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Abstract

In this paper, properties of the ideal I of semiprime ring R with multiplicative generalized (a, ) — reverse
derivation with determined not necessarily additive map d is studied. We generalized previous studies for
different derivations to multiplicative generalized (a,f) — reverse derivation F. We show that
[B(p),d(p)]I =0 for all p € I or [d(p)],a(p)]I =0 for all p € I under the given different conditions.
Also, we give the relationship between map d and anti-automorphism « of semiprime ring R and
automorphism £ of semiprime ring R. Under the given different conditions, we examine whether d is @ —
commuting on ideal I or f — commuting on ideal I and obtain new results.
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1. INTRODUCTION

The aim of our study is to investigate properties of the ideal I of semiprime ring R with multiplicative
generalized (a, ) —reverse derivation. How to generalize the work on semiprime rings involving
derivation and how to obtain new results has been a long-studied topic in ring theory. The definition of
derivation is given as additive map d that provides d(rp) = d(r)p + rd(p) for r,p € R. This definition
has been generalized over time and studies have been generalized for different derivations. In order to
contribute to these studies, we study multiplicative generalized (a, ) —reverse derivation and we obtain
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new results. Before moving on to the main conclusions, let's give some previous studies and terms that we
will use throughout this article.

Let Z(R) denote the center of ring R. Assume that pRp = (0) for any p € R. R is said to be a semiprime
ring, if p = 0. [p,r] expression is used for commutator pr —rp and (por) expression is used for
anticommutator pr + rp. A subgroup I which is additive is said to be an ideal of R if IR and RI are included
I.

The generalized derivation definition was first given by Bresar in [1]. F from R to R is said to be generalized
derivation with determined derivation d if F(rp) = F(r)p + rd(p) for r,p € R. According to [2],
generalized derivation F is called generalized a —derivation with determined derivation d if F(rp) =
F(r)a(p) + a(r)d(p) for r,p € R. On the other hand, Herstein introduced reverse derivation in [3]. If an
additive map d provides d(rp) = d(p)r + pd(r) for any r,p € R, then d is a reverse derivation.

Later on, derivations with non-additive maps began to be studied. In [4,5,6], authors gave different
definitions of the derivation when d is a non-additive map (not necessarily additive). A non-additive map d
is said to be multiplicative derivation if it provides d(rp) = d(r)p + rd(p) forr,p € R. F from R in R is
said to be multiplicative generalized derivation with determined non-additive map (not necessarily additive)
dif F(rp) = F(r)p + rd(p) forr,p € R.

Next, in [7], authors gave the definitions of multiplicative generalized reverse derivation and multiplicative
generalized (a, f) —reverse derivation. F is said to be multiplicative generalized reverse derivation with
determined a non-additive map (not necessarily additive) d if F(rp) = F(p)r + pd(r). F is said to be
multiplicative generalized (a, ) —reverse derivation with determined a non-additive map (not necessarily
additive) d if F(rp) = F(p)a(r) + B(p)d(r) for an automorphism B of R and anti-automorphism « of R.

On the other hand, different types of maps used in derivation studies were also defined. A map d from R to
R that provides [d(p), p] = O for all p € R, is said to be commuting on R. Also, for @ automorphism of R,
a map d from R to R that provides [d(p), a(p)] = 0 for all p € R, is said to be @ — commuting on R.
Similar definitions can be made for anti-automorphism. Authors introduced multiplicative left reverse
a —centralizer in [8]. A map d from R to R is called a multiplicative left reverse a —centralizer satisfy
d(pr) = d(r)a(p) holds for all p,r € R. a is a mapping of R and d is a map such that not necessarily
additive.

Let's take a brief look at the work we have done in this study. In [9] authors studied identities F(por) +
H(por) = 0, F(por) + Hlp,r] = 0, Flp,r] + [a(p), H®)] = 0, F(por) + [a(p), H(r)] = 0, F(rp) +
l[a(p),H(r)] € Z(R), F(rp) + [H(p),H(r)] € Z(R) for all r,p € I such that F is a multiplicative
generalized derivation, [ is an ideal semiprime ring R. We generalize their results to multiplicative
generalized (a, f) — reverse derivation F for anti-automorphism a and automorphism £ of semiprime ring
R. Also, we examine the relationship between multiplicative generalized (a, ) — reverse derivations and
a — commuting maps.

2. PRELIMINARIES

Let's first give the properties provided for the anticommutator and commutator for all s,7,p € R.
Next, we will give a lemma that we will use in our theorems.

s [pr,s] = plr,s] + [p,s]r

*[p,rs] =Ip,rls +rlp,s]

* (pr)os = p(ros) — [p,slr = (pos)r + plr,s]
*po (rs) = (por)s —rlp,s] =r(pos)+[p,rls
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Lemma 2.1 [10] Let R be a 2 —torsion free semiprime ring and U a noncentral Lie ideal of R. If pU = 0
forp € U, then p= 0.

3. RESULTS

Let R be a semiprime ring, 0 # I be an ideal of R, a be an anti-automorphism of R, f be an automorphism
of R, 0 # G: R - R be a multiplicative left reverse a — centralizer and 0 # F: R — R be a multiplicative
generalized (a, ) — reverse derivation determined with a map 0 # d: R — R such that it doesn’t need to
be an additive map. In the following theorems, we examine the conditions under which [S(p), d(p)]l = 0
is provided for all p € I.

Theorem 3.1: If F(por) + G(por) = 0 forall r,p € I, then [B(p),d(p)]I = 0 forallp € 1.

Proof: Let F(por) + G(por) = 0 forall r,p € I. Replacing r by pr and using commutator properties, we
have

0 = F(po(pr)) + G(po(pr))
= F(p(por)) + G(p(por))

for all r,p € I. Using commutator properties and definitions of F and G, we get
F(por)a(p) + B(por)d(p) + G(por)a(p) = 0
for all r,p € I. Using hypothesis, we have
Bor)d(p) =0 forallr,p € (1)

Replacing r by ~1(r)s, s € I and using commutator properties, we have
rB(pos)d(p) + Blp, F* (M]B(s)d(p) = 0
for all s,r,p € I. Using equation (1) in the above equation, we obtain

Blp.87 )] B()d@) =0 foralls,r,p €.

Since B is an automorphism of R, we write this relation as below relation.
[B(p),7IVd(p) = 0 forallr,p € I.

where B(I) = V is a nonzero ideal of R. Replacing r by d(p)r, we have

[B®), d()Irwd(p) = 0 forallr,p € L,w € V. 2)
Replacing w by wB (p), we have

[B(®), d(@)]rwB(p)d(p) = 0 €)
forallr,p € I,w € V. Also, right multiplication of equation (2) by B(p), we get
[B(p), d(@)Irwd(p)B(p) =0 (4)

forallr,p € I,w € V. Comparing (3) and (4), we get
[B(P), d@)IVIB(P),d(p)] =0 forallp € I.

Since V is an ideal of R, we write
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[B(P), d@)IVR[B(p), d(@)IV =0 forallp €.
Since R is a semiprime ring, we obtain

[B(P),d(@)]IV =0 forallp € 1.

Specially, we write

[8(p), d()1IB(s) = 0 foralls,p € I. )
Replacing s by sB~1(d(p)), we have
[8(p), d(P)]IB(s)d(p) = 0 (6)
for all s,p € I. Also, since [ is an ideal of R, from equation (5) we write
[8(p), d(P)]Id(p)B(s) = 0 ()

Theorem 3.2: If F(por) + G[p,r] = 0 forall r,p € I, then [B(p),d(p)]I = 0 forallp € I.

Proof: Let F(por) + G[p,r] = 0 for all r,p € I. Replacing r by pr and using commutator properties, we
have

0 = F(po(pr)) + Glp,pr] = F(p(por)) + G(plp,7])
for all r,p € I. Using commutator properties and definitions of F and G, we get
F(por)a(p) + B(por)d(p) + G(por)a(p) =0
for all r,p € I. Using hypothesis, we have
B(por)d(p) =0 forallr,p €I
This equation is the equation (1) in Theorem 3.1. If the proof is continued in a similar way,

[B(p), d()]I =0

is obtained.

Theorem 3.3: If F[p,r] + [a(p),G(r)] = 0 forall r,p € I, then [B(p),d(p)]l = 0 forallp € I.

Proof: Let F[p,r] + [a(p),G(r)] = 0 forall r,p € I. Replacing r by pr and using commutator properties,
we have

Flp,pr] + [a(p), G(pr)] = F[plp,r]] + [a(p), G(pr)] = 0
for all r,p € I. Using commutator properties and definitions of F and G, we get
Flp,rla(p) + Blp,rld(p) + [a(p), G(M]a(p) + G(r)a(p),a(p)] = 0 forallr,p €1
Using hypothesis, we have
Blp,r1d(p) =0 forallr,p € I. (8)

Replacing r by ~1(r)s, s € I and using commutator properties, we have
B|p. B~ ("] B)d) + rBIp, sld(p) = 0

for all s,r,p € I. Using equation (8) in the above equation, we obtain
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B [p,ﬁ_l(r)]ﬁ(s)d(p) =0 forallsr,p€el
Since B is an automorphism of R, we write this relation as below relation.
[B(p),rIVd(p) =0 forallr,p € 1.

where B(I) =V is a nonzero ideal of R. Replacing r by d(p)r, we have
[8(p), d(p)]rwd(p) =0 forallr,pel,weV.

This equation is the equation (2) in Theorem 3.1. If the proof is continued in a similar way,

[B(p),d(P)]I =0
is obtained.
Theorem 3.4: If F(por) + [a(p),G(r)] = 0 forall r,p € [, then [B(p),d(p)]l = 0 forall p € I.

Proof: Let F(por) + [a(p),G(r)] = 0 forallr,p € I.Replacing r by pr and using commutator properties,
we have

F(po(pr)) + [a(p), G(pr)] = F (p(por)) + [a(p),G(pr)] = 0
for all r,p € I. Using commutator properties and definitions of F and G, we get
F(por)a(p) + B(por)d(p) + [a(p), G(M]alp) + G(r)[a(p),a(p)] = 0 forallr,p € I.
Using hypothesis, we have
B(por)d(p) =0 forallr,p € I
This equation is the equation (1) in Theorem 3.1. If the proof is continued in a similar way,

[B(P),d(p)]I =0

is obtained.
Now, using the Lemma 2.1, we can obtain the following result.

Corollary 3.5: Let R be a 2-torsion free semiprime ring, [ ¢ Z(R) be an ideal of R, a be an anti-
automorphism of R, § be an automorphism of R, 0 # G: R - R be a multiplicative left reverse a —
centralizer and 0 # F: R — R be a multiplicative generalized (a, ) — reverse derivation determined with
amap 0 # d: R — R such that it doesn’t need to be an additive map. If one of the following properties are
provided for all r,p € I, then d is § — commuting on /.

1) F(por)+ G(por) =0
2) F(por)+Glp,r]=0
3) Flp,rl+[a(p),G(r)] =0
4) F(por) +[a(p),G(1)] =0
Now, let’s give the relationship between map d and anti-automorphism a.

Theorem 3.6: If B(pr) = a(rp) and F (rp) + [a(p),G(r)] € Z(R) for all r,p € I, then [d(p), a(p)]] = 0
forallp € I.
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Proof: Let F(rp) + [a(p), G(r)] € Z(R)for all r,p € I. Replacing r by vr, v € I and using commutator
properties, we have

F(v(rp)) + [a(p),G(vr)] € Z(R) ©)

for all v,r,p € I. Using commutator properties and definitions of F and G, we get
(F(rp) + [a(p), G(r)Da(v) + B(rp)d(v) + G(r)[a(p), a(v)] € Z(R)

for all v,r,p € I. Since the element in the above equation is in the Z(R), we write following equation for

a(v).
[(F(rp) + [a(p), G(r)Da(v) + B(rp)d(v) + G(r)[a(p), a()], a(v)] =0
for all v,r,p € I. Using hypothesis, we have
[B(rp)d(v), a(v)] + [¢(M)[a(p), a(¥)], a(v)] = 0
for all v,r,p € I. Using the fact that B(pr) = a(rp) forall r,p € I, we obtain

[a(pr)d (), a()] + [G(M)[a(p), a()], a(v)] =0 (10)
for all v,r,p € I. Replacing p by vp and using commutator properties, we have
[a(vpr)d(v), a()] + [G(M[a(p), a(v)]a(v),a(v)] = 0 (11)
for allv,r,p € I. Also, right multiplication of equation (10) by a(v), we get
[a(pr)d(v) a(W),a(W)] + [G(M)[a(p), a(v)] a(v),a(v)] =0 (12)

forallv,r,p € I. Comparing (11) and (12) and using properties of anti- automorphism for a, we get
l[a(Ma(p)d(v) a(v),a(v)] — [a(r)a(p)a(v)d(v),a(v)] =0 forall v,r,p € I.
Arranging above equation, we have

[a(M)a()[d(v), a(w)], a(v)] =0 (13)

forallv,r,p € I.Replacing r by rw, w € I, we have

[aW)a()a(p)[d(w),a()], a(v)] =0
for all w,v,r,p € I. Using commutator properties, we get

aW)[a@aP)[d®), a(m)], aW)] + [aWw), a(W)]a(a@)[d®), a(v)] = 0

for all w,v,r,p € I. Using equation (13) in the above equation, we obtain

l[aw), a()]a()a(p)[d(v), a(v)] = 0
for all w,v,r,p € I. Since «a is an anti-automorphism of R, we write this relation as below relation.

[a(w),a()VV[d(v),a(v)] =0 forallw,v € I.
where a(I) = V is a nonzero ideal of R. Replacing w by v, we have
[a(v),a()VV [d(v),a(v)] =0 forallv €.
Since V is an ideal of R, left and right multiplication of above equation by V' , we get
Vlia(),a(v)]VRV [d(v),a(v)]V =0 forallv € I.

Since R is a semiprime ring, we get
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Vid(w),a(w)]V =0 forallv €.

Using properties of ideal V, we have
[d(), a(v)]VR[d(v),a(v)]V =0 forallv € I.

Using the fact that R is a semiprime ring, we obtain
[d(v),a(w)]V =0 forallv € I.

Since V is an ideal of R, we get
[dw),a()]IV =0 forallv €.

Specially, we write

[d(),a(v)]la(s) =0 foralls,v el (14)
Replacing s by sa~1(d(v)), we have
[d(), a(w)la(s)d(v) =0 (15)
for all s,v € I. Also, since [ is an ideal of R, from equation (14), we write
[d(), a)Id(v)a(s) = 0 (16)

for all s,v € I. Comparing (15) and (16), we get

[dWw),a)]I[d(v),a(s)] =0 foralls,v €.
Replacing s by v we have

[dW),a)]I[d(v),a(v)] = 0 forallv € I.

Since I is an ideal of R, we write

[d),a(W)]IR[d(v),a(v)[I =0 forallv el
Since R is a semiprime ring, we obtain

[dw),a()]I =0 forallv el

Theorem 3.7: If B(pr) = a(rp) and F(rp) + [G(p),G(r)] € Z(R) for all r,p € I, then [d(p)], a(p)]l =
0 forallp € I.

Proof: Let F(rp) + [G(p),G(r)] € Z(R) for all r,p € I. Replacing r by vr, v € [ and using commutator
properties, we have

F(vrp) + [G(p), G(vr)] € Z(R)
for all v,r,p € I. Using commutator properties and definitions of F and G, we get

(F(rp) + [G(p), G(MDa) + Brp)d(w) + G(r)[a(p), a(v)] € Z(R)

for all v,r,p € I. Since the element in the above equation is in the Z(R), we write following equation for

a(v).
[(F(rp) +[G(p), G(MDa) + B(rp)d(v) + G(r)[a(p), a(v)], a(w)] = 0
for allv,r,p € I. Using hypothesis in this relation, we have

[B(rp)d(v), a()] + [G(M[a(p), a(v)], a(w)] = O
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for allv,r,p € I. Using the fact that B(pr) = a(rp) forallr,p € I, we obtain
[a(pr)d(v), a(v)] + [G(M)[a(p), a(¥)], a(v)] = 0

for all v,r,p € I. This equation is the equation (10) in Theorem 3.6. If the proof is continued in a similar
way,

[d(@)], a(@)]l =0

is obtained.
Now, using the Lemma 2.1, we can obtain the following result.

Corollary 3.8: Let R be a 2-torsion free semiprime ring, I & Z(R)be an ideal of R, « be an anti-
automorphism of R, 8 be an automorphism of R such that 3(pr) = a(rp) forallr,p € 1,0+ G:R - R

be a multiplicative left reverse @ — centralizer and 0 # F: R — R be a multiplicative generalized («, f) —
reverse derivation determined with a map 0 # d: R — R such that it doesn’t need to be an additive map. If
one of the following properties are provided for all r,p € I, then d is @ — commuting on /.

1) F(rp) + [a(p),G(r)] € Z(R)
2) F(rp) +[G(p),G(N] € Z(R)

5. CONCLUSIONS

In this paper, properties of the ideal I of semiprime ring R with multiplicative generalized (a, ) — reverse
derivation with determined not necessarily additive map d is studied. Many studies have been done on the
derivation and commutativity in the prime ring and the results have been reached. These studies and reached
results is adapted for multiplicative generalized (a, ) — reverse derivation F in our study. Also, new results
are given about the relationship between map d and anti-automorphism «. The studies and the results found
can be used for different derivations and semiprime rings in the future and contribute to the ring theory.
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