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Abstract
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1. Introduction, Definitions and Result

In this article, by a meromorphic function we always mean a meromorphic function in the complex plane and use standard notations and
main results of Nevanlinna theory [6, 9, 18]. For a nonconstant meromorphic function i, we denote by 7' (r,h) the Nevanlinna characteristic
function of & and by S(r, ) any quantity satisfying S(r,h) = o{T (r,h)} as r — o, possibly outside of a set of finite linear measure. We say
that the meromorphic function ¢ is a small function of f, if T'(r, &) = S(r, f).

Leta € CU{eo}. Set E(a, f) = {z: f(z) —a =0}, where a zero with multiplicity k is counted k times. If the zeros are counted only once,
then we denote the set by E(a, f). Let f and g be two nonconstant meromorphic functions. If E(a, f) = E(a, g), then we say that f and g
share the value a CM (Counting Multiplicities). If E(a, f) = E(a, g), then we say that f and g share the value a IM (Ignoring Multiplicities).
In addition, we need the following definitions.

Definition 1.1. /6] A non-linear differential polynomial P[f] of a nonconstant meromorphic function f is defined as

Pl = Yl
i—
k s
where M;[f] = a; H (fm) " with njo,Ail, ..., Nix as nonnegative integers and a;(# 0) are meromorphic functions satisfying T (r,a;) =
o(T(r,f))asr H{:.O
The numbers d(P) = max,<j< i n;j and d(P) = minj<j< i n;j are respectively called the degree and lower degree of P[f]. If d(P) =
J=0 =0

d(P) =d(say), then we say that P[f] is a homogeneous diﬁ”eréntial polynomial of degree d. Also we define Q = lngai( {nio +ni1 +2npp + ...+
<i<r

kl’lik }

Definition 1.2. [11] Let a € CU{co}. We denote by N(r,a; f) the counting function of simple a-points of f. For a positive integer k we

denote by Ny, (r,a; f) the counting function of those a-points of f (counted with proper multiplicities) whose multiplicities are not greater

than k. By Ny (r,a; ) we denote the corresponding reduced counting function. Analogously we can define N (r,a; f) and N (1, a; f).

Definition 1.3. [10] Let k be a positive integer or infinity. We denote by Ni(r,a; f) the counting function of a-points of f, where an a-points
of multiplicity m is counted m times if m < k and k times if m > k. Then

Ne(raf) =N(ra;f) +Npo(rna f) +...+ Ny (ra f).
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clearly Ny (r,a; f) = N(r,a; f).

Definition 1.4. [8] Let zo be a zero of f — 1 of multiplicity p and a zero of g — 1 of multiplicity q. We denote by Ng (r, 1 f) the counting
function of those 1-points of f where p = q = 1; by N(r,1; f) the counting function of the 1-points of f whose multiplicities are greater than
1-points of g; each point in these counting functions is counted only once.

A lot of works on meromorphic functions whose differential polynomials generated by them share certain value, small function or fixed
points have been investigated by many mathematician across the world. In 1997, L. A. Rubel and C. C. Yang proved the following theorem.

Theorem 1.5. [15] Let f be a nonconstant entire function. If f and f' share two distinct finite values CM, then f = f'.

The function f = ¢ I e (1 —¢')dt from [3] shows clearly that f and f’ share 1 CM but f # f’. In a special case, we recall a well-known
conjecture by Briick:

loglogT (r,f)

Conjecture 1.6. [3] Let f be a nonconstant entire function such that hyper-order py(f) = limsup, e Togr

is not a positive integer or

T .
infinity. If f and f' share the finite value a CM, then /;_5 = ¢, where c is a nonzero constant.

The conjecture has been verified in the special cases when a = 0 [3], or when f is of finite order [5], or when p,(f) < % [4].
In 2009, J. Heittokangas, R. J. Korhonen, R. Laine, I. Rieppo and J. L. Zhang, considered analogues of Briick’s conjecture for meromorphic
functions concerning their shifts and proved the following theorem.

Theorem 1.7. [7]Let f be a meromorphic function of order

logT (r, f)

<2
logr

p(f) = limsupy—se

and let c € C. If f(z) and f(z+ c) share the values a € C and o> CM, then
flztc)—a
B S — T,
f@)—a

In 2018, Qi, Li and Yang considered the value sharing problem related to f/(z) and f(z+ c), where ¢ is a complex number. They obtained
the following result.

Theorem 1.8. [I4]Let f be a nonconstant meromorphic function of finite order and n > 9 be an integer. If [f'(z)]" and f"(z+ c) share
a(£0) and o CM, then f'(z) =tf(z+c), for a constant t that satisfies t" = 1.

It is natural to ask whether the f’ can be extended to f () in Theorem C. Here f" denotes the n" power of the function f and f (*) stands for
the k" derivative of f, where k is a nonnegtive integer. Considering this question, C. Meng and G. Liu proved the following results.

Theorem 1.9. [13] Let f be a nonconstant meromorphic function of finite order and n be a positive integer. If one of the following conditions
is satisfied:

(1) [f W (2)]" and f"(z+c) share (1,2),(s,0) and n > 2k +8;
(1) [P Q)] and " (z+c) share (1,2),(c0,00) and n > 2k+7;

(1) [f 0 (2)]" and f*(z+c) share (1,0), (c0,0) and n > 3k+ 14;
then f®)(2) =1 f(z+c), for a constant t that satisfies " = 1.

If they consider entire function instead of meromorphic function, the counting functions related to the poles of [f () (z)]" and f"(z+c) can be
neglected. Arguing similarly as in Theorem D, one can see that k is not related to the coefficient of Ny, 1(r,0; f). So obtained the following
corollary.

Corollary 1.10. [13] Let f be a nonconstant entire function of finite order and n > 5 be an integer. If [ f®) ()" and f"(z+ c) share (1,2),
then f®)(2) =t f(z+c), for a constant t that satisfies " = 1.

If the shifts f(z+ ¢) in Theorem C and D are replaced by g-difference f(gz), where g € C\{0}, they obtained:

Theorem 1.11. [13] Let f be a nonconstant meromorphic function of zero order and n be a positive integer. If one of the following conditions
is satisfied:

() [fY )] and f"(qz) share (1,2),(c0,0) and n > 2k +8;
(1) [ (@) and f"(qz) share (1,2),(o0,00) and n > 2k+7;

(1) [f0 )" and f"(gz) share (1,0),(c0,0) and n > 3k+ 14;
then f®) () = 1 f(qz), for a constant t that satisfies t" = 1.

Corollary 1.12. [13] Let f be a nonconstant entire function of zero order and n > 5 be an integer. If [f(k) (2)]" and f"(qz) share (1,2), then
£ (z) =1f(qz), for a constant t that satisfies t" = 1.
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In 2022, by considering the difference operator A.F in Theorem D and E, S. C. Kumar, S. Rajeshwari and T. Bhuvaneshwari obtained the
following analogous results.

Theorem 1.13. [8] Let f be a nonconstant meromorphic function of finite order and n be a positive integer. If one of the following conditions
is satisfied:

(1) [f®(2)]"* and AcF share (1,2),(c0,0) and n > k+6;
(1) [fY(2)]" and AF share (1,2),(c0,00) and n > k+5;

(1) [f® (2)]" and AF share (1,0),(0,0) and n > 2k +12;

where A.F = f"(z+n) — f*(z) then f*) = f(z+c), for a constant 7 that satisfies " = 1.
Observing the result of S. C. Kumar, S. Rajeshwari and T. Bhuvaneshwari stated in Theorem F it is natural to ask the following question
which is the motive of the present paper.

Question 1.14. What will happen if we replace [f*¥)(2)]" by the nonlinear differential polynomial P|f), defined in definition 1.1, in Theorem
F.

In the paper, our main concern is to find the possible answer of the above question. We prove the following theorem which extend and
improve Theorem F. The following theorem is the main result of the paper.

Theorem 1.15. Let f be a nonconstant meromorphic function of finite order, n and t be positive integers. If one of the following conditions
is satisfied:

(I) P|f] and A:F share (1,2),(c0,0) and n >t +35;
(II) P[f] and AcF share (1,2),(c0,00) and n >t +4;

(II1) P[f] and A F share (1,0),(e,0) and n > 2tu + 10;
k
where AcF = f"(z+n) — f"(z) and u = Z (L4 j) then P[f] = A.F.
=

Example 1.16. Ler f(z) = %%, where A is a constant and 7 € C. Then one can easily verify that P[f] and A.F satisfy all the conditions of
Theorem 1.1.

Remark 1.17. Fort =1 and j = k we have P[f] = (f*¥)(z))"* then the Theorem 1.1 reduces to Theorem F for ny; = n. Hence Theorem F
is the special case of Theorem 1.1. Thus Theorem 1.1 improves and extends Theorem F.

2. Lemmas

In this section, we state some Lemmas which will be needed in the sequel. We denote by H the following function:

F// 2Fl GH 2GI
H=(— — — (= - ,
(7-75)-(&-35)

where F and G are nonconstant meromorphic functions defined in the complex plane C.

Lemma 2.1. []] Let F, G be two nonconstant meromorphic functions. If F, G share (1,2) and (co,k), where 0 < k < oo, and H % 0, then

T(r,F) < MNy(0;F)+Ny(r,0;G)+N(r,00,F) +N(r,00;G) + N (1,50, F, G)
+S(r,F)+S(r,G),

where N (r,00; F,G) denotes the reduced counting function of those poles of F whose multiplicities differ from the multiplicities of the
corresponding poles of G.

Lemma 2.2. [17] Let f be a nonconstant meromorphic function, and let ay,ay, ...,ay be finite complex numbers, a, # 0. Then
T(r,anf"+ ...+ ay f> + a1 f +ag) = nT(r, f) +S(r, f).

Lemma 2.3. [I2]Let f be a meromorphic function of finite order p(f), and let ¢ be a nonzero constant. Then
T(r,f(z+4¢)) = T(r, £(z)) + 0P ~17) L O(logr),

for an arbitrary € > 0.

We mention that Lemma 2.3 holds also for ¢ = 0 as in the case T'(r, f(z+¢)) = T(r, f(2)).
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Lemma 2.4. [2]] Let f be a nonconstant meromorphic function, p, k be positive integers, then
Ny (100} < KNG oo )+ Nps(R05£) + 05 ),
where Ny (r, 0; f (k)) denotes the counting function of the zeros of f’ &) ywhere a zero of multiplicity m is counted m times if m < p and p times
ifm> p.
We point out that in Lemma 2.4 one obviously has N (r, O;f<k)) =N (r,O;f(k>> .
Lemma 2.5. [19] Suppose that two nonconstant meromorphic functions F and G share 1 and oo IM. Let H be given as above. If H # 0, then
T(LF)+T(rG) < 3N(reo;F)+Ny(r,0:F)+No(r,0;G) + Ny (1, 1:F)

+2Né2(rvl;F)+3NL(r7 l;F)+3NL(r, ];G)
+S(r,F)+S(r,G).

Lemma 2.6. [20] Let f be a zero order meromorphic function, and g € C\{0}. Then
T(r.f(gz)) = (1+0(1)T (1 f(2))
and
N(r,f(gz2)) = (1+o(1))N(r, f(2))
on a set of lower logarithmic density .

Lemma 2.7. [2] Let f be a zero order meromorphic function, and g € C\{0}. Then

o (22) w50

on a set of logarithmic density 1.

Lemma 2.8. [16] Let f be a nonconstant meromorphic function and P[f] be a differential polynomial of f. Then

Pl 5 |
m( j.d<,,)) < @P)~d(P)m(r0:f) +S(1. ).

N ( o ) < @B) = dPYN(0:) + QN (93 f) + N (1 0: )] + (5. f)

and

N(ROP[f]) < (@(P)—d(P))m(r,0; f)+ON(r,e; f) +N(r,0; fP)) + 5(r, f)
3. Proof of Theorems

Proof of Theorem 1.15. Case 1. Let
F=AF = f"(z+n)— f*(z) and G = P[f]. (3.1)
Then it is easy to verify F and G share (1,2) and (eo,0). Let H be defined as above. Suppose that H # 0. It follows from Lemma 2.1 that

T(r,F) < MNy(1,0;F)+Ny(r,0;G)+N(r,00;,F) +N(r,00,G) + N (1,50, F, G)
+8(r,F) +5(r,G). 3.2)

According to Lemma 2.2 and Lemma 2.3, we have

T(r,F) nT(r, f(z+n)) +nT(r,f(2))+S(r, f)

2T (1, f)+0 (P 714€) 4.5(r, ) (3.3)

It is obvious that

Ny (r,0;F) 2N (1,0; f"(z+m) — f"(2))
2N (1,0; f(z+1)) +2N (1,0; £(z))

AT () +0 (PO 7158) 1. 5(r, ) 34

IA

IA

N(reoiF) = N(roeof"(z+n)—f"(2)
27 (1 f)+ 0 (P71E) 15(r ) (3.5)

IA
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No(r,0;F,G) < N(r,00,F) < 2T(r, f) + O (rP<f>*1+£> +S(rf)
Since E (oo, fK)) = E (oo, f), we have

N(ra°°;G) :N(noo;P[f]) =N(r,<x>;f) < T(rvf)

Using a; = 1, where i = 1,...,t, in Definition 1.1 and Lemma 2.4 we have

Ny (r,0;G) = NQ(V,O;P[f])

k
< iNZ (,-70; H(f(ﬁ)”fj)
i=1 j=0
t ko
Y 2N (r,O; 11 f(f>>
i=1 j=0

IN

IN

R
T~
™~

N(r,O;f(j))

IN

IS
R
1~

(1 +J')T(r7f)> +5(r.f)

= 2uT(rnf)+S(f)

k

where 1 = )" (1+)
j=0
Combining (3.2) - (3.8), we deduce

T(l}F) < Nz(r,O;F)+N2(r,O;G)—I—N(r,oo;F)—l—N(r,oo;G)
+N.(r,90,F,G) +S(r,F) + S(r,G)

T (rf) < AT(rf)+2uT(nf)+2T(rf)+T(rf)
2T (1, f) + O(rP D) £ 5(r, f)

(2n =21 =T (1, f) < O(P V= 14) 1. 5(1, f),

2tu+10
2

which contradicts n > >t +5. Therefore H = 0, that is

F// 2F/ G// 2G/
— - ) - (- =0
(7-75)-(5-65)

Integrating both side twice, we get

where A # 0 and B are constants. From (3.10) we have

(B—A)F +(A—B—1)
BF — (B+1)

Suppose that B # 0,—1. From (3.11), we have

—( B+1 —
N(n—; ;F):N(noo;G)

From the second fundamental theorem and Lemma 2.3, we have

2nT (r, f) T(rF)+S(rf)
B+1

N(V,OO,F)+N(V,0,F)+N(T,T,F)+S(r,f)

IN

N(r,00:F) + N(r,0;F) +N(r,0,G) + (. f)
27 (r, f)+2T(r, ) + T (1, ) +5(r. f)
ST (1, f)+0(rP V)" 148) 1.5, )

IANIA

IN

which contradicts n > ¢t + 5. Suppose that B = —1. From (3.11) we have

(A+1)F-A
F

G=

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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If A £ —1, we obtain from (3.14) that

— A —
N(”,maF) =N(r0;G) (3.15)

From the second fundamental theorem, Lemma 2.3 and Lemma 2.4, we have

2nT(r.f) = T(rRF)+S(rf)
_ _ — A
S N(r,oo;F)+N(r,0;F)+N(r,m;F)+S(r,f)
< N(r,o;F)+N(r,0;F) +N(r,0;G) +S(r, f)
< (DT (R )+ 0PV L 5(r f) (3.16)
which contradicts with n >t +5. Hence A = —1. From (3.14) we get FG = 1, that is
[f*(z+mn) = @IP[f1=1 (3.17)
Now from (3.17) and Lemma 2.8, we have
1
2n+d(P)T(rf) < T(n >+S(rf)
[z 4+n) = f()]F9P)

Hence

(2n+d(P))T(r,f) <S(r.f)

which is a contradiction.
Suppose that B = 0. From (3.11), we have

G=AF—(A-1) (3.18)
If A # 1, from (3.18) we obtain
_ A—1 _
N(r,T;F) =N(r,0;G) (3.19)
From the second fundamental theorem, Lemma 2.3 and Lemma 2.4, we have

T(r,F)+S(r,f)

_ _ _  A-—
N(r,00,F)+N(r,0;F) + N(r,

2nT (r, f)

IA

F)+S(r,f)
N(r,00;F)+N(r,0;F) +N(r,0;G) + S(r, f)
(tu+DT(r.f) + 0PI 1) L S(r, f) (3.20)

IN

IN

which contradicts with n >t +5. Thus A = 1. From (3.18), we have F = G.
Hence f"(z+n) — f"(z) = P[f].

Case II. Let
F=AcF = f"(z+n) = f"(2) and G = P[f].
Then it is easy to verify F and G share (1,2) and (eo,00). Let H be defined as above. Suppose that H # 0. It follows from Lemma 2.1 that

T(rF) < Ny(r,0;F)+Na(r,0;G) +N(r,00,F ) +N(r,00;G) + N (1,0, F, G)
+S(r,F)+S(r,G). (3.21)

According to Lemma 2.2 and Lemma 2.3, we have

T(r,F) nT(r, f(z+n)) +nT(r,f(2)) +S(r, f)

T (r,f) + 0 (rp(ﬁ“*f) +5(r,f) (3.22)

It is obvious that

NZ(}’,O;F) = 4T(r7f) +0 <rp(f)_l+8> +S(r7f)7 (323)

N(r,00.F) = 2T(r, f) + O (rl’(fH“) L S(nf), (3.24)
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N(r,e2;G) = N(r,eo, ) < T (1, f), (3.25)
N.(r,0;F,G) =0 (3.26)
From (3.8) we have
Ny (r,0;G) <2tuT (r, f)+S(r, f) (3.27)
Combining (3.21)-(3.27), we deduce
(202 =TT (r,f) <0 (P71 4501 ) (3.28)

which contradicts with n > tu +4. Therefore H = 0. Rest of the result follows from the proof of case 1.

Case III. Let
F =A/F = f"(z+n)— f"(z) and G = P[f].
Then it is easy to verify F and G share (1,0) and (eo,0). Let H be defined as above. Suppose that H # 0. It follows from Lemma 2.5 that

T(rF)+T(rG) < 3N(r,e:F)+Ny(r,0:F)+Ny(r,0:G)+Np (1, 1:F)
AN (5, 1:F) + 3N, (r, 1 F) + 3N, (1, 15 G)
+8(r,F) +S(r,G). (3.29)
Since
N (1, 1:F) + 2N (1, 1 F) + Ni (1, 1:F) + 2N, (1, 15 G)
<N(r,1,G) <T(r,G)+0O(1). (3.30)
we get from (3.29) and (3.30) that
T(n,F) < 3N(r,e0F)+Ny(r,0;F)+Ny(r,0;G) + 2Ny (1, 1;F)
+N(r,1,G) +S(r, F) + S(r, G). (3.31)

According to Lemma 2.2 and Lemma 2.3, we have

T(nF) = nT(r.f(z+n))+nT(rf(z)+S(rf)
= 2T(nf)+0 (PN (1 ) (3.32)
It is obvious that
Na(505F) = 4T (1, ) + 0 (D14 4501, 1), (3.33)
N(ressF) =271, )+ 0 (07158 151 ), (3.34)
N (n1;F) < N (nw;%) §N<r,°°;FF/) +S(r. f)
<N(r,00F) +N(r,0;F) +S(r, f)
<AT(r,f)+0 (,p(.f)—1+s) S, 1) (3.35)
From (3.8) we have
Na(,0:G) < 20uT (1. f) +S(r. ) (3.36)

N(n,G) < N r,M;g) <N r,w;%) +8(r,.f)
< N(r,0;G)+N(r,0;G) + S(r, f)
< @u+DT(rf)+S(r 1) (3.37)
Combining (3.31)- (3.37), we deduce
(2n— 3t —19)T(r,f) < O (rP<f>*1+£) +8(r,f) (3.38)

which contradicts with n > 271 4 10. Therefore H = 0. Rest of the result follows from the proof of case I.
Hence this completes the proof of theorem 1.1. O
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Corollary 3.1. Let f be a nonconstant meromorphic function of zero order and n be a positive integer. If one of the following conditions is
satisfied:

(I) P|f] and A:F(qz) share (1,2),(e0,0) and n >t +5;
(II) P[f] and A F(qz) share (1,2),(c0,0) and n >ty +4;
(IIT) P[f] and A.F(qz) share (1,0),(c0,0) and n > 2ty +10;

k
where AcF (qz) = f"(gz+n) — f"(qz) and u = Z (1+ ) then P[f] = AcF(qz).
=0
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