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King operators which preserve z’
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ABSTRACT. We prove the unique existence of the functions r,, (n = 1,2,...) on [0, 1] such that the corresponding
sequence of King operators approximates each continuous function on [0, 1] and preserves the functions ep(z) = 1
and ej(z) = 29, where j € {2,3, ...} is fixed. We establish the essential properties of 7, and the rate of convergence
of the new sequence of King operators will be estimated by the usual modulus of continuity. Finally, we show that the
introduced operators are not polynomial and we obtain quantitative Voronovskaja type theorems for these operators.
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1. INTRODUCTION
Let II,, be the space of all algebraic polynomials of degree not greater than n. The Bernstein

operators B,, : C[0,1] — II,, are given by

a B @) =S pur) (1),
k=0

wheren =1,2,...,z € [0,1], f € C[0,1] and py, x(z) = (})2"(1 —x)"*. For j = 0,1,2,..., we
denote by e; the power function e;(z) = 27, x € [0, 1]. It is well-known [6, p. 3] that

1
(1.2) (Bneo)(z) =1, (Bpei)(x) =z, (Bpes)(x) = 2% + gx(l —z), x € [0,1].

Studying the connection between regular summability matrices and convergent positive lin-
ear operators, King [14, pp. 204-205] introduced the operators V,, : C[0,1] — C[0,1] defined
by

13) Vaf)0) =S partria)s ().
k=0

n

where

149 w={" ——T s,
. ri(x) = 1 - n ) .
" —W—F m$2+m, 1fn:2,3,...
Taking into account (1.1)-(1.3), we have (V,,f)(z) = (Bn.f)(r)(x)), € [0,1] and V,,eq = eo,
Vine2 = ez. The uniform convergence lim V, f = f and a quantitative estimation are also
n—oo
discussed in [14, p. 204 and p. 206]. We mention that in [8] we obtained direct and converse
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approximation theorems for (1.3). The existence of a sequence of linear positive bounded poly-
nomial operators on C|0, 1], possessing eq and e, as fixed points, was proved in [9]. Main results
concerning certain King type modifications of the Bernstein operators and the Szész-Mirakyan
operators were presented in the survey paper [1].

Replacing f (£) in (1.1) with f ( ' %), n > j > 2, Aldaz, Kounchev and Ren-
der [3, p. 12, Proposition 11] defined a new King type operator, which preserves the functions
ep and e;, where j € {2,3,...} is fixed. In [10], we proved that there exist infinitely many se-
quences of Bernstein type operators (L,,),>1, which approximate each continuous function on

[0,1] and have the functions ey and e; as fixed points, where j € {1,2,...} is given and

ank nlc )7 fEC[Oal]

and A, ; € C*[0, 1] are bounded positive linear functionals. Further properties of the Bernstein
type operators of Aldaz, Kounchev and Render were obtained in the papers [2], [4], [5] and
[13]. In [11], among others, we studied the approximation properties of the operators U,
C10,1] — €0, 1] defined by

(15) Unf an k Tn <fl> )

where the functions r,, € C[0, 1] were constructed such that U,, preserves the functions ey and
eo;, with ¢ € {1,2,...} given. The main goal of the present paper is to prove the unique ex-
istence of the functions 7, : [0,1] — [0,1] (n = 1,2,...) such that the corresponding King
operators given by (1.5) approximate each continuous function on [0, 1] and satisfy the condi-
tions Upeg = eg and Upe; = ej, where j € {2,3,...} is fixed. The essential properties of r,
(n=1,2,...) will be established. A necessary and sufficient condition is given for the uniform
convergence of (U, f),>1 to f € C[0,1]. The quantitative estimates for the operators (1.5) are
obtained with the aid of the usual modulus of continuity. Finally, we show that U,, cannot be
polynomial operator of degree n, and we obtain a quantitative Voronovskaja type theorem for
the operators (1.5).

2. THE CONSTRUCTION OF 7,

At first we prove the following lemma.

Lemma 2.1. Let f, g : [a,b] — [«, 0] be strictly increasing and continuous functions such that f(a) =
a=g(a), f(b) =B = g(b)and f(u) < g(u) for all u € [a,b]. Then, the inverse mappings f=*, g ' :
(v, B] = [a, b] exist and are strictly increasing and continuous on [c, 3] such that g=*(v) < f~1(v) for
all v € [o, B].

Proof. The existence of f~! and g~! is the consequence of the following continuous inverse theo-
rem: if ¢ : [a,b] — R is a strictly increasing and continuous function then the inverse mapping
o1 [p(a), p(b)] — [a, b] exists and is strictly increasing and continuous on [¢(a), ¢(b)]. Conse-
quently =1, ¢! : [, B] — [a, b] are strictly increasing and continuous on [a, 3]. Moreover, for
every v € [a, 3] there exists a unique u € [a, b] such that v = f(u). Then g~!(v) = g1 (f(u)) <
g YHg(u)) =u= f1(v), because f(u) < g(u) and g~! is strictly increasing. O

The next result contains the construction of the functions r,, (n = 1,2,...).
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Theorem 2.1. Forevery n = 1,2, ..., there exists the unique function r,, : [0, 1] — [0, 1] such that

26) > pua(ra) (£) ==

forall z € 0,1], being j € {2,3,. ..} fixed.
Proof. If n = 1 then the function 71 (z) = 27, z € [0, 1] satisfies the equality

pro(ri(z))-0+pia(ri(x))-1=27, z€l0,1].
Let n > 2 and consider the function ¢,, : [0,1] — R,

6u(y) = (Bue)(y ank ()

By (1.1)~(1.2), we have ¢,,(0) = 0, ¢,(1) = L and 0 < ¢,,(y) < (Bneo)(y) = 1 for every y € [0, 1].
Because
n—1
! y) = nzpn—l,k(y) |:f (kj;l) N f (’Ikl>:|
k=0

(see [6, p. 305, (2.2)]), we get
J J
$,(4) = (Bues) fnzpn wo [(F51) - (5) ]

n—1 9 n—1\’ n—2\’
n 1 _ _
(a5 - ()

(2.7) >0
forally € [0, 1]. Thus ¢, : [0,1] — [0, 1] is a strictly increasing and continuous function. But the
function e; is also strictly increasing and continuous on [0, 1] such that e;(0) = 0and e;(1) =1,
therefore if z € [0, 1] is arbitrary then the equation ¢,,(y) = 27 has a unique solution y = r,(z).
In view of the continuous inverse theorem, there exists the strictly increasing and continuous
inverse mapping ¢, *. Then
(2.8 m(z) = (¢,  oej)(z), x€0,1]
and satisfies (2.6). Moreover 0 = r,,(0) < r,(z) < r,(1) = 1 forall z € [0, 1]. O

The essential properties of 7, (n = 1,2,...) are gathered in the following theorem.

Theorem 2.2. Let 1y, : [0,1] — [0,1] (n = 1,2,...) be the function defined by (2.6). Then
a) Ty, is strictly increasing and continuous function on [0, 1];
b) 20 <rp(x) < rpya(x) <z forallz € [0,1];
c) hm rn(z) =z forall x € [0,1);
d) r 1s dlﬁferentiable on [0, 1].
Proof. a) By (2.8), we have that r,,(z) = (¢, *oe;)(z), z € [0,1], where ¢, ! is a strictly increasing

and continuous function on [0, 1]. Hence, we obtain that r,, is also a strictly increasing and
continuous function on [0, 1].
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b) In view of (1.2), we have Y p, (rn(2))£ = r,(z). Using (2.6) and Jensen’s inequality on
k=0
[0, 1] for the convex function e, we get

ank e (> (ipnk k>j:(rn(aj))j’gc€[0,l].

0

Hence r,(z) < z, z € [0,1].

Because (B, f)(y) > (Bnt+1f)(y), 0 < y < 1 for any strictly convex function f on [0, 1] (see
[6, p. 310, Corollary 4.2]), we obtain ¢, (y) = (Bne;)(y) > (Bnti1€;)(y) = ént1(y) fory € (0,1).
But ¢n( ) =0= ¢n+1( ) 0) and d)n( ) =1= ¢n+1(1)’ therefore d)n(y) > ¢n+1 (y)r Y€ [07 1]' Due to
Lemma 2.1, we have ¢, (z) < ¢,,1,(z), z € [0,1]. In particular ¢, ' (27) < ¢}, (2?), z € [0,1],
ie. r(r) < rppi(z), x € [0,1], because of (2.8). But ri(z) = 27, z € [0,1], thus 27 < r,(x),
z € 10,1].
¢) Because p,, 1 (k =0,1,...,n) are polynomials of degree n, we have, by Taylor’s formula for
x,y € [0, 1] that

1

Pu(y) = pui(@) + Tiph (@) (y — @) + iy

Pk @)= 2+ )y — )"

Hence, in view of (2.6) and (1.1),
k J n k J
(Bunej)( ank n(z (n> - kzzopn,k(x) (n>
J
=3 bastra(a) - s ()
k=0

2.9) -

On the other hand the Bernstein polynomial B,, P of a polynomial P of degree m is itself a
polynomial of degree m, if n > m (see [6, p. 306]). Then (B,e;)(z) = 0, z € [0,1] for
n > 1 > j. By (2.9), we get for n > j that

(ra(@) =)' (Bae;) ' (x).

(2.10) #) — (Bne;)(x) = Z .

1

~.

2

It is known that lim (Bnf) D (x) = fO(x),if z € [0,1] and f € C?[0,1] (see [6, p. 306, Theorem
2.1]). Thus

(2.11) lim (Bye;) D (z) = e (2) = j(j —1)... (G — i+ 1)ad ™,
n—oo
where z € [0,1] and ¢ € {1,2,...,j}. Furthermore, in view of b), the sequence (7, (z))n>1 is

convergent for all = € [0, 1]: there exists

(2.12) lim r,(x) =r(z), =z€]0,1].

n—oo
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Combining (2.10)-(2.12), we find that
0= lim (27 — (Bnej)(x))
n—00

Z% lim (rp(2) — 2)" lim (Bpe;)? (x)
; )'d

D@ =0 =G e =) (]) (r(x) —a)'a? ™

; : 1
=1 =1

=g + ZO (Z) (r(z) —2)'a? ™" = =29 + (r(z) —z + 2)7 = —27 + (r(x)).

I
| =

~

Hence r(x) = z, x € [0, 1], thus lim r,(z) = .
n— oo

d) Because ¢/,(y) > 0,y € [0,1] (see (2.7)) and 7, (z) = ¢, (z7), x € [0,1] (see (2.8)), it follows
that r, is a differentiable function on [0, 1]. Moreover

gt gt

@13) () =(6,") (@) (7)) = @) (rn(@))  (Bue;) (rn(@))’

because ¢,, (1, (7)) = 27. O

€ [0,1],

Remark 2.1. Due to (1.4), we have for all z € [0, 1] that
2z, ifn=1
(rp) () = -3 :
2o (50?4 k) o =23

The same result can be obtained from (2.13) for j = 2.
Indeed, by (2.7), (1.2) and (1.4), we have for z € [0, 1] and n > 2 that

E+1\>  [k\°

n _nzpn 1k <n) _(n> ]
n—1

2(n—1) k 1
:Tkz_opnq,k(r

[N

(B 82

Hence, by (2.13),

=

(Y () 2x n n_2 1 a
T xTr) = = X X
" (Bre2)'(ri(z)) n—-1 \n-1 4(n —1)2

3. THE APPROXIMATION PROPERTIES OF U,,

The operators U,, : C[0,1] — C]0, 1] given by (1.5) are positive linear and (U, f)(0) = f(0)
and (U, f)(1) = 1, because r,,(0) = 0 and r,(1) = 1. Moreover, by (1.2) and (2.6), we have
Uneo = ep and Upe; = e;. In the following theorem, we study the convergence U,, f — f in the
uniform norm defined by || f|| = sup{|f(z)| : € [0,1]}, f € C0, 1].
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Theorem 3.3. 1i_>m \Unf — fll = 0 for each f € C[0,1] if and only if 1i_>m |lrn — e1]] = O, where r,,
(n=1,2,...) are defined by (2.6).

Proof. Using (1.5), (1.1) and (1.2), we obtain

(3.14) (Uneo)(@) = 1, (Uner)(2) = rn(@), (Une2)(@) = (ra(@))® + %Tn(x)(l — (7).

Hence

(315) ||Un60 — 60” = 0,

(3.16) [Uner —e1 = [Irn — e

and

(3.17) |Unes — es]| < ||7“2—€2H+i<2||7“ —elH-i-i
" =n dn — 707 4n’

because r,,(z) € [0, 1] for x € [0, 1] (see Theorem 2.1).
On the other hand, the statements a), b) and c) of Theorem 2.2, and Dini’s theorem (see e.g.
[15, p. 150, 7.13. Theorem]) imply that

(3.18) lim |lr, —ei]] =0.

n—oo

Combining (3.15)-(3.18), in view of Korovkin theorem [6, pp. 8-10], we obtain the assertion
of our theorem. 0

The next result contains pointwise and uniform quantitative estimates for U,, (n = 1,2,...),
using the usual modulus of continuity of f € C[0, 1] given by

w(f;0) = sup{[f(u) = f(v)] : u,v € [0, 1], [u —v| <4}, 6> 0.
Theorem 3.4. Let (U,),,>1 be the sequence of operators defined by (1.5). Then for every f € C[0,1],

we have
@) [(Unf)(@) = F@)] < 20 (f31/ (@) = 2)2 + Fra(@)(1 = ra(@))), n = 1,2 € [0, 1;
b)

[(Unf)(x) = f(2)] < (f xu107 if j =2
21+ VO« ( m) ifj=34,...

wheren > j, x € [0, 1] and

(319) ) = G-y
¢)
UrL), ifj =2
Unf — [l £ )

where n > j and C(j) is defined by (3.19).
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Proof. a) For any sequence (L,,),>1 of positive linear operators on C|a, ], it is known [7, p. 30]
that for f € Cl[a,b] and z € [a, b], we have

[(Lnf) (@) = f(@)] < |f(2)] - |(Lneo)(x) — eo()]

Fw (/i) [(Lneom) L (L) @) (Ln(er — we0)) (@)

1/2
3 .

In our case [a,b] = [0,1] and U, eq = ¢ (see (3.14)), thus

(3.20) (Unf)@) = F@)] < 14671 ((Unler —2e0)?) @) ] w (£:0).
But, in view of (3.14), we have
(Un(er — xeo)?)(2) = (Unez)(x) — 22(Uner)(z) + 2*(Uneo)(x)

(3.21) = (rn(x) —2)* + %rn(az)(l —rp(x)).

Choosing 6 = ((ry,(z) — 2)? + L7, (2)(1 = 7y (2))) 2 in (3.20), we get the required estimate.
b) We will prove the following estimates below:

4 ar -
B 9 ~x(l—x), ifj=2
(3.22) (Un(e1 zeg) ) (x) < {Ce%)x(l —a), ifj>3

where z € [0, 1] is arbitrary. Hence, by (3.20) and the property w(f;Ad) < (1 + ANw(f;6), A >0,
we get for 6 = ((Uy(e1 — zeq)?) (95))1/2 that

(U @) = F@)] <200 (f5 ((Unler = weo)?) (2))?)

2w f;2\/$<1n””>>, ifj =2

<

20 (F/OTYET ) itz 3

6w (f; ”z\(/lﬁr)), ifj =2
<

2(1+/C())w (f; “?) L ifj>3
which was to be proved.
Now let us prove (3.22). Using Theorem 2.2 b), we have for z € [0, 1] that
(3.23) (@)1 —rp(z) <z(l—2)) =zl —2)(1+z+... + 277 < jaz(l — ).
For j = 2, we have in view of [8, p. 87, Lemma 1, d)] that 0 < z — r,,(z) < %(1 —x). Hence

(329 (2 = ra@))? = (@ = ra @)z rae)) < =

z(1— ).

Then (3.21), (3.24) and (3.23) imply (U, (e1 — weg)?) (z) < 2z(1 —2) + 2z(1 — 2) = 22(1 — z).
Let j > 3and n > j. By Theorem 2.1 and [11, pp. 102-103, Lemma 1 and Lemma 2], the

polynomial ¢,,(y) = P ;(y) = 3 pni(y) (%)J = apy’ + a1y’ + ... + aj_,y satisfies the
=0
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following conditions:

Py j(rn(@)) = 2;

1 .
aO:nj,l(n_1)(”_2)-~-(”_J+1)§ ai,...,aj-1>0; a0 +a1+...+aj_1 =1;
i1
0<]_—(L0<j('7 )
2n
Hence

=Y au(ra(@)y " = (ra(@))
k=0
= (ap — D(ra(2)) + > ar(rn(z))’ "
k=1
j—1 j—1
== ap(ra(@) + > ap(ra(x)) ="
k=1 k=1
=D ar(ra(@)’ ™" [1 = (ra(x))"]
k=1
j—1
= ak(rn(x)) (1 —rn( )) [1 + 7 ) + + (Tn(x))k_l]
k=1
j—1
<rp(x)(1—=r, Zkak< J=1Drp(@)(1 —rp(z Zak
k=1

Using (u — v)% < (v —v9)?, u,v € [0,1] (see [11, p. 103, Lemma 2, (b)]), we find that (z —
ra(@)2 < (27 — (ro(2)))2 < (& - 1)2)°, ie.

(3.25) 0<z—ry(z) <A{ %J(J -1

At the same time, due to Theorem 2.2 b), we obtain
(326) 0<z—rp(x)<z—a'=z(1—2' ) =z(1-2)Q4+z+...+2773) < (- Dzl —2).
Hence, in view of (3.21), (3.25), (3.26) and (3.23), we get

(Un(er — weo)?) (z) = (& = ra(2)) (@ — ra(x)) + %m(w)(l — ()

< {[geiti = 1026 - Dl - )+ Lot - 2) < Sa1 - ),

¢) Because z(1 — z) < 1 for x € [0, 1], the estimates formulated in c) follow from the statement
of b). |
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Remark 3.2. By Theorem 2.1, we have U, f = V,, f for j = 2. Then Vyeq = e and Vy,eo = ey, thus,
by (3.21), we get (V,,(e1 — zeo)?)(z) = 2x(x — r (). Applying Theorem 3.4, we obtain

(V@) = f@)] < 20 (£ V22(e = r2(@)  m = 1, @ € [0,1]
z(1—x)

n

|(Vaf) () = f(z)] < 6w (f; ) n=>2 zel0,1];

Vs = Al <0 (Figz) on =2
For the first estimate see [14, p. 206, Theorem 3.1].
Furthermore, we have the following theorem.

Theorem 3.5. Let U, : C[0,1] — C[0,1] (n = 1,2,...) be the operators given by (1.5) with r,
defined by (2.6). Then U, cannot be polynomial operator of degree n: there exists f € C|0, 1] such that
Unf ¢ 11,.

Proof. Let n > j and suppose that U, f € II, for all f € C[0,1]. Then U,e; = r, € II,, due
to (3.14). Furthermore B,e; is a polynomial of degree j, because n > j, and thus (Bpre;)(y) =
aoy’ +a1y’ "t +...+a;_1y, where ap > 0 (see [11, p. 102, Lemma 1]). Taking into account (2.6),
we have

! = (Une;j)(@) = (Bnej)(ra()) = ao(ra(2)) + a1 (ra(2)) ™' +... + aj_1r(@).

In view of r,, € II,, and ap > 0, we find that r,, is a first degree polynomial. By Theorem 2.1,
we have r,(0) = 0 and 7, (1) = 1, thus r,(z) = z, € [0,1]. Hence (U, f)(z) = (Bpf)(rn(x)) =
(Bnf)(z), x € [0,1]. But U,e; = e; (see (2.6)), therefore B,e; = e; on [0,1], contradiction,
because (B, f)(z) > f(z), 0 < z < 1 for any strictly convex function f on [0, 1] (see [6, p. 310,
Corollary 4.2]), in particular B,e; > e; on (0, 1).

Ifl<n<jandU,f €I, forall f € C[0,1], then Uy,e; = ¢; € II,, due to (2.6). Hence j < n,
contradiction. O

Finally, we have the following quantitative Voronovskaja type theorem for the operators
(1.5). We mention that similar result was established for the Bernstein type operators of Aldaz,
Kounchev and Render in [12].

Theorem 3.6. Let U,, (n =1,2,...) be given by (1.5). Then
a) | n((UnF)(@) = F@)) + (@) = 2f"@)nle = ra(@) |£ 22+ VED(1 — ) (17 )
forall z € [0,1], f € C?[0,1] and j = 2, where
0< hnrglgfn(m —rp(z)) < limsupn(z —r,(x)) <2

n— oo

b)

Vn((Unf)(z) = f(2)) +f( )V/n(Un(weo — 1)) (@) — 3" (2))9/n(Un(zeo — e1)?)() ‘
< VOHWCG) + V)2 - o (1" =4 )
forall z € [0,1], f € C?[0,1] andj > 3, where C(j) is defined by (3.19),

._3 119 1 1
Cl(J)—Z 5 +4( 1)%{ o1’ J2( -1t

and

0 < liminf v/n(U,(zeg — €1))(x) < limsup ¢/n(U,(zeo —e1))(z) < { %j(j—l)Q,

n—0o0 n—oo
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0 < liminf ¥/n (U, (zeg — e1)?)(x) < limsup v/n(Uy, (zeg — e1)?)(z) < iC(j).

n—00 n—oo

Proof. For f € C?[0,1] and z,t € [0, 1], by Taylor’s formula, we have

£ = 1@)+ £@)(t =)+ 5@ =2 + [ (77w = @)~ v)du

Hence
(U )(&) = F(@) + /(@) (Unler — e0)) () + 51" (x) Unlaeo — 1)) )
(3.27) + U, (/:(f”(u) — (@)t —u) du;x) .
Because
/w(f () = (@) (t — ) du |< \/ 1)~ 1" (@)t~ ul du |
<| [ |u—x|>|t—u|du] /I<1+6 = a3 6) It =l du|

=w(f";6) / (|t —u| + 6 Hu — z|[t — ul) du ‘g w(f";8) (Jt— 2>+ 6t —2*),
where 6 > 0, we get, by (3.27) and Holder’s inequality that
(U )(@) ~ F(@)) + £ (@) Unlreo — 1) (&) — 5 () (Unler — we0)*) @) |
< w(f";8) {(Un(er — weo)*) (@) + 07" (Unler — weol*)(x) }

<w(f";9)
x{ (Uner = weg)?)(@) + 57 [Unler — we0))(@)]"* [(Unler = weo) ) (@)] 7}

Using the first four moments of the Bernstein polynomials [6, p. 304], we have

(Un(er — zeo)h) anm <k_$>4

k

= pustra(a) [(n - m(x)) Foute) -]

(3.28)

_ank (T <k—7”n(5€)>4 )—w ank Tn (T (k—rn(x))g
- 6(ra(e) — ) ank ol (k—rn<x>)2
+ d(r() — ) ank (ra(a (’“ —rn(x)) + (ra(z) — z)*

%m@s)) (1= ra@)? + 5 (@) (1 = rae)) = 6(ra(@)) (1~ ra(a))?
G2 a(r (@) — ) g (1= 20 (@) (1~ () + 6(ra(e) — ) Lra(z) (1~ ra(e)

+(rp(z) — )%
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a) If j = 2, then r,(x)(1 — rp(z)) < 22(1 — ), € [0,1], due to (3.23). Hence, by (3.29) and
(3.24),
(Un(er — weo)*)(x)
< %wQ(l —x)? + %x(l —2)(1 4 6r,(z)(1 — rp(x))

a1 =) — @)1+ 2r(@) + (= @)~ ra(e))? + (@~ (@)’

n

3 2 3
24 12 21 4 1
+$m(1—x)+;x(l —x)n4 + x(l—x)z

39
(3.30) = ﬁm(l —z).
Then (3.28), (3.22) and (3.30) imply that

| AU f) @) = £@) + @)U e — 1)) @) — 57" (@n(Unler = we0)?)(z)

<w(f";9) {4x(1 —x)+ 5_12\\;27933(1 - x)} :

Choosing 6 = and taking into account that (U, (zeg — e1))(x) = = — rp(x) and (U, (e —

reg)?)(z) = 2x(x —rp(x)), we obtain the desired estimate.
Furthermore, in view of [8, p. 87, Lemma 1, d)], we have 0 < 2 — r,(z) < 2(1 —z) < 2,
z €1[0,1], thus 0 < hmlnfn(x —ru(z)) < hmsupn(x —rp(z)) < 2.

b) If j > 3, then (3.29), (3.23), (3.25) and (3. 26) 1mply that
(Un(er — zeg)*)(x)
<§’232x2(1 2)? + %jx(l —2)(1+ 6 (@) (1 = 7o ()

+%jff(1 —x)(z = rn(2))(1 + 2 (2)) + gjx(l —a)(x = r(2))* + (2 = ra (@)

352 57
<qet(l=a)+ g
125 3j
T el mE g

(1—x)

20— 1D~ 1 a1~ )

i —1)%z(1 — J
J =% =) + ) o

1 3, 119 1 N
(3.31) SWx(l—x){4 +?j+4( —1)? 64]2(‘7_1)4}: Wa:(l—x)

Using (3.28), (3.22) and (3.31), we get

/n((Unf)(@) — f(2)) + f'(2)/n(Un(zeo — €1))(x) — 1f”(x))\j/ﬁ(Un(el — zeg)?)(x)
<w(f";9) {C’(j) (1—2)+0 1~ Ci(j)z(1 — =z }

Choosing § = - {F we obtain the desired estimate.
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Finally, by (3.25) and (3.22), we get

0 < liminf ¢n(Un (zeo — e1))(x) < limsup (Un(reo — e)(w) < {/ 330~ 1)

n—oo n—oo
and )
0 < liminf ¥/n(Uy, (zeo — e1)?)(x) < limsup ¥/n(Uy, (zeg — e1)?)(z) < ZC(j)
n—oo n—oo
which completes the proof of the theorem. O
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