cwronic Jog,
<° %,

4

INTERNATIONAL ELECTRONIC ]OURNAL OF GEOMETRY
VOLUME 16 NO. 2 PAGE 526-538 (2023)
DOI: HTTPS:/ /DOIL.ORG/10.36890/1E]G.1264249

m
[
()
/f.uetﬁg

\nterng, tio,)
Y,

\

Lightlike Hypersurfaces of an Indefinite
Kaehler Manifold with an (¢, m)-type Metric
Connection

Dae Ho Jin, Chul Woo Lee and Jae Won Lee*

(Communicated by Cihan Ozgiir)

ABSTRACT

Jin introduced a non-symmetric metric connection, called an (¢, m)-type metric connection [5,6].
There are two examples of (¢, m)-type: a semi-symmetric metric connection when ¢ =1 and m =0
and a quater-symmetric connection for / = 0 and m =1 . Our purpose is to investigate lightlike
hypersurfaces of an indefinite (complex) Kaehler manifolds with an (¢, m)-type metric connection
under the tangent characteristic vector field on such hypersurfaces.
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1. Introduction

The notion of a symmetric connection of (/,m)-type on semi-Riemannian manifolds was introduced as
follows ([5, 6]):

A symmetric connection V of (¢, m)-type on a semi-Riemannian manifold (M, g) is satisfied with the follwoing
torsion tensor 7'

T(X,Y)=0{0(V)X —0(X)Y}+m{0(Y)JX —0(X)JY} (1.1)
for smooth functions ¢ and m, a tensor field J of type (1,1) and a 1-form 6 associated with a characteristic vector
field ¢, which has §(X) = g(X, (). Moreover, V is called a symmetric metric connection of type (¢, m) ( simply, an
(¢, m)-type metric connection) if g is parallel on this connection V (i.e., Vg = 0).

In case (¢,m) = (1, 0), the (¢, m)-type metric connection V becomes a semi-symmetric metric connection,
introduced by Hayden [4] and Yano [9]. In case (¢, m) = (0, 1), the connection V becomes a quarter-symmetric
metric connection, introduced by Yano-Imai [10]. In the sequel, we shall assume the following;:

(1) X, Y and Z are the vector fields on M.

@) (£,m) # (0,0). )

(3) M is alightlike hypersurface of M.

(4) The characteristic vector field ¢ is unit spacelike and tangent to M.

(5) F(M) is the collection of smooth functions on M.

(6) T'(E) is the F(M) module of smooth sections of any vector bundle E over M.

(7) (2.1); is the i-th equation of (2.1).

In this paper, we study the geometry of a lightlike hypersurface of an indefinite Kaehler manifold M with
an (¢, m)-type metric connection subject such that an indefinite almost complex structure .J satisfies (1.1).

Jin studied lightlike hypersurfaces of an indefinite Kaehler manifold with an (¢, m)-type metric connection
in [6]. However, (2.1); and (4.1) in [6] are not correct. First, in [6], this author used the (¢, m)-type metric
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connection V in (2.1);, thatis, V.J = 0. This is a mistake because the connection in (2.1)3, defined on a Kaehler
manifold M, must be the Levi-Civita connection V on M, that is, V.J = 0. Next, in [6], Jin used the curvature
tensor R of the (¢, m)-type metric connection V as the curvature tensor in (4.1) . This is also a mistake because
the curvature tensor in (4.1), defined on an indefinite complex space form M (c), must be the curvature tensor

R of the Levi-Civita connection V. In this paper, we rewrite the paper [6] replacing ¥ by V in (2.1); and R by
Rin (4.1) (see new correct equations (2.1); and (4.1) in this paper).

Theorem 1.1. A linear connection V on M is an (£, m)-type metric connection if and only if it satisfies
ViV =VgV +{0(YV)X — §(X, V)t —mh(X)JY. (1.2)

Proof. Let V be the linear connection defined by (1.2). By directed calculations from (1.2), we see that V satisfies
(1.1) and Vg = 0. Thus V is an (¢, m)-type metric connection.
Conversely, if V is an (¢, m)-type metric connection, then we can write

VgV = ViV + (X, Y). (1.3)
Substituting (1.3) into the equation (V¢ g)(Y, Z) = 0 and using the fact that V is a metric connection, we have
IW(X,Y),Z) +g(¥(X, 2),Y) = 0. (14)

Also, from (1.1), (1.3) and the fact that V is torsion-free, it follows that

VX,Y) =Y, X) ={0(V)X - 0(X)Y} +m{0(Y)JX — 0(X)JY}. (1.5)
From (1.5), we get
57(1#()_(7 Y )7 Z) - 9(¢(577X)a Z)
={0(Y)g(X,2) - 0(X)g(Y, 2)} + m{0(Y)g(J X, Z) — 0(X)g(JY, Z)},

(Y, X),Z) - (4 (Z,
= H{o(Y)g(X, Z ( -
+m{0(YV)g(JX,Z) +0(2)g(JX,Y)}.

Substituting (1.4) to the last equation, we obtain
9 (Y, 2), X) = {o(Z)g(Y, X) = g(Y, Z)g(¢, X)} = mb(Y)g(J Z, X).
As g is non-degenerate, we obtain
P(X,Y)={0(Y)X — g(X,Y)(} —mb(X)JY.

Thus V satisfies (1.2). This result implies that a linear connection V on M is an (¢, m)-type metric connection if
and only if V satisfies (1.2). O
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2. (¢, m)-type metric connections

Let M = (M, g, J) be an indefinite Kaehler manifold equipped with a unique Levi-Civita connection V, a
semi-Riemannian metric g and an indefinite almost complex structure J such that

J2=-1, g(JX,JY)=g(X,Y), (V)Y =0. (2.1)
Denote by V an (¢, m)-type metric connection on M. Using (1.2), we have
(Vx)Y)={0(JY)X —0(Y)JX — g(X,JY)(+ g(X,Y)J(}. (2.2)

For the normal subbundle TM=([2]) of the tangent bundle TM of rank 1, a screen distribution S(TM) of
TMLin TM is non-degenerate on M with the orthgonal direct sum @,

TM =TM™* ® g, S(TM).

For a null section 7 in T'(TM+*) on a coordinate neighborhood U C M, there exists a unique null section N,
called the null transversal vector field of M, of a unique vector bundle tr(T'M), called the transversal vector bundle,
in S(TM)* such that

gn,N)=1, g(N,N)=g(N,X)=0, VXel(5(IM)).

Moreover, the tangent bundle TM of M is decomposed as follows:
TM =TM @ tr(TM) = {TM* & tr(TM)} ©opin S(TM).

Let P:T(TM) — I'(S(T'M)) be the natural projection. Then we have thel Gauss and Weingartan formula
of M and S(T'M) as follows:

VxY = VxY +B(X,Y)N, (2.3)
VxN = —A X +7(X)N, (2.4)
VxPY = V%PY +C(X,PY)n, (2.5)
Vxn = —A X —7(X)n (2.6)

for X,Y,Z € T'(TM), the induced connections V on T'M, and V* on S(TM), the local second fundamental
forms B and C, the shape operators A, and A} on TM and S(T'M), respectively and a 1-form 7.

Due to [2, Section 6.2], we have J(TM*) @ J(tr(TM)) is a subbundle of S(TM), of rank 2 for subbundles
J(TM*)and J(tr(TM)) of S(TM) withrank 1 and J(T M=) N J(tr(TM)) = {0}. Therefore, there exist two non-
degenerate invariant distributions D, and D on M in terms of J (thatis, J(D,) = D, and J(D) = D) satisfying

S(TM) = J(TM™*)® J(tr(TM)) @orth Do,
D = {TM* @opan J(TM*)} @opan, Do

In this case, T'M has the decomposition:
TM =D @ J(tr(TM)). (2.7)

Now we consider the null vector fields U and V, corresponding to N and 7 in terms of J, respectively, and dual
1-forms u and v of U and V/, respectively, satisfying

U=-JN, V=—Jn uX)=g9X,V), vX)=g9(X,U). (2.8)

For the projection S : TM — D, arbitrary vector field X in I'(T'M) can be written as X = SX + «(X)U, and
also we have
JX =FX +u(X)N, (2.9)

where F' = J o S is a tensor field of type (1,1) globally defined on M. From (2.9), (2.1) and (2.8), we obtain

F?2X = - X +u(X)U. (2.10)
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Therefore, (F, u, U) is an indefinite almost contact structure on M as «(U) =1 and FU = 0. Here, F is called
the structure tensor field of M and U the structure vector field of M.
The connection V is an (¢, m)-type non-metric connection, and satisfies

(Vxg)(Y,2) = B(X,Y)u(Z) + B(X, Z)u(Y), (2.11)
T(X,Y) = ({0(Y)X — 0(X)Y} +m{0(Y)FX — 0(X)FY}, (2.12)
B(X,Y) — B(Y, X) = m{0(Y)u(X) — 0(X)u(¥)}, (2.13)

where 7' is the induced torsion tensor with respect to V on M and p is a 1-form on T'M such that u(X) =
g(X, N). From the fact that B(X,Y) = g(VxY,n), we obtain

B(X,n) =0, B(n, X) =0, (2.14)

and also we have
gAIX,Y) = BX,Y),  §(A}X,N) =0, (2.15)
g(A X, PY)=C(X,PY), g(A,X,N)=0. (2.16)

From (2.14),, (2.15) and the non-degeneracy of S(T'M), we have
Ain =0. (2.17)

We set b = 0(N). Applying Vx to (2.8) and (2.9) by turns, we have

B(X,U) = C(X,V) + t{bu(X) — 0(V)u(X)}, (2.18)
VxU = F(A,X) + 7(X)U (2.19)
+ U)X +bFX — v(X)¢ — p(X)FCY,

VXV = F(ALX) — 7(X)V + H{0(V) X — u(X)C}, (2.20)

(VxF)(Y) = w(Y)A, X — B(X,Y)U (2.21)
+H{O(JY)X — 0(Y)FX — g(X, JY)C + g(X,Y)FCY,

(Vxu)(Y) = —u(Y)r(X) — B(X, FY) (2.22)
+{0(V)g(X,Y) — 0(Y)u(X)},

(Vxv)(Y) = v(¥)7(X) - g(A, X, FY) — (6(U)g(X,Y)} (2.23)

— Hbg(FX,Y) = 0(Y)v(X) = u(X)g(FC,Y)}.

Example 2.1. Let M be a semi-Euclidean manifold R3, covered by coordinate neighborhoods with coordinates

{z1, y1, z2, y2}. There exist a non-degenerate metric g, an endomorphism J and a natural connection V of the
forms

9((w1, Y1, w2, y2), (u1, v1, ug, v2)) = —T1UL — Y1V1 + TaUz + YoU2,
J(ﬂﬁh Y1, T2, yz) = (—’yl, Z1, —Y2, Iz)-

From the second equation of the last relations, we see that

0 0 0 0
J(al'i) _8yi’ J(@%) __(r“)a;‘i7

where i run over 1, 2. Then (M, g, J) is an almost complex manifold. We let

ViV = VeV +{0(Y)X — §(X,Y)¢} —mb(X)JY,

where ¢ and m are smooth functions and 6 is a 1-form associated with a smooth vector field (. Then V is an
(¢, m)-type metric connection on (M, g, J).
Consider a hypersurface M of M = R} given by

x1:y1+\/§\/m§+y§.
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For simplicity, we set f = /23 + y3, a% = 0,, and 8%” =0, fori=1, 2. Let

A1, y1, B0, y2) = o1 — y1 — V24/23 + 43,

then M = A=1(0), i.e., M is a level surface of the function A. As 9,,, and 9,, are timelike and 9,, and 9,, are
spacelike, the gradient vector field

oA, 0A

_OA, oA oA
oz "t Oy

A = » -
v O Oz + 0y

8@!1 + ayz

2
= - a;m + ay1 - %(w2aﬁb’2 + y2892)

is orthogonal to all vectors tangent to the level surface M, it is easy to check that M is a lightlike hypersurface
whose normal bundle TM* is spanned by

=1 (00, —0yy) + V2(22 00, +y20,,).

Then the transversal vector bundle is given by

1
tr(T'M) = Span {N = {f(—('?m1 +0y,) + \/5(:132 Oz, + Yo ayz)}} .
Since uy = y1, us = T2, uz = Y2, 1 = u; +2fand 9,, = > %QUT‘? D4, the tangent bundle TR} is spanned by
2 2
{aul =0y, + 0y, Ouy = @am 0y, O, = @am + ayz} .

It follows that the corresponding screen distribution S(7'M) is spanned by
{Wl =0y, + 8y1, Wa = —y2 Oy, + 22 6y2}

By direct calculations we obtain

VWi = VX =0,
ﬁwz Wy = —220:, — Y20,
Ve =V2¢, V&= Vello = V205,
forany X € I'(T'M). Now we set ( = w + AN = a10,, + 10y, + a20,, + b20,,. By using (1.2), we obtain
VxWi = oW)X — g(X,W)¢} —mb(X) W,

= E{—(al + b1)X + (!,C1 + yl)C} + m(alxl + ylbl)JW1~
Using (2.3) and the fact that JW; = 1{¢ — 4f2 N}, we obtain

VxWi ={~(a1 +b1)X + (21 + y1)w} + %m(aﬂm + y1b1)¢,
B(X,W1) = M(x1 +y1) — 2m(ayz1 + y1b1)f2
Thus B(Wy, W) = 2\ — 2m(ay + by)f2 and B(Wa, W1) = 0.
By the same method, we see that
Vi X = H{OX)W; + g(X, W1)C}+mo(W1)J X,
= H—(a1z1 +biy)Wi + (21 +y1)¢F — m(ar + b1)JX.
Using (2.3) and (2.9), we have
Vi, X = {—(a1z1 + bry1)W1 + (21 + y1)w} — m(ay + b1)FX,
B(Wy, X) = M(xz1 +y1) — m(ag + by)u(X).
Thus B(W1,W1) =20 — m(a1 + b1)u(W1) and B(W1,Ws) = —m(a1 + b1)u(Ws). From the last equations, we

obtain
B(Wl, WQ) — B(WQ, Wl) = —m(al + bl)u(Wg)

By the similar produce, we obtain all forms of VxY and B(X,Y).
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3. Some results

Theorem 3.1. Let M be a lightlike hypersurface of an indefinite Kaehler manifold M with an (€, m)-type metric
connection V subject to ¢ € T'(T'M) and integrable D. If F is parallel in terms of V on M, then

(1) ¢ =0and V¥ is a quarter-symmetric metric connection,

(2) D and J(tr(TM)) are parallel on M, and

(3) M =C, x M*islocally a product manifold, where C,, is a null curve tangent to J (tr(TM)) and M?* is a leaf of the
distribution D.

Proof. (1) Replacing Y by 7 to (2.21) and using (2.14);, we have
(V)X —u(X)C} = 0.

Taking X =7, we have £0(V)n = 0. Thus (0(V') = 0. Consequently, we get (u(X) = 0. Setting X = U, we have
£ = 0. Therefore, V is a quarter-symmetric metric connection.
(2) Taking the product with V to (2.21): B(X,Y)U = u(Y)A, X, we obtain

B(X,Y)=uY)u(A, X).
PuttingY =V and Y = FZ, we obtain
B(X,V) =0, B(X,FZ) = 0.
In general, by using (2.7), (2.9), (2.11), (2.15) and (2.20), we derive

g(vXnﬂv):_B(va):()? g(VXV—vV):Oa
9(VxZ, V) = B(X,FZ,) =0, YZ,eT(Dy).

It follows that D is a parallel distribution on A/, that is,
VxY eI(D), VX eI'(TM), VY eI'(D).
Also, taking Y = U to (2.21): B(X,Y)U = u(Y)A, X, we get
A X =B(X,U)U. (3.1)
From (3.1), we obtain F'(4, X) = 0 and hance, from (2.19), we get
VxU =71(X)U. (3.2)

Moreover,
VxU eT'(J(tr(TM))), VX el (TM),

which means J(¢tr(T'M)) is parallel on M.
(3) From (2) and (2.7), by the decomposition theorem [3], M = C,, x M?* is locally a product manifold, where
C, is a null curve tangent to J(tr(TM)) and M* is a leaf of D. O

Definition 3.1. The structure vector field U of M is said to be principal in terms of A} if there exists a smooth
function « such that
AU =al.

A lightlike hypersurface M of an indefinite almost complex manifold M is called a Hopf lightlike hypersurface if
it admits a principal structure vector field U.

Example 3.1. We consider a complex metric as the polynomial Q(2) = —3°_, 27 + Z;i; 1727 = gc(z,2). We
define S'-invariant hypersurface

Ml = {Z = (Zla cee ;ZnJrl) € S%;hLl ‘ Q(Z)Q(Z) = 17 rankR{z,iz,z, 'LZ} = 4}
We define the action and its corresponding quotient
S x Sgg"’l — Sg;’“, (ay(z1...,29n41)) = (az1,...,62n41),
T SgZJrl = Cpy = Sg;”rl/w.

From a semi-Riemannian submersion 7, M = 7 (Ml) is Hopf (see [1], [8]).
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Theorem 3.2. Let M be a lightlike hypersurface of an indefinite Kaehler manifold M with an (¢, m)-type metric
connection V subject to ¢ € T(TM). If V is parallel in terms of V on M, then

(1) ¢ =0and V is a quarter-symmetric metric connection,

(2) the 1-form T satisfies T = 0,

(3) M is Hopf lightlike hypersurface of M such that « = mf(V),
(4) the functions 6(U) and 6(V') are satisfied 20(U)0(V') = 1.

Proof. (1) Assume that V' is parallel in terms of V on M. Applying the scalar product with NV to (2.20), we get
B(X,U) = t{bu(X) — 0(V)u(X)}.
Taking X = 7 to this equation and using (2.14),, we get £6(V) = 0. Thus
B(X,U) = lbu(X).
Taking X = (, X =U, X =V and X = F( to this by turns, we obtain
B, U)=0, BUU)=4, B(V,U)=0, B(F(U)=0. (3.3)
Applying the scalar product with U to (2.20) and using ¢6(V') = 0, we obtain
7(X) = —L9(U)u(X). (34)
Taking X = U and Y =V to (2.13) and using (3.3)3, we obtain
B(U,V)=md(V). (3.5

Taking the scalar product with ¢ to J{ = F( 4+ 6(V)N and using the facts that g(J{,{) =0 and 8(N) = b, we
obtain 0(F¢) = —b0(V). Taking X = U and Y = F( to (2.13) and using (3.3)4 and 6(F¢) = —b0(V'), we obtain

B(U, F¢) = —mbO(V). (3.6)
Taking the scalar product with ¢ to (2.20) and using (3.4), we obtain
B(X,F¢) +bB(X,V)+ u(X) =0.
Replacing X by U to this and using (3.5) and (3.6), we have ¢ = 0.

(2) As ¢ =0, from (3.4), we see that 7 = 0.

(3) As 7 =1 =0, (2.20) reduces F(A;X) = 0. Thus J(A;X) = B(X,V)N. Applying J to this equation and
using (2.1);, we obtain
A X = B(X,V)U. 3.7)

Taking X =U to this equation and using (3.5), we obtain A;U = m@(V)U. Thus M is Hopf lightlike
hypersurface of M such that « = mf(V).

(4) Taking the scalar product with ¢ to A;U = m6(V)U, we have
B(U,¢) =mb(U)O(V).
On the other hand, taking X = U and Y = ¢ to (2.13) and using (3.3);, we get
B(U,¢) = m{1— 6(U)(V)}.

From the last two equations, we get m{1 —26(U)6(V)} =0. As £ =0, we see that m # 0 as (¢,m) # (0, 0).
Therefore, we obtain 20(U)6(V) = 1. O

Definition 3.2. The structure tensor field F' of M is said to be recurrent [7] if there exists a 1-form @ on M such
that
(VxF)Y = @(X)FY.

Theorem 3.3. If the structure tensor field F of a lightlike hypersurface M of an indefinite Kaehler manifold M with an
(¢, m)-type metric connection subject to ¢ € T'(T'M) is recurrent, then F is parallel in terms of V on M.
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Proof. If M is recurrent, then, from (3.6), we obtain

@(X)FY = uw(Y)A, X — B(X,Y)U (3.8)
+H{O(JY)X —0YV)FX — §(X,JY)C+g(X,Y)F(}.

Taking Y =nand Y =V at (3.8) by turns and using (2.14);, we have
w(X)V ={6(V)X — u(X)C}. (3.9)
@(X)n=—B(X,V)U — t{0(V)FX — u(X)FC}.
Applying F to the second equation and using (2.10), we have
—w(X)V ={0(V)X —u(X)(}.

Comparing this equation with (3.9), we obtain @ (X)V =0, and hence w = 0. Therefore, VxF =0 and F' is
parallel in terms of V. O

Corollary 3.1. If the structure tensor field F of a lightlike hypersurface M of an indefinite Kaehler manifold M with an
(¢, m)-type metric connection subject to ¢ € T'(T'M) is recurrent, then we have Theorem 3.1 is satisfied.

Definition 3.3. The structure tensor field F' of M is said to be Lie recurrent [7] if there exists a 1-form ¢ on M
such that
(L F)Y =9(X)FY,

where (L, F)Y = [X, FY] — F[X,Y] is the Lie derivative on M with respect to X, In case ¥ = 0, we say that F
is Lie parallel.

Theorem 3.4. Let M be a lightlike hypersurface of an indefinite Kaehler manifold M with an (¢, m)-type metric
connection such that ¢ € I'(T'M). If F' is Lie recurrent, then the following statements are satisfied:

(1) the structure tensor field F is Lie parallel,
(2) the 1-form T vanishes, i.e., 7 =0,
(3) AU = —mB(U)V, A3V = —mf(V)V.

Proof. (1) Using (2.10), (2.12) and (2.21), we obtain

IX)FY = u(Y)A X — B(X,Y)U — Vpy X + FVy X (3.10)
+ {bu(Y)X + g(X,Y)F¢ — §(X, JY)C}
— m{0(Y)X + 0(FY)FX — 0(Y)u(X)U}.

Taking Y =nand Y = V to (3.10) by turns and using (2.14),, we have

— WX = VX + FV, X + tu(X)C +mO(V)FX, (3.11)
I X)n = —B(X,V)U — V, X + FVy X + lu(X)F¢ (3.12)
—mi(V){X —u(X)U}.

Taking the scalar product with U to (3.11) and N to (3.12) by turns and comparing two resulting equations, we
get ¥ = 0. Thus F is Lie parallel.

(2) Taking the scalar product with V to (3.11) with X = U, we get
(V) =0. (3.13)
Taking X =7 to (3.11) and using (2.6), (2.17) and (3.13), we have
AV = {r(m) —mb(V)}V;  B(V,U) = () — mO(V).
Taking the scalar product with V to (3.12) with X = U, we obtain

BU,V)=—1(n).
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Taking X = V and Y = U to (2.13) and using the last two equations, we have
7(n) =0; B(U,V) =0, AV = -—mo(V)V. (3.14)
Taking X = U to (3.10) and using (2.10), (2.13), (2.18) and (2.19), we get

w(Y)A U — F(A FY) —1(FY)U — A, Y (3.15)
+ (oY) FC + p(Y)C} — m{6(Y) - 6(U)u(Y)}U = 0.

Taking ¥ = V to (3.15) and using (3.14),, we have
AV =—F(Ayn) +LF(—ml(V)U. (3.16)
Taking the scalar product with U to (3.16) and using (2.1)» and (2.9), we have
C(V,U) = —£b. (3.17)
Replacing Y by U to (3.10) and using the fact that FU = 0, we have

A X = B(X,U)U = FVyX — {bX + v(X)F¢ — n(X)C} (3.18)
+ mO(U){X — uw(X)U}.

Taking X = V to this equation and using (2.13), (2.20) and (3.14)3, we get
AV =AU +7U)n— £V +mU)V —mb(V)U.

Taking the scalar product with V and U by turns and using (3.17), we have

T(U) =0, BU,U) = —-mé(U). (3.19)
AV =AU =V +mo(U)V —mo(V)U. (3.20)

From (2.18) and (3.19),, we obtain
C(U,V)=—tb—mo(U). (3.21)

Taking the product with V' to (3.15) and using (2.18) and (3.21), we have
BY,U)=—-71(FY)—ml(Y). (3.22)
Taking X =V to (3.10) and using (2.10), (2.13), (2.20) and (3.14),, we get
w(Y)AV = F(AJFY) - AY + 7(FY)V —7(Y)n (3.23)
+ u(Y)V = m{0(Y)V +0(FY)n —0(V)u(Y)U} = 0.
Taking the scalar product with U and using (2.15) and (3.17), we have
BY,U)=7(FY)—mo(Y).

Comparing this equation with (3.22), we see that 7(FY’) = 0. Replacing Y by F'X to this result and using (2.10)
and (3.19);, we have 7 = 0.

(3) From (3.14)3, we show that A7V = —m#@(V)V. Replacing Y by U to (2.13) and using (3.22) with 7 = 0, we
have B(U, X) = —m0(U)u(X). From this result and (2.15), we see that A;U = —mf(U)V. From this result and
(3.20), we have A,V = —¢bV — mf(V)U. Thus we have our theorem. O

4. Indefinite complex space forms

A connected indefinite Kaehler manifold M (c) of constant holomorphic sectional curvature c is called an
indefinite complex space form if its curvature tensor R satisfies

RIX,Y)Z = z{g(Y, 2)X — §(X, Z2)Y + g(JY, Z)JX (4.1)
— G(JX, 2)JY +24(X,JY)JZ}.

dergipark.org.tr/en/pub/iejg 534


https://dergipark.org.tr/en/pub/iejg

D. H. Jin, C. W. Lee & J. W. Lee

For the curvature tensor R of the (¢, m)-type metric connection V on M, we have the following relation:

R(X,Y)Z = R(X,Y)Z (4.2)
XO{0(2)Y = g(Y, Z)C} — (Xm)o(Y)J Z
{ )

X - g(X, Z)C} + (Ym)G(X)JZ

Z)Vy( — Q(Y Z)Vx¢
+ f[g(Yy 2)X —9(X,2)Y]}
— (Vy0)(X)
+m[0(Y)0(JX) —0(X)0(JY)|}JZ
+tm{[0(Y)JX — 0(X)JY]0(Z)
—[0(Y)g(JX, Z) — 0(X)g(JY, Z)IC}-

For the curvature tensors R and R* of the connection V and V* on M and S(T'M), respectively, we have the
Gauss equations for M and S(T'M) such that

R(X,Y)Z = R(X,Y)Z+B(X,Z)A,Y —B(Y,Z)A, X (4.3)
+{(VxB)(Y,2) - (VyB)(X, 2)
+T(X)B(Y, Z) — 7(Y)B(X, Z)
— O(X)B(Y, Z) - 0(Y)B(X, Z)]
— m[0(X)B(FY. Z) — 6(Y)B(FX, Z)]}N,

R(X,Y)PZ = R*(X,Y)PZ +C(X,PZ)A}Y — C(Y,PZ)A: X (4.4)
+{(VxC)(Y,PZ) — (VyC)(X,PZ)
— 7(X)C(Y,PZ)+7(Y)C(X, PZ)
—00(X)C(Y,PZ) — 0(Y)C(X,PZ)]
— m[0(X)C(FY,PZ) — 0(Y)C(FX,PZ)|}.

Differentiating §(¢,n) = 0 with respect to Vx and using (2.6) and (2.15), we have

9(Vx¢,n) = B(X, (). (4.5)
Taking the scalar product with n and N to (4.2) by turns and using (2.16),, (4.1), (4.3), (4.4) and (4.5), we get

(VxB)(Y.Z) ~ (VyB)(X,2) (4.6)
+ {7(X) = t0(X)}B(Y, Z) — {7(Y) — t0(Y)}B(X, Z)
—m{0(X)B(FY,Z) - 0(Y)B(FX,Z)}
+{(Xm)O(Y) — (Ym)(X)}u(Z)
— Ug(X, D)B(Y.) — g(V, )B(X.()}
+ m{(Vx0)(Y) — (Vy0)(X)
+mlB(Y)I(IX) — 6(X)0(Y)]}u(Z)
— tm{B(Y Ju(X) — 6(X)u(Y)}8(2)
= H{u(0)3(IY, 2) = u(Y)g(JX, Z) + 2u(2)g(X, JY)},
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(VxC)(Y,PZ)— (VyC)(X,PZ) 4.7)
—{7(X)+(X)}IC(Y,PZ)+{r(Y)+00(Y)}C(X,PZ)
—m{0(X)C(FY,PZ)—-0(Y)C(FX,PZ)}
— (XOL0(PZ)u(Y) = bg(Y, PZ)}
+ YO{O(PZ)u(X) — bg(X, PZ)}
+ {(Xm)0(Y) — (Ym)0(X)}v(PZ)
— H{(VxO)(P2)n(Y) = (Vy0)(PZ)u(X)}
— Hg(X,PZ)g(Vy(,N) = g(Y,PZ)g(Vx(,N)}
— {g(Y, PZ)(X) — (X, PZ)u(Y)}
+m{(Vx0)(Y) — (Vy0)(X)
+m[0(Y)0(JX) — 0(X)0(JY)]}v(PZ)
—Im{0(Y)v(X) - 0(X)v(Y)}0(PZ)
+ mb{0(Y)g(JX,PZ) —6(X)g(JY,PZ)}
= n(X)g(Y, PZ) = u(Y)g(X, PZ) + v(X)g(FY, PZ)
—o(Y)g(FX,PZ) + 20(PZ)g(X,JY)}.
Theorem 4.1. Let M be a lightlike hypersurface of an indefinite complex space form M (c) with an (¢, m)-type metric
connection subject such that ¢ is tangent to M. If one of the following four statements is satisfied, then ¢ = 0.

(1) F is parallel with respect to the connection V,
(2) F is recurrent,

(3) Fis Lie recurrent,

(4) U is parallel with respect to V and { = 0.

Moreover, in case (4), the 1-form T satisfies T = 0.

Proof. (1) As F is parallel with respect to V, we show that ¢ = 0 by Theorem 3.1. Taking the scalar product with
U to (3.1) and using (2.16), we have
C(X,U) =0.

Differentiating C(Y, U) = 0 with respect to Vx and using (3.2), we obtain
(VxC)(Y,U) = 0.
Taking PZ = U to (4.7) and using the last two equations and ¢ = 0, we get
S{HCOV(Y) = p(Y)o(X)} =0,
Taking X = nand Y =V to this equation, we obtain ¢ = 0.
(2) By Theorem 3.3 and (1) of this theorem, we obtain ¢ = 0.
(3) As 7 = 0 by (2) of Theorem 3.2, the equation (3.22) reduce to
B(Y,U) = —mf(Y). (4.8)
Differentiating (4.8) with respect to V x and using (2.19) and the fact that 7 = 0, we obtain
(VxB)(Y,U) = =(Xm)0(Y) = m{(Vx0)(Y) + bB(X,Y)}
— gAY, F(A X)) —0(U)B(Y, X) — thg(A}Y, FX)
+ Lo(X)B(Y, ¢) + Lu(X)g(AY, FQ).
Taking Z = U to (4.6) and using (4.8) and the last equation, we obtain
g(AT X, F(ALY)) — g(AYY, F(A, X))
+ e{g(A; X, FY) — g(A}Y, FX)}
+ H{u(X)g(AY, FQ) — u(Y)g(A, X, FQ)'}
= SHu(Y)p(X) —u(O(Y) +25(X, JY)}.
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Taking Y = U and X = 7 to this equation and using (2.17) and the facts that A;U = —m@(U)V and g(V, F' X) = 0,
we getc = 0.

(4) Assume that U is parallel with respect to V and ¢ = 0. Taking the scalar product with V" and N to (2.19)
by turns such that VxU = 0, we get

7(X) =0, C(X,U) =
Differentiating C(Y,U) = 0 with respect to Vx and using V xU = 0, we obtain
(VxC)(Y,U) =

Taking PZ = U to (4.7), we obtain
e{u(X)o(Y) = p(Y)o(X)} = 0.
Taking X =nand Y =V to this equation, we have ¢ = 0. O

Theorem 4.2. Let M be a lightlike hypersurface of an indefinite complex space form M (c) with an (¢, m)-type metric
connection such that ¢ € T'(TM). If V is parallel in terms of V, then the following equation holds

(nm)B(U) +m(V,0)(U) —m® = .
Moreover, if ¢ is an asymtotic direction, i.e., B(C,() = 0, then

2(nm)O(U) = m? + Zc.

Proof. As V is parallel with respect to V, we show that ¢ = 7 = 0 by Theorem 3.2. Taking the scalar product
with U to (3.7) and using (2.18), we have
C(X,V) =0.

Differentiating C'(Y, V') = 0 with respect to Vx and using VxV = 0, we obtain
(VxCO) (Y, V) =0.
Taking PZ =V to (4.7), we get

(Xm)O(Y) — (Ym)0(X) (4.9)
+m{(Vx0)(Y) — (Vy0)(X) +m[0(Y)0(JX) — 0(X)0(JY)]}

= SHHOOU(Y) = (Y )u(X) + 25(X, JY)}.
Differentiating 6(n) = 0 in terms of V x and using (2.6) and (2.15), we have
(Vx0)(n) = B(X, (). (4.10)
Taking X = U to (4.10) and using A;U = m6(V)U, we have
(Vu0)(n) = g(A3U, Q) = mo(U)O(V).

Taking X =nand Y = U to (4.9) and using the above equation and 26(U)#(V) = 1, we have
- 3
(nm)O(U) +m(V,0)(U) = m? + e
Applying Vx to 6(¢) =1, we have (Vx0)(¢) =0. Taking X =5 and Y =¢ to (4.9) and using (4.10) and
(V,0)(¢) =0, we obtain
mm = mB(C,¢) + {m? + Sc}o(V).

Assume that B(¢, ¢) = 0. Taking the product with §(U) to the above equation and using 260(U)8(V') = 1, we have
2(pm)o(U) = m? + 3c. O
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