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Abstract

In this paper, we present a new analogue of the Filbert and Lilbert matrices whose indices
have different asymmetric and nonlinear rules according to their row numbers. Explicit
formulee are derived for the LU-decompositions, their inverses and the inverse of the main
matrix as well as its determinant. To prove the claimed results we use backward induction
method. The asymmetric variants of the Filbert and Lilbert matrices are obtained from
our results for a particular g value.
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1. Introduction
For n > 1, define the second order linear recurrences {U,, V,,} by
Un=pUpn-1+Up2and V;, =pV 1 + Vo2

with Uy = 0, Uy = 1 and Vp = 2, Vi = p, respectively. If p = 1, then U, = F, (nth
Fibonacci number) and V,, = L,, (nth Lucas number).
The Binet forms are
n __ n 1 _ AN
Unzia p =" q and V,, ="+ " =a"(14+¢"),
a—pf 1—gq
where a, § = (p:l: \/E) /2 with ¢ = B/a= —a% and A = p* + 4, so that a =i/,/7.
Nowadays interesting combinatorial matrices whose entries include g-binomial coeffi-
cients or well-known integer sequences such as natural numbers, Pochhammer symbol,
g-integers, Fibonacci and Lucas numbers have been studied by many authors. They have
found some algebraic properties of these matrices. For these studies, we refer to [1-15].
e Chu and Di Claudio [6] defined the matrix {877“1}
i+ lo<ij<n
are complex numbers. They also worked out some versions of the matrix above.

, where a, ¢ and {\;}7-,
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e Filbert matrix H, = (hi,j)?,j:1 is defined by h;; = Fi+1j—1 as analogue of the
Hilbert matrix, where Fj, is the nth Fibonacci number. It has been defined and
worked by Richardson [15].

e Fonseca and Andeli¢ [2] studied some results on the determinant of a pentadiagonal
Toeplitz matrix.

e The authors of [10] worked nonlinear generalizations of Filbert and Lilbert matrices
with entries

! and ! ,

UA(i+r)’<+u(j+s)T+c V/\(i+r)k+u(j+s)7"+c

where U, and V,, are nth generalized Fibonacci and Lucas numbers, respectively.
This is the first study on nonlinear generalization of Filbert and Lilbert matrices.

e Kili¢ and Ersanli [11] constructed a combinatorial matrix whose row entries are
changed according to their row numbers as follows

1 . .
qum lf m 1S Odd,
J= [Tm,n] = 1
m if mis even,
Yq

where any reals ¢, z, y and arbitrary integers a,b such that 1 + xzq¢®™0" £ 0,
14+ yqam+bn 7& 0.

In the mentioned works above, some algebraic properties of these matrices such as ex-
plicit formulas for LU-decomposition, Cholesky decomposition, determinants and inverses
of them were evaluated. The authors of these works converted the entries of the matrices
into ¢-form and then used the g-Zeilberger algorithm to prove the claims. In cases where
the algorithm didn’t work, they used backward induction method.

In this work, inspired by the matrix defining idea of [11] and by transferring the idea
there to the powers of the shifted indices, by the index functions ® and ¥, we were able
to carry it to a very different non-linear analog structure. For any reals x, y, q, A, u, a, b,
p, 7, v, w such that 1 4 zg@tAAP) +un+)™ £ 1 4 g gbtAAP) +u(n+1)" £ 0 we define
the matrix § = [Gp n]mn>0 as follows

1

if m is odd,

9 = [gm,n] =
1

if m is even,

with
D :=A(i+p)" and V,:=p(i+r)".

So consecutive row elements of § will have the forms of elements of the nonlinear and
asymmetric Filbert and Lilbert matrices with the choice of ¢;  and y. In this respect, the
matrix G has a very special and interesting harmony.

When 2 = y = F1, our results included the results of [10]. When also a = b =0, ®,, =
em and U,, = dn for arbitrary integers ¢, d such that 1 4+ z¢®™ T #£ 0, 1 4 yg®™ 9" £ 0
we get the results of [11].

1.1. Our contribution

We will even see this harmony when we obtain the algebraic properties of the matrix.
Let’s briefly summarize what we will do:
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e We give explicit formulee for L and U matrices and their inverses come from
LU-decomposition. Cholesky decomposition is not given as the inputs of G are
asymmetric. The size of § isn’t important, except for its determinant and in-
verse. We don’t need the dimension of § while deriving properties of G such as
LU-decomposition, L=, U~! as the formulee for them are independent from the
dimension. Thus, the matrix § can be thought of as infinitely dimensional so that
we restrict it to the first IV rows representing rows when needed, and use the Gy
notation.

e While the results we need seem to be ¢-hypergeometric sums, the ¢-Zeilberger
algorithm doesn’t work as they aren’t Gosper summable. So we prove them by
backward induction. We prove only one claimed result as a showcase.

e By the ¢-forms of the Binet formulas of {U,,V,}, according to the choice of any
real x and y, the matrix G have the forms of Filbert and Lilbert matrices. Clearly;

i. If ¢ = y = —1, then the consecutive rows of matrix § are in the form of
elements of the Filbert matrix.

ii. If z =y = 1, then the entries of matrix G are in the form of elements of the
Lilbert matrix.

iii. If x = —y = —1, then the consecutive rows of matrix G are in the form of
Filbert-Lilbert, respectively.

iv. If x = —y = 1, then the consecutive rows of matrix § are in the form of
Lilbert-Filbert, respectively.

e All identities we will derive are valid for general ¢. Thus, as an application of our
results, we derive results for general Fibonacci and Lucas numbers by choosing ¢
specifically.

2. The main results

We will give the results related with the LU-decomposition of the matrix § and the
L~!, U1 matrices and the inverse matrix G—1.
For LU-decomposition, we have the following results.

Theorem 2.1. Let 1 <d <n.
For odd n;
(i) if d is odd,
d (d=1)/2 (1 _ ropy—1 ja—bF+®p— Doy P S S
oo 1+ xq(l+‘1)d+\1’t (1 Ty q ) (1 q )
nd = H 1 + wqa‘i‘q)n"r\ljt (1 — wy_lqa_b‘f'q)d_q)%) (1 — qq>d_q>2t71) ’

t=1 t=1
(ii) if d is even,
L ﬁ 1 4 ygtt®at¥e (d—2)/2 1 — ay~lgvb+®a—® d/2 1— ¢®n—®21
nd = AL 1 gget@ntle 1L 1 — g®a—%2 LA 1 — g lygbmat®a P

For even n;
(i) if d is odd,
d (d—1)/2 _ 1y b—at-®p—Por g _ %P2
1+ pqat®at¥e (1 T yq ) (1 q )

Lpa=]—%——— ;
s t:l_Il 1+ ygbt®nt¥e Pl (1 — zy—1go—b+t®a—P2r) (1 — gPa—P2t-1)




Nonlinear variant of the Filbert and Lilbert matrices 727

(iv) if d is even,

d 14+ yqb+‘1>d+\11t /2 1 — l.*lyqb*a‘f’q)n*q)Qt—l (d-2)/2 1 — q‘Pn*‘bm

1 — q®a—P2t”

d = _ _ _
n tl:_[l 1 + yqb+q>n+\1’t 1 1—=x 1yqb a+Pg—Por1 1

Theorem 2.2. Let 1 < d < n;
(i) if d is odd,

<$qa+<1>d>d_l d-1 gV (1 _ qq/n—\l/t)

d,T’L - 1 + xqa—‘rq)d—‘r\pn tlIl 1 + mqa-‘rq)d-i-\l/t

(d—1)/2 (1 _ l.—lyqb—a—i-q)zz—@d) (1 _ qq>2t_1—<1>d>
(1 + yqb+¢2t+\1’n) (1 —+ xqa+¢2t71+mn) ’

X

t=1

(ii) if d is even,

1 d=1 g% (1 = ¥V
Uin = (qu(bd)d 1 t=H1 ! 1 E yquider\I!t)

a—b+Po;1—Dy (d-2)/2

o 1—ay'q
X 1— qCDQt_(Dd )
tl;[l (1 + xqa+¢’2t71+\pn) (1 + yqb+q)2t+\pn) t:l_[l ( )
Now we will present formulations for L=! and U~
For later use we recall the Iverson notation defined as

1 if P is true,
Pl ={

0 otherwise.

Theorem 2.3. Let 1 <d <n.
For odd n;
(i) if d is odd,

(n—1)/2 1 a— —
Loy= (i [
n, o1 a— —
Pt 1—xy=1¢@ +Pg— Lot
(n—1)/2 1— q¢n7@2t_1 n—1 1 4 xqa+<1’d+\llt
< 11

1— qéd_q)%—l bl 1+ xqa+(pn+\ljt

t=1
tA(d+1)/2
with L;b =0 forn <d,
(ii) if d is even,
—-1)/2 _
L—b _ (nl_[)/ 1— q‘in @;tflq)
n, — 1, b B
=1 1 x yq a+dy 2t—1
y (ni_Il)/Q 1— q<1>d*<1>2t n—l4 + yqb+¢'d+\llt
=1 1— xy_lqa_b‘i‘q)n—q)d bl 1 + xqa+‘1>n+\1’t
td/2

with L, ;=0 forn < d.
For even n;
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(iii) if d is odd,

-1 1 — q(pn*q)Zt
Ln’d T tl;[l 1-— xy—lqa—b—i-‘bd—‘bzt
n/2 1-— $_1yqb_a+q>n_q>2t—1 n—1 1+ xqa+¢d+‘1’t
X g 1— qq)d*‘l)m—1 haie} 1+ yqb+CI>n+\Ilt
t#(d+1)/2
with L;}i =0 forn <d,
(iv) if d is even,
n/2 b—a+Prn—P2r—1

—1
EPNCEZ R & S L
( 1) H 1— x—lyqb—a—kéd—@gt,l

X
R‘H
I

t=1
(n—2)/2 1— ¢®n—®x L yqb+¢'n+\11t

< 11

1— qq>d—¢’2t bl 1 + yqb‘l“I’d-i-\I/t

t£d)2
with L;Lii =0 forn <d.
Theorem 2.4. Let 1 < d < n;
(i) if n is odd,
a at®nt W
_ l+z nr
4 (_1)d+1q(d n) Wy tl;[1( q )
dn — -1 -4 d—1
(l‘qa+q)n)n nH (1 _ q‘IIt+d_‘I’d) H q\Ift(l _ q\I’d—\I’t)
t=1 t=1

(n—-1)/2 (1 + xqa+‘1>2t71+\1’,1) (1 + yqb+<1>2t+\1fd)

(1 — q(I)Qt—l*q)n)(]_ — x*lyqb*a+®2t*¢n)

X
t=1

with Ucﬁzo for n <d,

(ii) if n is even,

n

i (srne)

Ufl B (_1)dq(d—n)‘1/d
dn — n—1 —d d—1
Wa"™ )" (1 = gWerava) TT ¥ (1 — %)
t=1 t=1
y (n_r[2)/2 1 + yqb+¢’2t+\1/d n/2 1 + xqa+q>2t—1+‘1}d

t=1

1— q©2t7q>n 1— xy*lqa7b+<1>2t,17¢’n

t=1
with Ucznl =0 forn <d.
Now we compute the inverse of § which depends on its dimension V.
Theorem 2.5. For 1 < m,n < N;
(i) if n is odd,
N N+1)/2
n N—1 0T,
T (zgat Bt Um) = l—a™ t=1
t£m t#(n+1)/2

[NV/2] 1+ yqb+q>2t+\llm [(N+1)/2]

};[1 1-— a:_lyqb—a-I—d)zt_q)n g (1 + xqa+q’2t—1+\llm> :

]_ — q¢’2t—1_¢)n
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(ii) if n is even,

N o AR B B 7 e AN
(SN)mvn - (yqur‘I)nJr\I’m)N_l Pl 1— q\Ift*\I’m P 1— q‘PZt*‘bn
t#m t#n/2

(VD2 V2]

t];IL 1 . xy*lqafb“rq)Qt—l*(bn t:]l ( yq

Now we present our last result for computing the determinant of Gy which is evaluated
as the product of the diagonal entries of the matrix U.

Theorem 2.6. For N > 1;

(v/21) LN=1)/2] [((N-1)/2]
det Gy = (_1)\_]\[/4] (yqb> 2 H H q‘1>2t71 (1 _ q<1>2k+1—‘1>2t—1)

t=1 k=t
N—-1N-1 L(N-2)/2] [(N-2)/2]
% q\Ift (1 _ q\Ifk+1—‘I/t) H H q¢2t (1 _ qq>2k+2_¢'2t>
t=1 k=t t=1 k=t
[(N+1)/2] N 1 [N/2] N 1
X tl;[l IcE[l 1+ xqa+<1>2t71+\1/k tl;[l Icl;[l 14+ yqb+<1>2t+‘1’k
[V/2] [(N+1)/2]
% q<b2k71 (1 _ mflyqb*a‘F@Qt*q’Qkfl)
t=1 k=1
(xq“)g((Ngl)/Q) if N is odd,
X N/2 (3N/2)/3 X .
(=1)N/2 (zq)\ 2 if N is even.

3. Proofs

Although our results look like g-hypergeometric summations, the g-Zeilberger’s algo-
rithm doesn’t work as they aren’t Gosper summable. For this reason, we prove the claimed
results by the backward induction method. Since the operations in this method are long
and time consuming, we only give a proof for LU-decomposition of §. The proofs of other
results can be done in a similar way.

For the LU-decomposition of G, we need to prove that

Z Lm,dUd,n = gm,n-

1<d<min(m,n)

Here, since two consecutive rows and columns of L are defined by four different formula
and U are defined by two different formula we must consider four cases to prove the LU-
decomposition of §. Before this, we will consider more general case. We can assume
without loss of generality that m > n, and also prove a general formula depending on an
extra variable K:

SUMg := Z Lm,dUd,n- (31)
K<d<n

To prove the claimed result for the LU-decomposition of G, we need the case K =1 in
the above sum or SUM;. Before this, we have to consider parities of m and K. There are
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four subcases of SUMg as follows

SUM%I) if m and n are odd,

SUM%Q) if m is even and n is odd,
Z Lm,dUd,n =

K<d<n SUM&?) if m is odd and n is even,

SUM&?) if m and n are even,

where,
(i) For m and K are odd,

d—1
min(m,n) a+Dp, a+®4+Ty
s
K - (1 + wqa+q>d+\1/n) (1 -+ wqa+¢7rz+\1/d)

(1 —qY \pt) ld/2] (1 _ qq>2t,1—<1>m> (1 _ x—1yqb—a+q>2t—q>m)

g 1 + :L‘qa+(1)m+\l’t g (1 _|_ l'qa+(1>2t—l+q}n) (1 + yqb+‘1>2t+\1/n) ’

(ii) For m is even and K is odd,

min(m,n) <yqb+©m>d_1 (1 + $qa+‘1>d+‘1’d>

(2) ._
SUM =
K d;( (1 + xqa-l—q)d-l-‘l’n) (1 + yqb+<l>m+‘1’d)

d-1 g7 (1 _ q\pn—\m) 1d/2] (1 _ q<1>2t—<1>m> (1 — gy~ lge bt P @m)
H 1 _|_ yqb+¢m+\llt (1 _|_ xqa+(1>2t—l+\pn) (1 + yqb+(1>2t+\11n) ’

t=1 t=1
(iii) For m is odd and K is even,
min(m,n) a—i—@m d—1 1+yqb+<1>d+‘lld
SUME?) =) at Pt ( -1 b—a+<1>>—<1>
= (1+:cq mt¥a) (1 — x~1yq a=Pm)
]

_ <1 _ q ‘I/t) |d/2
1;[ 1+ $qa+¢m+\11t H

t=1

(1 _ qq)2t71_¢’m> (1 _ x—lyqb—a-F‘I’zt—‘Dm)
(1 _|_ xqa+(1>2t—l+\1}n) (1 + yqb“l’q)Qt“F\Ijn) ’

(iv) For m and K are even,
. d—1
@ min(m,n) <yqb+<1>m) (1 + yqb+<1>d+\lld) d—1 q\I/t (1 _ q\I!n—‘llt>
SUMi” = ) 1+ yght®mt¥a 1+ ygb+®m+

d=K
[d/2] _ . [(d—1)/2]
< I1 | I1 (1_q<1>2t—<1>m).
iop (L agt Pt o) (14 ygbt®aet¥n) - 20

t=1

Now we present the following Lemma to evaluate SUM&? for 1 <i<4.
Lemma 3.1. (i) For both odd m, K,

(wanr‘I)m)K_l K-1 g%t (1 _ qxpnf\pt)
1+ 2qot®m+¥n H 1+ zqatomTe
(K—-1)/2 (1 _ q¢’21—1—‘1>m> (1 _ x—lyqb—a+<1>2t—¢>m)

X tzl_ll (1 + xqa—k@gt,l-i—\lln) (1 + yqb+<1>2t+\1/n> . (32)

som(Y =
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(ii) For even m, odd K,

yqb+fl>m K1 K—1 q\I/t 1 _q\I/nf\I}t
suMi) = 1(+ yqb+<1>)m+\11n t:Hl 1 Jr( yqb-i-q)m-‘r\lft)
(K—1)/2 (1 _ q<1>2t7<bm> (1 _ xyflqaber@gt_lf'I)m)

X . 3.3
t:l_ll (1 + xqa+q)2t71+‘1’n) (1 + yqb+©2t+‘yn) ( )

(iii) For odd m, even K,

(zgotom )KL (1 + yqb+‘bK+‘I’n) K-1 ¢ (1 _ q\pn,\pt)

K/2 (1 _ qcbgt_rcpm) (1 _ x*lyqb7a+©2t*q>m)

suml? =

X t:l—[1 (1 —+ qua-i-{)zt—l-‘r\lfn) (1 + yqb"rq)zt'i“l’n) (34)
(iv) For both even m, K,
K—1
P (i B R C D R = A (R
SUMK = A -

K2 1 a—bi Doy 1~ (K-2)/2

1 — ,[Ey q 2t—1 m (I)Qti(bm
X t:l_[1 (14 wqot®2—1+¥n) (1 4 ygbtPat¥n) t:l_[1 (1 —q ) . (3.5)

Proof. To prove these results, we consider odd or even cases of both m and K. First
when m is odd, consider the results given in (3.2) and (3.4) as these two results will be
thought together. Similarly, for the case m is even, the results in (3.3) and (3.5) will be
considered together.

For the case m and K are odd, we have to prove that

sou® | = sum, M 4 5

where S, C(lt) is the summand of SUMi? (1<t<4).

Now we prove the following equation in which these two relations are common in the
case where m is odd. In general we assume that m > n because the case n > m is similar.
Note the claim is obvious when K = n. Since K — 1 is even, the backward induction step
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amounts to show that
som(® | = sum{D) + 5
(xqawm)K_l Kot g (1 ")
- R, TP+
1+ xq° o Ltxg® t
(K-1)/2 (1 _ q@m_l—cbm) (1 _ x—lyqb—awzt—%)
(1 + $qa+¢2t71+‘yn> (1 _|_ yqb+‘b2t+‘1’n)
(2qo+®m)K=2 (1 4 yqb+<1>K71+\1/K71) K-2 ¢V (1 _ q\lln—\m>
(1 + wqa+¢)m+\PK—1) (1 _ x_lyqb_a“l‘q)K—l_@m) =1

(K-1)/2 (1 _ q%tfl—cbm) (1 _ m—lyqb—a—f—@gt—@m)

(1 + xqa+¢2t71+\1jn) (1 + yqur(I’thr‘Ifn)

X

t=1

1 + xqa+q>m+‘1[t

X

t=1
(gt ®m)K=2 K=2 g%t (1 — Q\I]”_\Ijt)
Sl aqr etV AL 1 4 gpgetOmt
(K-1)/2 (1 - q‘I’zt*l*@m) (1 _ w*lyqbfanLCI)ztfcbm)
2 (T4 wgtPamat¥n) (1 4 ygbt®atin

xq@TemtVK—1 (1 — q‘l’"*‘l’K—l) 1 4 ygttor—1+¥ro
X 1+ xqa—i-@m-l—\lln + 1— x*lyqb*(l*”@}{,l*‘bm

X

After some simplifications, we get

(2ga+®m)K=2 (1 + yqb+<b;<,1+\1/n) K-2 ¢V (1 _ q\pn,\pt)

(K-1)/2 <1 _ q<1>2t—1*¢’m> (1 _ xflyqb*aJr‘I’Qt*‘I’m)
(]_ _|_ xqa+¢2t—1+an) (]_ + yqb+¢2t+an) ’

suml® | =

X
t=1

which completes the proof.
The remaining cases could be proven by a similar fashion. ([l

Especially, we derive the claimed results for the matrix G, we need. When K = 1 in
(3.2)-(3.4) and (3.3)-(3.5), we obtain the results for the LU-decomposition of G as shown

1 sumiY if n is odd
= LiaUin = ! ’
1+ zqot®nt¥n = <§(m o e { suM® i n is even

and

1 suM{® if n is odd
- Lo aUsn = ! )
b+ P+, Z m,dYd,n { 4) .o .
1+ ygt+®m* 1<d<min(m.n) SUM% ) if n is even.

The proofs of L™ and U~! may be done similarly. Also, we use the equation 9]*\,1 =
U~'L~! when proving the inverse of the § matrix. Finally the determinant of G is the
product of the main diagonal entries of the matrix U.
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4. Applications

In this section, we will define the matrix H = [H,, ] as shown

1
if m is odd,
UatAptm)? +pu(r-+n)®
g{m,n = 1
if m is even
%+A(p+m)”+u(r+n)w
or in closed form )
———— if mis odd,
g{m,n =
1 . .
—— if m is even,
Vot-d,,+0,

where
O;:=A(i+p)°” and W= p(i+r)"
for arbitrary integers a, b, p, v, A, pu, v, w.
For example, the matrix J of order 4 takes the form

1 1 1 1
Ua+<1711+\111 Ua+<1>11+\1/2 Ua+<1>11+q/3 Ua.+<I>11+\II4

I = Vb+<1>f+\111 Vb+<1>f+\112 Vb+<1>12+\y3 Vb+<1>12+\114

Ua+<1>13+\111 Ua+d>13+\112 Ua,+<I>13+\113 Ua+<I>13+\IJ4

Votro,+9;  Voraogtwy  Vitros+vg  Verao,+uy

By the Binet formulas of U,, and V,,, we rewrite the matrix H as shown

1—¢q 1
if m is odd,
1 aafl 14+ xanrCIJm«HI/n
Hinp = a®mtTn 1
a~b if m is even,

1+ ygttom+¥n
where x = -1,y =1, ¢ = f/a and
O :=A(i+p)" and V,:=p(i+r)".
Throughout this paper, in general, we already defined the matrix

1
1 + xqa+®m+‘lln

if m is odd,

9 — [gm,n] —
1

if m is even,

and derived its some properties such that LU-decomposition, L=1,U~!, G=! for arbitrary
reals x, y and q.

Note that the matrix H is a special case of the matrix § without the constant factors.
Therefore we could derive the properties (such as LU-decomposition, L=1,U~1, G71) of K
from the main results of this paper given for G for the values y = —z =1 and ¢ = /a.
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