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Keywords Abstract
Fractional derivative, In this paper, we are interested to study conformable pseudo-parabolic equation. This
Pseudo-parabolic equation has many applications in science and engineering. Our main goal is to show
equation that the convergence result of the mild solution when the fractional order tends to 1.

The main technique is to use evaluations in Hilbert scales spaces that incorporate some

Well-posedness, . .
new inequalities.

Convergent esti-
mates,
Regularization.

1. Introduction

In recent years, fractional calculus has been the subject of active research. It accurately simulates some models
where classical derivatives are constrained and describes numerous natural phenomena. The fractional deriva-
tives must be used to model some viscous effects. Many fields, including physics, biology, and chemistry, have
equations with fractional derivatives, see in [1,2].

Because to their numerous applications, including [3] circuits and chaotic systems in [4] dynamics, PDE with
conformable operator have drawn interested mathematicians employing various methods. The link between these
two derivative kinds has been studied by mathematicians using the following observation. A conformable frac-
tional derivative of order « exists at s if f is a real function and s > 0, and only if it is (classically) differentiable
at s.

O f(s) _ 4 adi(5)
gse° ds ' )

where 0 < o < 1. If f is defined in a general Banach space, then Equation (1) will not hold . This is also the
main reason why the study of conformable PDEs in Hilbert spaces or Sobolev spaces is not as active as ODEs.
Impressive work on diffusion equation with conformable derivative seems to be of Tuan and his colleagues [5],
Hung and his coauthors [6].

Let T" > 0, we consider the following problem

Coa

;za (Z(x,t) — kZyo(2,t) — Zpo(z,t) = G(z, 1), (x,t) € Q x (0,7),

2(0,t) = Z(m,t) = 0, 0<z<mte(0,T), )
Z(z,0) = f(x) O<x<m,
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where f is the initial datum and G is the source function.

The pseudo-parabolic equation has been widely investigated and describes a number of significant physical
phenomena. For further information, check the sources listed in [7-9]. The existence and blowup of solution,
interested readers can find it in [10, 11].

Some papers on pseudo-parabolic equation with Caputo derivative or Riemann-Liouville can be found in
[8,12—-14]. However, there are limited result on pseudo-parabolic equation with conformable derivative. The
first work on conformable pseudo-parabolic equation seems to be of [15]. In [15], the authors studied the well-
posedness of nonlinear conformable diffusion equation. However, there is an interesting question later about the
limitation of the mild solution when o« — 1~ which has not been explored in [5, 15]. The main purpose of this
paper is to answer this question.

2. Preliminary results

Definition 2.1. Let the function g : [0, c0) — B where B is a Banach space. If the limitation exists in B

oof(t) . g(t+ht!8) —g(t)
i = i 2 ®

for each ¢ > 0, then we call it the conformable dertivative. More information about conformable, we can provide
some papers [16-19].

Definition 2.2. For any s > 0, the Hilbert scale space

ni::l)\%s(/QV(a:)wn(x)d:/U>2 < 00}7

H5(Q) = {y c L*(Q)

with the norm

00 1/2
2s 2 s
1y = (E_j ([ vapm@an) g em@)
Theorem 2.3. Fore, 5 > 0, we get
‘ exp ( — zt—) —e | < oFleh) ((1 —a)f +(1—a)+ T~ 1|>€z€, 0<t<T, 4)
a
where a > o and 8 > 0. Here C depends on oy, e, 5.
Proof. The proof can be found in [20]. L]
3. The mild solution and some lemmas
The mild solution which is given by
Z(,t) =Y (Z( ), bn)n(x), Pn(x) = \/>Sln(m)- (5)
n=1 Q
Problem (2) takes the inner product with v,, gives
O B t), ) + T2 () ) P (2 0) = (Gathb)s € (0.T)
ata *) b n *) b n ata *y ) n - *y ) nj/s b b (6)
(Z(.,0),¢n) = (f,¥n).
The first equation of (6) is a differential equation with a conformable derivative as follows
2l ) + 3 a8 = 1 (Gt )
ata a\ M n 1+kn2 a\ ) n - 1+kn2 *) ) nj/-
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Due to the result in Theorem 5, p.318, [18] we have
2

<Za('7t)awn> = exp <_1J:Lkn2ta) In

1 t . n2 ro o
+ T3 2 /0 " exp <1 e R > Gy (r)dr.

fu= / f@)n(@)dz,  G(r) = / G, r)bn(z)de

Here we remind that

This implies that

— 14+ kn? o
+§: [# /t a=lg U P (r)dr}w (z) %
Zltvr? Jy "t P\ T2 o ) i

The main result of our paper is described as follows
Theorem 3.1. Let Z* be the mild solution to following problem
9z*

o (27 (@) = kZ5,(x,1)) = ZZ,(w, 1) = Gla, 1), (z,t) € Qx € (0,7),
7*(0,t) = Z*(m,t) = 0, 0<z<mte(0,T), ®)
Z*(x,0) = f(z) 0<z<m.

Let % <a <1 Let f € HY0,7) and G € L>(0, T;H?2(0, ). Then we have the following observation
€
1Zat) = 2 () lgagomy S K562 (1= ) + (1= @) + 7 = 1)1
+((1-a)f+1-a)+|T'—1)) G| L (0 rigza—2(0.m))

+ k_lHGHLOO(O,T;Hd*%OJr)) [\/(1 - 04)5 +(1—a)+|T"*—1]+1—al. (9

where e > 0 and 0 < < min(c, 2c0 — 1).

Proof. The mild solution to Problem (8)

2

=3 exp (~ ) el

3 1 g n?(r —t)
From (7) and (10), we have that

Zo(x,t) — Z*(:U t)
2 2

=3 [on () oo (et )
3 [ [ (o ()~ () Yt e

N 1 ! a— n2(7“ — t)
+ 1;1 |:1_A,_kn2/0 (7“ L_ 1) exp (W) Gn(r)dr:| wn(l’)
= Bi(xz,t) + Ba(x,t) + Bs(x,t). )
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Step 1. Estimate the term B1.
By using Parseval’s equality and in view of Theorem (2.3), we get that

3

n? @ n?

”Bl("t)H]?ﬂd(Ow Z [exp “Timla ) exp(_1+kn2t)}2|fn’2

Z/\

3 )220 (1 — )P _ 1—a _ 11\ p 12
> ) e (A=) + (=) + T 1) IR a2)

Step 2. Estimate the term Bs.
Using the inequality |~ — e~%| < C|a — b for any § > 0 and Theorem (2.3), we get

’I’L2 P o

ng(r —t) n? te T
o (LD ol [ o+ £ ]
‘eXp(1+kn2 o ) eXp(1+k:n2)’_ (1+kn2) o b+ P
tOé TO&
< Ck:’2H— —t‘ n H (13)
«
In view of [20], we get the following bound for 0 < r,t < T

ta

4 < ¢(an, et ((1 —a)fr(1—a)+ [T - 1|) , (14)

o

and if we change the variable ¢ to the variable r, we get an inequality equivalent to (14) Hence, using Parseval’s
equality, we derive that

B2 D) [0,

- t 2 o _ o 2 2
- (e () g (M=)
_z:: [1+kn2/ " (exp<1+kn2 o ) exp( T4 2 )Gn(r)dr
t 2 o a 9
n? a—1 a—1 n r¢ —t n (T—t) 2 )
= 2n4 — -
- r; k2n </0 ' dr) [/o ' (exp <1 +kn?  « ) exp ( 1+ kn2 ) ) |G (r)["dr

(1-a+ -+ e 1)’

%) t t
X Zn2d4</0 raltzaan(r)2dr+/0 7’0‘17”20‘2’6|Gn(r)|2d7'>. 15)
n=1

Thus, we can infer that

N

2
HBQ('vt)Hiﬂd(Om) 5 ((1 — a)’B + (1 — Oé) + |T17a _ 1|>

t t
[#a—?ﬁ /0 PG | faa oy dr + /0 r3a—2/3—1HG<.,r)H§HdQ(OJ)dr] (16)

It is obvious to see that

! a—1 2 2 2
/0 re G, 7’)HHd—2(0m)d7’ < HGHLOO(O,T;Hd—2(O,7r))E’ (a7)
and
t Coa 9 9 t3a725

/0 rdo=20 1HG('7T)HH‘1*2(O,W)CZT < HGHLOO(O,T;Hd*Z(O,Tr))m' (18)

Some previous observations allows us to get that

2

HBZ HHd(o ) ~ <(1 o O‘)B +(l-a)+ ’Tl_a - 1‘) tsa_zﬁHGHiOO(O,T;Hd*%OJr))' (19)
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Step 3. Estimate the term Bs.
Based on Parseval’s equality, we get

2 ad 1 b n?(r —t) 2
1B O 2y = 0 [HW/O ("1~ 1) exp <1+W> Gn(T)dr]

n=1

o= ada | (e 2 n(r —t) 2
< k ;n o r - 1‘ exp <2m> ‘Gn(rf')‘ dr
t
-2 2 200—2 -1
<k HGHLOO(O,T;Hd-Q(o,n))/O (r B )d“ (20)
Indeed, we get that
t 2a—1 a
t 2t
/ (r2e=2 1 - 2027 )ar = ) @1)
0 200 —1 o
we have
t2a—1 to 7fa—l a
8- e
20 — 1 a a 12a—1
tafl to -1 2 tafl to
< (a—1) L t’. (22)
a al2a—1) a la
Hence, since the fact that oo > %, we derive that
t 20—1 « a—1 ja 2 a—1 @
t 2t t t —1 t t t
/(r2a—2+1—2ra—1)dr: ——+t< (1) — =t + |t
0 20—-1 « a alfa—1) a la a

< 2a—p-l ((1 —a)f (1 —a) T - 1\) P2l — )2 (23)

It follows from (20) that

1B Olla0my S 6 NG oo oo 20y [V (L= )P + (A —0) + [T =1 +1=a.  24)
Combining (11), (12), (19) and (24), we infer that
1 Za(8) = Z7( )|l gao
S HBl('vt)HHd(om) + HB2("t)HHd(O,7r) + HB3("t)H]HI’1(O,7r)
ke (1-a)P + (1= ) + [T = 1)) [ lla0m

+ (=) + (1= a) + T = WG| e o 11— (0.

+ kilHGHLOO(O,T;Hd*Q(OJr)) (\/(1 —a)f+(1—a)+ [T =1 +1- 04)- (25)

4. Conclusion

In this work, the conformable derivative is applied to pseudo-parabolic equation. The main target is to show
that the convergence result of the mild solution when the fractional order tends to 17, with some new inequal-
ities and using Hilbert scales spaces. In the future work, we will continue to study the convergence results for
pseudo-parabolic equations with other derivatives such as: Caputo derivative, Atangana Baleanu Caputo deriva-
tive, Riemann-Liouville derivative, and some other non-integer order derivatives. .
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