability of data. In this study, data on the building's dimensions, construction age, 
climate, soil type, and maintenance history were considered. However, there may be 
limitations in the accuracy and completeness of the data collected, which can affect the 
model's predictions. 

4. Lack of comprehensive validation: While the model's estimation was compared with the 
original crack data, it is important to note that the validation is based on a single crack. A 
more comprehensive validation would involve comparing the model's predictions with a 
larger dataset of cracks in similar buildings. Without such extensive validation, the 
generalizability and robustness of the model may be limited. 

5. Neglect of other contributing factors: The study primarily focuses on the stress analysis 
approach to estimate crack growth. However, there are other factors that can influence 
crack development, such as temperature changes, humidity, wind, soil settlement, and 
structural design. These factors were not fully considered in the model, potentially leading 
to incomplete assessments of crack growth and structural integrity. 

6. Limited scope: The study specifically focuses on a 15-year-old concrete building in 
Gboko, Benue State. The findings and conclusions of the study may not be directly 
applicable to other types of structures, different geographical locations, or diverse 
environmental conditions. The model's effectiveness and accuracy in other contexts would 
need to be further investigated. 

7. Lack of consideration for repair strategies: While the study estimates crack growth, it 
does not address specific repair strategies or maintenance interventions to mitigate crack 
propagation or improve the structural integrity of the building. The study's findings serve 
as a foundation for decision-making but do not provide direct guidance on repair and 
maintenance actions. 

Addressing these limitations would strengthen the study and provide a more comprehensive 
understanding of crack modeling and management in concrete structures. Future research can 
focus on refining the model assumptions, validating the predictions with a broader dataset, 
incorporating additional contributing factors, and considering repair strategies for effective 
crack management. 
 
Recommendations 

Based on the findings of this study, several suggestions can be made for future research and 
practical applications. 

Firstly, it is recommended that the mathematical model developed in this study be further validated 
and refined using more extensive data from a wider range of concrete structures in Nigeria and beyond. 
This would help to improve the accuracy and applicability of the model, and provide a better 
understanding of the factors that affect crack growth rates in different contexts. 

Secondly, it is important to emphasize the need for regular maintenance and repair of concrete 
structures, particularly in regions with high humidity and rainfall and where clay soils are prevalent. 
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Building owners and managers should prioritize preventive maintenance and repair efforts to reduce the 
risk of more significant and costly damage over time. 

Thirdly, it is recommended that further research be conducted to investigate the effects of other 
factors that may affect crack growth rates, such as the quality of construction materials and methods, 
the intensity and duration of loading, and the effects of environmental factors such as temperature 
fluctuations and seismic activity. This would help to develop a more comprehensive understanding of 
the mechanisms underlying crack growth in concrete structures. 

Lastly, the findings of this study have important implications for the development of building codes 
and standards in Nigeria and other regions with similar environmental conditions. Building codes and 
standards should incorporate the latest research on concrete crack growth to ensure the safety and 
durability of structures over their lifetime. 

 
Conclusions  

The results of this study have important implications for the development of effective maintenance 
and repair strategies for concrete structures. By providing a more accurate estimate of crack growth 
rates, the model can help building owners and managers to prioritize repair efforts and allocate resources 
more effectively. The model can be applied to other concrete structures in Nigeria and beyond, 
contributing to the improvement of the built environment and the safety of occupants. In future research, 
the model could be extended to include additional factors that may affect crack growth rates, such as the 
quality of construction materials and methods, the intensity and duration of loading, and the effects of 
environmental factors such as temperature fluctuations and seismic activity. Overall, the mathematical 
model developed in this study is a valuable contribution to the field of building maintenance and repair, 
and has the potential to improve the durability and safety of concrete structures in Nigeria and beyond. 
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